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PREFACE 



 



The present work is an expansion of a course of 
lectures which I have annually delivered for some 
years past at Queen's College, Oxford. 

Its primary object is, as was the case in the lecture 
room, that of explsdning with all the clearness at my 
command the leading principles of invariant algebra, in 
the hope of making it evident to the junior student 
that the subject is attractive as well as important, and 
that its early difficulties are only such as he can readily 
surmount. Lucidity in mathematical works has often 
suflFered from undue compression. My constant aim 
has been to guard against such a possibility here. In 
a book of moderate size dealing with a great subject 
much must remain unsaid, if the fundamental con- 
siderations are to be presented with the thoroughness 
and the perspicuity necessary to enable the student 
adequately to realize them, and give him the interest 
in them which will prepare him to pursue for himself 
the study to which they introduce him. 

But, while the interests of the beginner have thus 
been given precedence, I am not without hope that the 
mathematician who is not new to the higher algebra 
will, especially in the chapters near the middle of the 
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book, find in its pages matter of value to him as an aid 
to his researches. Iii some branches of the theorv. 
which though of really elementary character are of 
comparatively recent investigation, as for instance in 
much of the algebra of differential operators, it is 
believed that a welcome supplement to previous 
treatises is offered. 

The title ' Algebra of Quantics * is perhaps one of 
my own introduction. It probably needs no defence, 
nnd can hardly fail to convey the right meaning. The 
mathematical world has now for half a century as- 
sociated the algebra of invariants and covariants with 
the name of Cayley, and with his * Memoirs on Quan- 
tics,' so that it may perhaps be regarded as appropriate 
that a new work, appearing in the year which has seen 
the close of the labours of the renowned author of 
those memoirs, and dealing with their subject, should 
bear a name which recalls his memory. 

To Salmon s Higher Algebra and his otlier works it 
is impossible to say how much I am indebted, both for 
direct reference and for guidance to the use of other 
authorities. Fak de Bruno s Formes Binaires has also 
been constantly before me. Of Clebsch's Binare For- 
men and Gordan's Invariantentheorie less use has been 
made, as their symbolical method, and their successful 
application of it to the great problem of the investiga- 
tion of complete irreducible systems, have been re- 
luctantly passed over with little more than an allusion 
in the following pages. A scanty chapter or two on 
this subject would have been utterly inadequate, and 
inconsistent with the general plan, as stated above, of 
an introductory treatise which prefers to omit rather 
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than to obscure bv condensation. A whole work which 
shall present to the English reader in his own hinguage 
a worthy exposition of the method of the great German 
masters remains a desideratum. 

The reader will not, however, find that the present 
work is a compilation from others which have preceded 
it, great as has been the help which those others have 
afforded. Constant recourse has been had to the 
original authorities, particularly of course to Cayley's 
series of memoirs, and to Sylvesters writings in the 
Cambridge and Dublin Mathematical Journal, the 
American Journal of Mathematics, and elsewhere. 

No bibliography of works and memoirs on the subject 
has been introduced. All mathematicians who wish 
to go deeply into the study of original authorities 
will have in their hands Dr. F. Meyer's *Bericht 
iiber den gegenwartigen Stand der Invariantentheorie ' 
in the ' Jahresbericht der Deutschen Mathematiker- 
Vereinigung ' for 1890-91, which is so full and thorough 
a bibliography and analysis of what has been done, 
especially in the later period of the history of the 
invariant theory, that it is hard to see how more can 
be desired. With regard to the originators of particular 
results, the difficulty continues, and has grown with 
the multitude of investigators, which was felt by 
Dr. Salmon when he wrote, 'I can scarcely pretend 
to assign to their proper authors the merits of the 
several steps ; and, as between Messrs. Cayley and 
Sylvester, perhaps these gentlemen themselves, who 
were in constant communication with each other at 
the time, would now find it hard to say how much 
properly belongs to each.' To the difficulty wi^h 
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regard to Cayley and Sylvester may in particular 
be added that of discriminating between what in 
Salmon's work should be ascribed to them or others at 
all and what to Salmon himself, Throughout the 
following pages discoverers' names are very frequently 
attached to results; but it is too much to hope, 
though all care has been taken, that there are not 
cases in which the names given are those of authors 
in whose writings the results in question have certainly 
occurred, rather than those of the authors who first 
gave them. ' 

I am indebted to several friends for suggestions and 
other help. Among them there is one, Mr. J. Ham- 
mond, M.A., one of the most distinguished of living 
researchers in the higher Algebra, to whom my especial 
thanks are due for a manuscript on the binary quintic 
which lias been exceedingly helpful. 

Some students, approaching the subject for the first 
time, will be advised to omit chapters vii to xi till 
part of what follows them has been read. 



E. B. ELLIOTT. 



Oxford, 

September, 1895. 
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CHAPTER I. 

PBINCIPLES AND DIRECT METHODS. 

1.] Quantios or Torma. A function of any number of 
variables x,y,z, ..., which is rational, integral, and homo- 
geneous in those variables, is called a quantic in 05, y, 0, — 
The coefficients in a quantic are constants as far os x,y,z, ... 
are concerned. The idea of the variability of x^ y, z, ... is 
rarely introduced. We call them variables only to have 
a distinctive name for them. 

K there be only two variables x, y^ the quantic is spoken 
of as a binary quantic ; if three x, j/, 0, as a ternary quantic ; 
if four, as a quaternary quantic ; and so on. If there are q 
variables, where q is any number, we may call it a q-ary 
quantic. 

The degree of a quantic in the variables x^ y, z, ... is 
generally spoken of as its order. Quantics of the first, second, 
third, fourth, . . .,^h orders are called briefly linear, quadratics, 
cubics, quartic8, ... p-ics. 

Thus for instance aa^ + Sftic^y+Scajt/^ + dlt/^ is a binary 
cubic, and aa?-\-hy^'^cz'^'\'2fyz-^2gzx-\-2kQcy is a ternary 
quadratic. 

By some English and most foreign writers the word Fomi 
is used as synonymous with and instesid of the word Quantic. 
Both words being well established, they will be used almost 
indiscriminately in this work. 
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Attention will often be concentrated on binary quantics 
alone. The binary p-ixi will almost invariably be considered 
in the foim 

which it is usual shortly to symbolize by 

(ao, a^, ag, «3> .•• S) (^» 2/)' 
It is of course clear that, if ao, a^, ag, aj, ... a, be capable 
of i'eceiving any values whatever, this is neither more nor 
less general than the form 

which it is the custom to denote by 

(60, ^1, &2» ^3> ... K)i^^yY' 

The advantages gained by use of the first form, in which 

the numerical coefficients l,p, ^ ^f , ... in the^th power 

of a binomial are explicitly introduced as factors of the 
coefficients in order in the binary ^ic, will become apparent 
in the sequel. 

Analogous advantages are gained in general, when quantics 
in higher numbers of variables are being dealt with, by the 
explicit introduction of multinomial coefficients. Thus in 
the general g^-ary ^-ic in the variables a^, X2, ».. x^ it i& 
convenient to consider each coefficient to be the product 
of a factor denoted by a letter, to which any value whatever 
may be assigned, and the coefficient of the corresponding 
term in the expansion of (a?i + ajg + . . . + x^f. 

When speaking of the coefficients in a binary quantic 
(a^j, a^, cigj ••• ^p) (^j vYi we as a rule mean ao, a^, a^, ... a^, 

and not ag, pa^^ ^\ o ^ 2> •••5 ^^^ analogously for quantics 
in higher numbers of variables. 

2.] Linear transformation. If in a quantic we replace 
each of the variables by a sum of multiples of first powers 
of an equally numerous set of new variables, if for instance. 
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the variables originally involved being OJ, y, «,..., we sub- 
stitute for them according to the scheme 

= rZ+m"r+7i"Z+..., 



where there are just as many of X, Y,Zy ... as of «, y, z, ..., 

we are said to make a linear mbstitution in the quantic, or 

to linearly transform the quantic; and the new quantic in 

X, Y, Z^ ... which we obtain is spoken of as a linear trana- 

formation of the original quantic. 

The determinant * _ 

C, m, n, ... 

i , m , n\ . . . 

, m , n , ... 



whose constituents are the coefficients, in their natural order, 
of the new variables X, Y, Z^ »,. in the expression for the old 
ones x,y,z,,,.^ and which accordingly consists of as many 
rows and columns as there are variables in either set, is 
called the modulus of the substitution or of the transfor- 
mation. It will often be convenient to denote it by a single 
letter. The letter which will be as a rule chosen is M. 

The original variables x,y,z, ... are as a rule taken to be 
all independent. It is unlawful then to substitute for them 
any expressions in terms of new variables which are not 
all independent. Now if X. Y, Z, ... are all independent the 
linear expressions 

I Z + m F+Ti -2'+..., 

rX + m''Y-^n''Z^..., 



are or are not all independent according as the modulus M 
does not or does vanish. We must impose then on the 
generality of the coefficients in a lawful scheme of linear 
substitution the one limitation that the modulus M do not 
vanish. 

We are now in a position to define invariants and covariants. 

B 2 



4 DEFINITION OF INVARIANTS, ETC. [3 

3.] Invariants and Covariants. 

An invariant of a single qnantic is a function of the 
coefficients in that quantic which needs at most to be mul- 
tiplied by a factor which is a function only of the coefficients 
in a scheme of linear substitution to be made equal to 
the same function of the corresponding coefficients in the 
quantic into which the given quantic is transformed by that 
scheme. 

An invariant of two or more quantic8 in the same variables 
is a function of the two or more sets of coefficients in those 
quantics which needs at most to be multiplied by a factor 
which is a function only of the coefficients in a scheme of 
linear substitution to be made equal to the same function 
of the corresponding coefficients in the quantics into which 
the given quantics are transformed by that scheme. 

A cavariant of a single quantic, or of two or more quantics 
in the same variables, is a function of the variables and of 
the coefficients in that quantic or those quantics which has 
the like property; namely that of needing at most to be 
multiplied by a factor which is a function only of the 
coefficients in a scheme of linear substitution to be made 
equal to the same function of the new variables and of the 
corresponding coefficients in the quantic or quantics into 
which the given quantic or quantics are transformed by 
that scheme. 

For instance, let the binary jo-ic 

be transformed by the linear substitution 

X = IX + 171 F, 
y = VX+m'Y, 



and become 



where Aq, -4i, J.2,...-4p are functions of ao, a^, a^^.^.a^^ and 
ly m, l\ m': then/(ao, aj, a2,...ap) will be an invariant if an 
identity hold of the form 
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and F(aQy a^, a2,...ap, x, y) will be a covariant if an identity 
hold of the form 

= <l> (l, m, V, mf) F(aQ, o^, a^,...ap, x, y). 

Again, if the same substitution transfor^is another binary 
quantic in x, y 

«, <> a/, . . . aV) {Xy yY\ 
into 

(-^0 ) -4.1 , -dg , . . . -4 p') (a , Y) ^\ 

f {%i a^y.^Mp, aQ, ai',...a'p') will be an invariant of the p-ic 
and the ^'-io jointly if an identity hold of the form 

= 4> {l,m, l\ 7nf)f(aQ, a^,...apy a/, a/, ... a','), 

and F(aQ, ai,...a^, Uq, a/,...a'p', a?, j/) will be a covariant if an 
identity hold of the form 

F (-O-Q, Aly,,,Api Aq , Al ,...-d p', X, j) 

= <l> {I, m, Z', m') F(%, ai,...a^, cto'j a/,,..a'p', (c, y). 

It will be noticed that covariants include invariants as 
a particular case. 

4.] In every case the factor depending only on the co- 
efficients in the scheme of substitution in the identity which 
expresses the fact of invariancy or covariancy is as a matter 
of fact a power of the modulus M. In particular for any 
invariant or covariant of a binary quantic or binary quantics 
the {I, m, l\ ni') above is a power of Iwf—Vni. It is 
a departure from usual practice not to apparently narrow 
the definition of invariants and covariants by stating this as 
a requirement. It will probably be granted that the de- 
parture is a proper one, for the necessity is a proposition 
which can and will be proved hereafter, and, were there any 
functions such as contemplated in the definitions for which 
the factor was other than a power of the modulus, their 
property would be none the less appropriately described as 
invariantic. The fact that there are not really such functions 
is one of sufficient interest in itself and of sufficient import- 
ance in its applications to deserve proof and prominence. 

No limitation requiring functions defined as invariants and 
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6 INVARIANTS TO BE EXPECTED TO EXIST. [5 

covariants to be rational and integral has been imposed in 
the definitions. There are in fact irrational and fractional 
functions which have the property of invariancy and co- 
variancy, as well as others which are rational and integral. 
The main quest in this work wiU be however for invariants 
which are rational and integral, and for covariants which are 
rational and integral both in the coefficients and in the 
variables, and the words invariant and covariant will as 
a rule be used as meaning rational integral invariant and 
rational integral covariant. 

There is a greater completeness about a system of rational 
integral invariants and covariants than is at fii'st sight appa- 
rent, in that all invariants and covaiiants can be expressed in 
terms of such as are rational and integral. The present is not 
the stage at which to attempt to prove this fact, but the case 
of covai'iants of a single binary jo-ic may be mentioned as 
an instance. It will be seen in Chapter III that there cannot 
be more than p absolutely independent covariants, including 
the ^-ic itself and invariants. If then we have jo— 1 
absolutely independent ones, any other can be expressed as 
a function of them. Also in Chapter X a system of p 
absolutely independent covariants will be found which are 
all rational and integral. It wiU follow that all other co- 
variants, including such as are irrational or fractional, can 
be expressed in terms of them. 

5.] A little careful consideration wiU show that we ought 
not to be surprised at the existence of invariants and co- 
variants. Consider for instance a binary quantic. It is 
equivalent to a product of linear factors, to grant which is 
only to grant the fundamental theorem of algebra that every 
rational integral equation has a root, and therefore p roots 
if its order be p. A relation in the coefficients of the quantic 
will be equivalent to the expression of some special fact with 
regard to those linear factors. In particular there will be 
some relations which express kinds of interdependence among 
two or more factors which are not altered by the application 
of a linear transformation of the variables. Such a relation 
will necessitate the correspondiug relation among the co- 
efficients in the transformed quantic. In other words the 
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function of the coefficients of the given quantic whose 
vanishing gives the relation in question must be a factor of 
the same function of the corresponding coefficients of the 
transformed quantic. 

Thus in particular the vanishing of the discriminant of 
a binary quantic is the condition, sufficient and necessary^ 
that the quantic have two identical lineeur factors. Now, if 
it have, so clearly must the result of replacing in it ;z; and y 
by lX'\''niY and VX + m' F, Consequently, if the discriminant 
of the given quantic vanish, so too must that of the linearly 
transformed quantic. In other words the first discriminant 
must be a factor of the second. That the remaining factor 
must be a function of i, wi, l\ m' only is to be expected 
because, the discriminant being homogeneous, and each co- 
efficient in the transformed quantic being linear in the 
coefficients of the untransformed, the degrees of the two 
discriminants in the coefficients of the untransformed quantic 
are the same. It will presently be proved with complete 
rigour that the discriminants of all quantics, and not of 
binary quantics only, are invariants. 

Again, by thinking of the eliminant or resultant of two 
binary quantics we can realize that invariants of two or more 
quantics jointly are with equal reason to be expected. The 
vanishing of the eliminant of two binary quantics is the 
necessary and sufficient condition for those quantics to have 
a common factor. If they have, so equally must their linear 
transformations. In other words, if the eliminant of two 
binary quantics vanishes, so must that of the two transformed 
quantics. The former eliminant is then a factor of the latter. 

6.] To convince ourselves of the a priori reasonableness of 
expecting covariants to exist, we shall do well to avail our- 
selves of geometrical representation. 

Let us take axes of Cartesian coordinates inclined at any 
angle, which it is best to regard as unknown, since otherwise 
we may be in danger of introducing or implying its value in 
functions with which we deal, and so bringing in ideas not 
afforded by the quantics and transformation that are before 
us. The factors of a binary quantic or quantics correspond 
each to a straight line through the origin, the straight line 
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in each case whose equation is obtained by equating to zero 
the factor under consideration. 

Let us now consider what is effected by the linear substitu- 
tion x^lX + mYy y = Z'X + ^i'F, regarding the substitution, 
not as implying a change of axes but as expressing the co* 
ordinates of one point (x^ y) in terms of those of another 
(X, Y) with regard to the same axes. The first point {x, y) 
being definite, so is the second (X, F). Moreover to different 
points (Xy y) on a straight line through the origin correspond 
different points (X, Y) on another line through the origin, for 

Y . . . y 

-y^ is uniquely determined in terms of - • In fact we have 

j\ X 

I'-^^l'Z XT 1--1' 

- = ^tr » SO that ^ = 

X , Y X , y 

X X 

Now the student of geometry will recognize from this that 
the two lines on which {x, y) and (X, Y) lie have a definite 
homographic or projective correspondence for given values of 
i, wi, l\ m\ The effect then of the linear transformation is to 
replace points on lines through the origin by corresponding 
points on projectively corresponding lines through the origin. 

The pencil of lines representative of any given binary 
quantic or quantics is accordingly replaced by any linear 
transformation by a projectively con'esponding pencil of lines. 
Is there any other pencil of lines associated with the first 
pencil, whose projective correspondents are associated with 
the second pencil exactly as they themselves are with the 
first ? If so, then the equation of their correspondents may 
be formed either by applying the linear transformation to 
their equation or by forming an equation from the trans- 
formed quantic or quantics in precisely the same way as their 
equation was formed from the given quantic or quantics. 
In other words, the derived quantic which equated to zero 
gives their equation, and that derived in like manner from 
the transformed quantic or quantics, are identical, but for 
a possible factor independent of the coordinates. Such 
a derived quantic will be a covariant if only the factor 
involve merely the constants Z, m, l\ m' of the transformation 
and not also the coefficients in the quantic or quantics. But 
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the factor must be of no dimensions in the coefficients of the 
quantic or quantics, for each coefficient in the transformed 
quantie or quantics is homogeneous and of one dimension in 
them. Thus it is to be expected that what is required will be 
the case. 

Now as a rule there are of course lines associated with 
a given pencil in such a way that if they and the pencil are 
replaced by others by projective transformation the character 
of the association is preserved. In particular harmonic pro- 
perties are unaltered by projective transformation. 

Thus, for instance, it suggests itself that a binary quadi*atic 
and a linear foiin have jointly a linear covariant, namely the 
harmonic conjugate of the linear with regard to the quadratic 
— see Ex, 6 below : or again, that two binary quadratics have 
jointly a quadratic co variant, their common pair of harmonic 
conjugates — see Ex. 7 below: or once more, that a binary 
cubic has a cubic covariant, composed of the three harmonic 
conjugates of the three factors singly each with regard to the 
other two factors — ^a fiact which will be established later. 

7.] We have now suggested to us a number of classes of 
functions which are likely to be invariants and covariants, and 
which may be examined by the direct method of substitution. 

Ex. 1. To verify that ac—h^ is an invariant of the binary quadratic 
ax^+2hxy'\'Cj^j of which it is the discriminant. 

If by the substitution a? = ZX + m F, y = VX + m' F, 

a^-it^hxy^cf become AX''->f2BXY -^tCY^ 

we have il = af^ + 2 UV -h cZ' 2, 

B = (dm + 6 (Zm' + Tm) + d'm\ 

C = am^ + 2 hmm^ -h cm"^. 
Hence at once 

Ex. 2. Verify that the elimiuant aV — a^b is an invariant of the 
two binary linear forms ax + 6y, ax + 6'y. 

Arts. A«^A'B^M(iib'-a'h), 

Ex. 3. Verify that the eliminant a6'^— 26a'6' + ca'* is an invariant 
of the quadratic and linear forms oa^ + 2 hxy + c^, a'x + 6'y. 

Avs. AB^--2BA'B'-\-CA'^ = J!f«(a6'^-26aV+ca'«). 
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Ex, 4. Verify that ac' + a'c— 256' is an invariant of the two binary 
quadratics oo* + 2 hxy + cy*, aV + 2 Vxy + cV . 

iim. AC'^A'C-'2Bff = i/^ (ac' + a'c-2660- The vanishing 
of this invariant is the condition that the two quadratics denote pairs 
of harmonic conjugates. 

Ex. 5. Verify that ae— 4W+3c' is an invariant of the binary 
quartic aa?* + 4605*^ -f- Qcsx^f/^ + 4rfacy' + ey*. 

Am. il^-4^/>+3C^ = if*(a6— 45(i + 3c«). 

Ex. 6. Verify that I/{ax-\'hy)'-a\bx-i-cy) is a covariant of the 
binary quadratic and linear forms cux^ ^ 2bxy 4- cy^i a'x-\-Vy, 

Ans. B'{AXj^BY)-'A\BX^CY) 

This covariant is the harmonic conjugate of the linear with regard to 
the quadratic form. 

Ex. 7. Verify that (a6'— a'6)d^+(au'— o'c)j3cy+(6c'-yc)y^ is a 
covariant of the two quadratics ax^ + 2 hxy + cy ', a 7? + 2 J/xy + c'^ . 

Ans. {AB'--A'B)X'^{AC'-A'C)XYj^{BG'''B'G) 7» 

=if {(aft'— a'6)a?' + (ac'- a'c)a;y + (6c'-6'c)y2}. 

This covariant is the common pair of harmonic conjugates with regard 
to the two quadratics. 

Ex. 8. Verify that {aC'-V)x^'\'(ad—b€)xy'\'{bd — e^)y^ is a co- 
variant of the binary cubic aa'-hSfec^y-hScxy^-hciy'. 

Arts. {AC-B')X^-\-{AD-BC)XY^{BD^CP)Y^ 

8.] Several of the above examples axe particular cases of 
general facts, the proof of which will next occupy us. 

Thus Example 1 is a particular case of the general theorem 
that the discriminant, or eliminant of the various first partial 
differential coefficients, of any quantic whatever, is an invariant 
of that quantic. 

Again, Examples 2 and 3 are cases of the general fact 
that the eliminant or resultant of any number of quantics 
in as many variables is an invariant of those quantics 
jointly. 

Examples 6 and 7 are cases of the theorem that the 
Jacobian or Functional Determinant (§ 10) of any number of 
quantics in as many variables is a covariant. 

Once more, Example 8 is a case of the fact that the Hessian 
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of a quantic, i. e. the Jacobian of its first partial differential 
coefficients, is a covariant of the quantic. 

9.] Eliminant of linear forms. We may at once prove 
a first extension of Example 2, that the eliminant of any 
number of linear forms in that same number of variables is 
a covariant of those linear forms. 

Let there be n variables ajj, ajg, x^, ... x^, and let the n linear 
forms be 

^1^ "¥" Ctj2*^2 • • • • T Ct-iii X^ , 
21^1 ' 22 2 I • • • » ^2* w 9 



^»1 i^ "h ttn2*^2 "^ • • • "^ ^nnX^ I 



and let the scheme of linear substitution 

Xi = C^j^ "^ 1 "J" 'l2'^ 2 "« • • • » 'l « -^ n> 



Xn — 'nl-^l + ^n2'^2"^ ••• +^i»»-^n» 

transform them into 

-^11-^1 + -^12-^2+ ••• +-^ln^n> 
^21 X| +-A22-A2+ ... +-a.2n-^«j 



Then we see at once that, each of r and 8 being any number 
between 1 and n inclusive, 

A^g = ligdri + ^2»^»^ "^ ^Sf ^r3 + • • • + ^ru^m » 

so that, by the ordinary theorem for the multiplication of 
determinants, 



-^21> -^22> ••• -^2ii 

A A A 

-^nl> -^n2J ••• -^«m 



^21> '22' ••• ^2i» 

^m* '»2J ••• ^»Mi 

Ctjij Cli29 ••• ^11 
= JJf ^21 J ^22 » ••• ^2« 



^1> ^12 J ••• ^1» 
^Zl' ^22 J ••• ^2« 

^nl > ^w2 > • • • ^nn 



^»1> ^•2> ••• ^tm 
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10.] Jacobians are covariants. If tt,t;,tts... are any number 
of quantics in that same number of variables a?, j/, 0, . . . , the 
Jacobian or Functional Determinant of u,VyW,.,. is the deter- 
minant 

du du du 



9 •• 



I •• 



dx dy^ dz 

dv dv dv 
dx' dy* dz 

dw dw dw 
dx^ dy dz "' 



which it is usual more shortly to write 

d{u,v,w, ...) 
d(x,y,z,...)' 

That it is a covariant of u, v, w^,,. may be seen as follows. 
If in any function u of a?, y^ 2;, ...we substitute for these 
variables according to the linear scheme 

a; x= ZZ + mY + n^ + ... , 
2/= VX +m'Y^n'Z + ..., 
0=rX + m"F+7i''Z+..., 



in this way expressing it as a function oi X,YyZ, ,,., we have 

at once 

du du dx du dy du dz 

dX^dx' dX'^^'dX'^'di' dX^ -' 



_jdu j,du 
"" dx dy 



+ t 



// 



du 
dz 



I • • . J 



aU the differential coefficients being partial. 
Similarly 

du du ,du „du 

du du ,du „du 
dZ dx dy dz 

&c«, &C. 
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Thus, by the rale for multiplication of determinants of the 
same order, 



I, m, Tly ... 

l\ m', 71', ... 



du du du 

rfa? ' dy^ dz 

dv dv dv 

dx' dy ^ dz' '" 

dw dw dw 

dx dy * dz^ '" 



dz 



du ,, du 
dx dy 



du Jdu 



+ . . , , m -7- + yd -T- + ^" 



dy 



du 
dz 



"^ . . . , • • . 



dv , dv j,,dv dv _^^,,dv ,,dv 

dx dy dz dx dy dz 



du du du 
dX' dY' dZ'"' 

dv dv dv 
dX' dY' dZ'"' 

ffw dw d'W 
dX' dY' dZ'"' 



• • • • 



And this, transposing the right and left-hand sides, is 

d {u, V, w,.,.) _ if^(^j '^i Wy,..) 
d (X,Y, Z,...) "" d (x, y, 0,...)' 

where on the right u, v, w,,.. are expressed in terms of x,y,z,.,., 
i.e. in their original forms, and on the left in terms of 
X, F, ^, . . . , i. e. in their transformed forms. Thus the Jacobian 
of t6, V, ^c;, ... is a covariant. 

Covariants, as stated already, include invariants as a par- 
ticular case. Should the Jacobian not involve the variables 
it is an invariant. This is the case when u, v, ^y, ... are all of 
the first order in ar, t/, 0, ... . Thus the present result includes 
that of the preceding article. 
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Ex. 9. Obtain from this result examples 2, 6 and 7 of § 7. 

Ex. 10. Obtain a linear covariant of the ternary quadratic and 
two linear forms 

asi^+hi/^ + es? + 2fyz+2gzx+2ha^, 

a^af-^-l/y+c' z, 

and interpret it geometrically, by taking for X and Y the two linear 
forms, or otherwise. 

The polar of the intersection of two straight lines with regard to a conic. 

Ex. 11. Two ternary quadratics and a linear form have a quadratic 
covariant. 

Ex, 12. Obtain and interpret geometrically a linear covariant of the 
quaternary quadratic and three linear forms 

aa^ + by^•^cs?+d^E^ + 2fyz-{-2gzx■{■2kxy + 2poffW'\-2qf/w + 2rzw, 

c!x •\'Vy -^-cz -^dfw^ 

a^'x^-y^'y^-c'^'z^-d'^w. 



11.] Hessiajis are covariaDts. 



To prove that the Hessian 



dod^ dxdy dxdz 
d^u d^u d^n 
dxdy ' dy'^ 
d^u dhi 



dydz 

d% 

dxdz^ dydz d^ 



5 »•• 



> • .. 



9 ... 






of a quantic n in the variables aj, j/, 2?, ... is a covariant of u, 

A natural but erroneous form of argument must first 
be guarded against. The Hessian of u is the Jacobian of 

cZu du du _ 1. .r 1 i. .. 1 .. . .X 

-T- > -7— ' -T-j ••• • Hence by the last article it is a covariant 
dx dy dz d d d 

of the system of quantics -7- , -y- , —-,.... It would be un- 
•^ ^ dx dy dz 

justifiable hence to conclude that it is a covariant of u, for when 

. , n JIT i_ x«x i.- <^'W' ^'W. du 

u IS transiormed by a linear substitution -5- > -7- * -7- > . . . are 

J 1 J dx dy dz 

^ . « :. . ^ dVj du du ^ 

not transiormed into -jrry, -j^ri-r^y* • 

dX dY dZ 
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A correct method of proving the theorem is the following. 
Multiply the Hessian written above by the modulus 



r, mV 7i', ... 
, m , 71 , ... 



, or if, 



of the transforming linear substitution. Using the facts, 
employed in § 10, that, when the operations are on any 
function of x,y,z, ... upon the right, and on its equivalent in 
terms of X, F, ^, ... upon the left, 

A.^ I A. + I' :^+ r ^ + 

dX dx dy dz *"' 



d d , d „ d 

ax dx dy 



dz 



&c., &c. 

we see at once that the product may be written 

d du d du d du 



9 •• 



9 •• • 



dX dx' dY dx' dZ dx 

d du d du d du 
dX dy ' dY dy dZ dy 

d du d du d du 
dX'di' dY'd^' dZ'dz' 



or, since the order of differentiations in such an operator as 



d d ^ /, d .f d 



d 



dX dx \ dx dy dz '* / da 



dy ' " dz 

may be interchanged, that it may be written 

d du d du d du 



d 
dx 



dx dX dx dJ dx dZ 

d du d du d du 
dy* dX' dy dY^ dy dZ 

d du d du d du 
dz'dX' TzdY' dz'dZ 



9 •»• 



9 ••• 



5 ••• 
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Now multiply again by M^ taking this time columns with 
columns in forming the product. The same equivalences of 
operators as before tell us that the result is 



cPu d^n cPu 
dT' ' dXdf" dXdZ 

d^u d^u drn 
dXdY' dV^ ' WdZ 

d^u d^u d^u 
dXdZ' dYdZ' dZ^ 



J ••• 



9 ••• 



5 ••• 



Thus upon multiplying the Hessian of the untransformed 
quantic by if ^, the square of the modulus, we have obtained 
the Hessian of the transformed. The Hessian is then a co- 
variant. 

When the quantic u is binary only the Hessian is 

d^u dhi _ / d^u n2 
dx^ dy^ ^dxdy^ 



Ex. 13. Apply this result to prove Ex. 8 of § 7. 

Ex. 1 4. If the covariant (ac— 6') oj* + {ad — 6c) a;y + {bd^ c*) y* of the 
binary cubic aa3'+3&»V+3c«y'+<^.v'' be broken up into factors 
{fx-^-qy) {/>'» + g^'y), aiid if these factors be taken for X and Y, so 
that the formulae of linear transformation are 

show that the cubic takes the form AX^ + DY^, 

Ex. 15. Hence solve the cubic cKc^ + Sba^ + Scx+d^^O. (Cf. § 200.) 

Ex. 16. Find a covariant of degree 2 in the coefficients and order 4 
in the variables of the binary quartic (a, h, c, d, e) (as, y) \ 

Ans, {ax'^'\-2bxy+ey^) (ex'^ + 2dxy-\'ey^) — (&K'+2cscy+(iy*)*. 

Ex. 17. Find a covariant of degree 2 and order 6 of the binary 
quintic (a, 6, c, d, e, f) (oj, y) **. 

Ex. 18. The Hessian of a quartic, in any number of variables, 
which has a cubed factor is the fourth power of that factor, multiplied 
by a function of the coefficients. (Cayley,) 

Ana. Take the cubed factor for X', 
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12.] Discriminants of Quadratics. The Hessian of a 
quantic, proved above to be in general a covariant, is in parti- 
cular an invariant if it be free from the variables. This is the 
case if the quantic be a quadratic in any number of vaiiables. 

We have accordingly the proof of a first generalization of 
§ 7, Ex. 1, namely that the discriminant of any quadratic is an 
invariant of that quadratic. For the Hessians of the binary, 
ternary, and quaternary quadratics 

(ia^ + by^'{'C2^-^2fyz + 2gzx + 2Jixy, 

aa? + by^ + cz^ + dw^ + 2/3/2; + 2 gzx + 2 hxy 

+ 2pocw + 2qyw + 2 rzw^ 

are, after rejection of the numerical factors 2^, 2^ 2*, 



a, h 


« 


a,h,g 




a, A, g, p 


b, c 


7 


h,b,f 


J 


h b,f,q 




9 J. c 




gj^c^ r 










p, q, r, d 



and, quite generally, that of the g'-ary quadratic 



nssq m—q—l n=q 

n = l TO = 1 n-m + \ 



is, after rejection of the numerical factor 2 ^, 

djj, Clj2» ^135 •••^1« 
^12 > ^22' ^23> •••^2 9 
^13» ^23» ^33>*»*^39 



^la ' ^2 « ' ^3 9 > • • • ^^a 



Now these are the eliminants of the first partial differential 
coefficients, each divided by 2, of the various quadratics; 
i. e. they are the discriminants of the quadratics. 

13.] Eliminants are invariants. Let the q quantics 
u, V, Wy.,. in as many variables x, y, e, ... become CT, F, TT,... 

c 
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when x,y^z,,., are replaced according to the linear scheme 

x = l X + m Y+n Z-^,.., 



Let ii(a,6,a',...) denote the eliminant or resultant of tt, v,i(;,..., 
and R (J., B, A\...) that of ?7, F, TT,..., a and A, b and 
jB, a' and -4',... being corresponding coefficients in untrans- 
formed and transformed quantics. It is to be proved that 
It (a, 6, aV • .) is an invariant of u, v,w,.... 

If iJ (A, B, A\,,.) vanish, U, V, PT, ... are made simul- 
taneously to vanish by some set of values of X, Y,Z,.,, which 
are not all zero. The above expressions for x^y.z,.,, in terms 
of Xy Yy Zj... then determine a corresponding set of values of 
X, y, z,,., which make u, v, ty,... vanish simultaneously. If 
these are not all zero it must follow that jB (a, b, a',...) 
vanishes. On the other hand, if they be all zero it is 
necessitated that i j^^ n .,. 

I , m ,71 , . , . 
. . • • 
i. e. Jf , vanishes. 

Thus if iJ (^, 5, ^', . . .) = it follows that either 

B (a, i, a',. . .) = or Jf = 0. 

Again, if -Jf = 0, whether B (a, 6, a',.,.) = or not, the q 
linear functions 

are not linearly independent, but all vanish when for X, F, Z,, .. 
are taken the solutions of any g— 1 of them. Consequently, if 
this be so, CT, F, IF, ... can be made simultaneously to vanish 
by values not all zero of X, F, 2, ... , and therefore 

Also if B (a, by a'.,.) = 0, even when M does not vanish, 
there are values of Xy y, 0,..., not all zero, which satisfy 
te, = 0, v = 0, t(; = 0,.,, simultaneously ; and these determine 
by the above equations corresponding values of X, F, ^, ... 
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which satisfy CT = 0, F = 0, TT = 0, . . . simultaneously, so that 
R(A,B,A\...) = 0. 

Thus the condition R (A, B, A\,,,) =^ expresses exactly 
the same special state of things as do the alternative con- 
ditions Jf = 0, jB (a, 6, a', ...) = 0. 

Hence, assuming, as we shall prove in the next article, that 
the algebraic function M is not resoluble into simpler algebraic 
factors, but not assuming the unproved fact that jB (a, 6, a/,...) 
is not so resoluble, 

It {A, B, A\,..) = power o{ MxF (a^ 6, a ,..,), 

where F (a, 6, a',...), if not R (a, 6, a',...) or a power of it, 
is at any rate a product of powers of all the factors of 
R {a, 6, a\...), supposing for safety that it may have simpler 
factors. 

This result is proved for all linear substitutions. It holds 
then for every particular linear substitution. Now take 
I, rii\ ?i",... all units and the other coefficients in the scheme 
all zeros, so that the scheme becomes simply aj = X, y = F, 
= ^,..., and M=l, while J., jB, -4', ...are merely a, &, 
a',.., : then our general result gives 

jB (a, 6, a',.") = ^ {^y ^> ^'>«««)> 

so that F (a, 6, a',...) is really the eliminant of u, v, t(;, ... 
itself. 

Consequently the general result is 

R (-4, 5, -4',..-)= power oiMxR (a, 6, a',...)> 

which proves that the eliminant R (a, 6, a^, .«.) is an 
invariant. 

We now give the proof that M is irresoluble. 

The modulufi irresoluble into factors. Let us use 
)le suffix notation, and suppose, if possible, that 



14.; 
a dou 



if = 



^21 > ^22 » ^23) ••• 
^31 J '32> ^33> ••• 



can be written as a product of two rational factors d<^. 

2 
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The determinant is of the first degree in every constituent. 
Thus l^i cannot occur in both factors d, <f>. Suppose that it 
occurs in 0. 

In the expansion of the determinant no term occurs in 
which Z,i is multiplied by any constituent belonging to its 
row or its column. Thus (f> can involve no constituent be- 
longing to the first row or the first column. Let i^, be 
a constituent which does occur in <^. By similar reasoning 
no constituent belonging to the rth row or 8th column can 
occur in 0. 

Thus two constituents, l^^ and Zj,, cannot occur either in 
^ or in <^. But the expansion of the determinant involves 
every constituent. Our supposition that M can be written as 
a product of factors d</> is therefore untenable. 

15.] All discriminants are invariants. Of this proposition, 
already proved for quadratics, a general demonstration will 
now be given. 

If u be a quantic in q variables ar, y, 0, ... we have to prove 

that its discriminant, i.e. the eliminant of its q first dif- 

r X* 1 rxi - . du du du . . . . - 

lerential coemcients -^— > -^ 3 -^-^ , .... is an mvanant of u. 

ax ay dz 

The scheme of linear substitution being the usual one, we 
have, as in § 10, 

du __ jdu J, du ,„ du 
du du , du „ du 

du du , du „du 



Now, in accordance with the definition, the discriminant 
A (-4, -B, ...) of the transformed form of u will vanish if and 

. ..du du du J . IX IX • u 

only II -™i Ty^> -7y ... are made simultaneously to vanish 

by some set of values, not all zero, of X, F, Z, .... But the 
above equivalences tell us that this will be the case if and 

only if either (1)-t-> -^-j ;!''••• ^^^ ^^ made simultaneously 
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to vanish by values of x, y, ;?,... not all zero, i.e. if the 
discriminant ^2k'(a, 6, ...) of the untransformed u vanishes, 

or (2) if I, i\ r,... 

m, m', m",... 

• • • • 

i. e. M the modulus of the substitution, vanishes. 
It follows therefore, since M is irresoluble, that 

A (4, 5, ...) = power of Mx A'(a, 6, ...), 

where A' (a, 6, ...), if not A (a, 6, ,..) itself or a power of it, is 
at any rate the product of powers of the factors into which 
we might allow the possibility of A (a, 6, ...) breaking up. 

Apply however the general result to the case of the par- 
ticular substitution a? = ^, y = 7, = Z, . .. , for which ilf = 1 
and A = a, -B = 6, &c. It becomes 

A (a, 6, ...) = A' (a, 6, ...). 

Thus our general conclusion is that 

A (A, -B, ...) = power of Jf x A (a, 6, ...). 

Consequently the discriminant A (a, 6, ...) is an invariant. 

16.] Determinant expressions for powers of Im'— l^m. For 

purposes of direct proofs that large classes of functions in 
determinant form are invariants and covariants of biTiary 
quantics, a simple theorem, due to Faa de Bruno, as to a 
certain class of determinants, is of great utility. The first 
three cases of the theorem are 

V^ Im, m 

2ll\ lm'-\-Vm, 2mm' 



2 



m 



'2 



= {lm'-Vm)\ 



3 



P, Pm, lm\ w 

3Uf\ l"^m + 2Wm\ W^ + 2rmm', 3mm'2 



r«, V^m\ 



Vrri 



'2 



r/i 



'8 



= (im'-Z'm)«; 



I 



22 FAA DE BRUNO's THEOREM [i6 

and the general theorem is that the determinant whose first 
row consists of the constituents 

and whose other rows are obtained in succession by operating 
on the constituents of this first row with 

is a power, namely the |^'r(r+ l)th power, of Irnf—Vm. 

It will be readily seen that we might equally write down 
first the last row 

and obtain the other rows in succession upwards by operations 
on it with 

For the constituents in the (« + l)th column, read downwards, 
are the coefficients of the various powers of t in the expan- 

by Taylor's theorem; and the same, read upwards, are the 
coefficients of powers of r in the expansion of 

We speak below of the two modes of forming the deter- 
minant as the first and second ways of writing it down. 
The first case of the theorem is immediate. The second is 

at once proved by adding to the first row ? times the 



m^ 



second and — y:, times the third : and the third case is easily 

proved in a similar manner. The general theorem is an easy 
exercise on the theory of Lagrange's solution of linear partial 
differential equations, as we proceed to show. 

By the ordinary rule for differentiation of praducts we 
know that the result of differentiating a determinant of the 
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rth order can be written as a sum of r determinants, each 
obtained by differentiating the constituents of one row, leaving 
the constituents of all the other rows unaltered. Now operate 
on the given determinant, thinking of it as written down in 

its first way, with ^'3/ + ''^'3— • Th® result is a sum of r 

determinants all of which vanish. For the result of operating 
on any row except the last is to produce a numerical multiple 
of the following row, and the result of operating on the last 
row is to produce a row of zeros. If then D denote the 
determinant, we have 

„dD ,dD ^ 
dl dvi 

Hence by Lagrange's theory D involves I and m only in the 
connexion Ivi^^Vm. 

Again, think of D as written down in its second way, and 

operate xm it with Z ^7, +m -; — j. We obtain in like manner 

^ dl dm 

,dD dD ^ 

so that D involves V and m' only in the connexion Im' — l'm. 

Thus 2) is a function of Itii^—Vthi only ; and, being homo- 
geneous^ must consist of a single power of Im'—VTriy with 
a possible numerical factor. But this numerical factor is unity, 
as we see for instance by taking Z = m' = 1, Z' = m = 0, for 
which Itn! —VtYh is unity and B consists of a principal diagonal 
of units with all other constituents zero. 

That the power of Itn! —Vrti is the |r (r + l)th follows from 
the fact that D is of dimensions r(r+ 1) in Z,m, l\ m'. 

17.] As a typical application of this theorem let us prove 

that 

d^u 



d^' 

d^u 
dx^dy ' 

d^u 



doc^dy^ 

doc^dy^^ 
d^u 



d^u 
do^dy^ 

d^u 
dxdy^ 

d^u 



da^dy^ ' dxdy^ ' dy^ 
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is a covariant of a binary quantic Uy or in particular an in- 
variant if u is a quartic. 

We will multiply twice, taking columns with columns, by 
the determinant expression above for (Zm'— Z'm)^ i. e. M^. 

The first multiplication produces, since 






d? /^ d ,/ d \/ d , d X d^ 



dx dy' dX^ ^ dx dy 



dy 



f d ,dx« d" 



dx 



dy' dY^ 



d^ 



d? d?u 

dX^ ' da? ' dXdV 

dl^ d?n d? 



d*tt d? d^u 



da? ' dY^ 
d^v, d? 



dX^ dxdy' dXdY dxdy' dT 



i 



d? 
dX^ 



d? 



d?u d? 



dx' 

d?ti 
dxdy 

dhb 



df ' dXdY df' rfP  dy 



2 



and the second multiplication of this, with the order of differ- 
entiation in each constituent changed, produces 



dX* 
d*n 



d*Vr 



d*v, 



dX^dY' dX^dY" 

d*u d*v, 

dX'^dY ' dXHY^ ' dXdT* 



d*u 



d*u 



____ d% 

dX^dY^' dXdY^' dY* 



Thus the fact stated is proved. 



Ex. 19. Prove that 



a. 


h, 


c 


h, 


e, 


d 


e, 


d. 


e 



is an invariant of the binary quartic (a, 6, c, d, e) (a?, y)*. 

Ans, Factor M\ This important invariant, usually denoted by 
J, is called the CcUdUcticarU of the quartic. 



17] 



EXAMPLES. 



25 



Ex. 20. Obtain a covariant of the third order and degree of the 
binary quintic (a, h, c, d, e, f) (a?, y) *. 

Ana, Its so called canonizant 

ax-\'hy, &»+cy, ca? + c?y 

hx'\-cyy cx-\- dy, dx + ey 

cx + dy^ dx-^-ey^ ex-Vfy 

d!^'^*u 

prove that 



Ex. 21. If Ufg denote , - , ., 



60> 






U 



61» 



43' 



t« 



83> 



1*. 



24> 



tl 

u 



4H> 



88> 



S4> 



U 



ss 



u, 



u 



u 



15 



15» 



« 



•6 



is a covariant of a binary quantic u of order greater than 6. 
Ans. Factor M^^, 

Ex. 22. Prove that the eatcdecticarU 

a, bf Cf d 
by c, d, e 
c, d, e, f 

is an invariant of the binary sextic (o, 6, c, d, e, /, g) {x, yy, 

Ex. 23. Every binary quantic of even order 2n has an invariant, its 
catalecticant, of degree n+ 1. 

Ans, Factor J/*(*+*), 

Ex. 24. Prove that 



d^u 


d^u 


d^u 


da?' 


dxdy' 


dy' 


dJ^v 


d^v 


d?v 


da?' 


dxdy' 


dy" 


d?w 


d'w 


d^w 



da? ' dxdy * dy^ 

is a covariant of three binary quantics u, v, w. 
Ans. Factor JiP. 

Ex. 25. Obtain and geometrically interpret the invariant 

a, 6, 
a\ b\ 
a'% b'\ c'' 
of three binaiy quadratics 

(a, b, c) {x, yy, (a', V, if) (x, yY, (a", U', c") {x, y)\ 
Ans, Criterion of an involution. 
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Ex. 26. Prove that 



EXAMPT-Ef- 


L 


d^u dPu 


d'^u 


dx^ ' dxdy* 


dy' 


(Pv d^v 


d^v 


dx^* dxdy 


dy' 


y% — a?3/, 


u? 
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is a covariant of two binary quantics u, v. 
Ana, Factor -jj-^^M, 

Ex. 27. Deduce Ex. 7 of § 7. 



Ex. 28. Prove that 



d^u dl^u 



dH 



cLc*' dx*dy^ dxdy^ 
(Pu d^u (Pu 



da^dy* dxdy^* dy^ 
2/*, — xy, x^ 

is a covariant of a binary quantic u. 

Ana. Factor Jf . Multiply first by the determinant expression 
for M^y and then by M in the form 



Ex. 29. Prove tliat 





I, m, 






V,m\0 1. 






0, 0, 1 




«*60» 


^41» ^32> 


U„ 


W41, 


^SSJ ^28> 


^U 


«S2, 


«*23» Wh» 


«^05 


y^ - 


a^^ i^y, 


-O,'' 



is a covariant of a binary quantic u. 

Ana. Factor M^. Multiply first by the determinant expression 
for M^, and then by that for M\ 



Ex. 30. Prove that 



Uy b, Cj d 

hf c, d, e 

c, d, e, f 



is a covariant of the binary quintic (a, 6, c, <£, e, /) (a*, y) *. 
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Ex. 31. Prove that this covariant of the quintic in, but for sign, the 
same as the canonizant (Ex. 20). 

Arts. Show that the form of Ex. 30 multiplied by 

1, 0, 0, 
a?, t/y 0, 
0, a?, y, 
0. 0, X, y 
is the form of Ex. 20 multiplied by — y'. 

18.] Intermediate inYariants and oovariants. From a given 
invariant or covariant of a quantic can always be derived 
a series of invariants or covariants, as the case may be, of two 
or more quantics of the same order in the same variables. The 
method may be illustrated by the deduction of the result of 
Ex. 4 (§ 7) from that of Ex. 1 . 

By the substitution x = lX-\-7iiY^ y = I'X-^m'Y let 
(ta?+2hxy + cy^ and a^x^-^2l/iicy-\-c'y^ be transformed into 
AX^^2BXY-^CY^ and A'X^-\-2B'XY-\-C'Y^ respectively. 
Then, nrkatever constant k be, 

is trausformed mio{A-\-hA')X^^t{£^kB^)XY+{C + kCr)YK 
Consequently, by Ex. 1, 

{A + kA') (C-l- iC") ~ (5 -I- kBTf 

i.e. 

AC--B^-\-k[A(J^A'C^2BB^) + k?{A'Cr^B^^) 

This is true for all values of k. The multipliers of different 
powers of k on the two sides must then be separately equal 
each to each. Accordingly 

AC-B'^M^iac-^h^ 

ACr + AV^2BB' = if2(ac' + a'c-265'), 

A'(r-R^^M\aV^b'% 

Of these three equalities the first and third are merely 
expressive of the fact of invariancy from which we started. 
The second however gives us the additional fact that 

ac' + a'c — 2bb' 
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is an invariant of the quadratics 

jointly. It is said to be the invariant intermediate betw^een 
ac^b^ and aV — 5'^. 

This result is one of great historic interest. With Boole's 
discovery of it in 1841 the era of systematic investigation 
in the algebra of invariants began. In his original memoir 
{Canibridge Math. Journal, Vol. Ill) he showed how to find 
from any discriminant the intermediate invariants beti^een 
the discriminants of two quantics of the same kind and order. 

For another well-known example of the method reference 
may be made to the investigation (Salmon's Conic Sections, 
§ 370) of the intermediate invariants 0, 0' between the dis- 
criminants A, A' of two conies (ternary quadratics). 

19.] The method is clearly one of perfectly general applica- 
tion when we are given any invariant or covariant whatever 
of any quantic whatever. Let P be any invariant or any 
covariant of a 9-ary ^ic in which the coefficients are a,b,Cj... 
and the variables a?, y, 0, . . . . Consider also another j'-ary ^-ic, 
in the same variables, whose coefficients in the same order are 
a\ b\ c',.... Put for a, 6, c,..., inP,a + ia', b-^W, c-l-tc',..., 
and expand in powers of k. The multiplier of every power 
of A; in the result is an invariant or covariant^ as the case may 
be, of the two g-ary p-ics, the factor, which is a function of 
the constants in tixe scheme of linear substitution^ in the 
relation expressive of the fact of invariancy or covariancy 
being the same as that in the relation which expresses the fact 
of invariancy or covariancy of P, The multiplier of the 
highest power of k which occurs is P', the result of replacing 
a, b, c,...by a', 6', c',... in P, and the multipliers of other 
powers of k are invariants, or covariants, intermediate between 
PandP'. 

The general form of the invariants or covariants thus 
derived from P is 

l/,d j,d , d \*' r^ 

for this is, by Taylor's theorem, the coefficient ofJ^. Or, again, 
it may be written 

1 . d , d d X*-' 
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w^here i is the degree in the coefficients a,b,c,.., of P. The 
values 1, 2, 3,...i— 1 of r give the intermediates between P 
and P'. The values and i give P and P" respectively. 
Greater values of r than i are unproductive, for the differential 

operation a' -^ — *" ^';jI "*" ^' ;r "*"••• repeated more than i times 

annihilates P. 

In like maimer invariants and covariants of systems of 
more than two quantics of the same order in the same 
variables are derived from invariants and covariants P of 
a single quantic of that type. We have only to put in 

P, for a, a-j-fc^a, 4Aj2a2+*'*> ^^^ ^» 6 + ^,61-1-^:262 + •••» and 
similarly for c, d, ..., to expand according to powers and 

products of powers of Ajj, Atj,..., and to take the multipliers of 

these powers and products separately. We thus obtain that, 

for any positive integral or zero values of r,, rg, rg, ... whose 

sum lies between and i, 

is an invariant or covariant of the system of g'-ary p-ics 
whose coefficients in the same order are a, 6, c, . . . ; a^ , 6, , Cj ,. . . ; 
«2» 62, Cg.... ; a^, 63, C3,... ; ..., according as P is an invariant 
or covariant of the first g'-ary p-ic. The corresponding 
invariants or covariants Pj, Pg, ...of the second, third, &c. 
g-ary p-ics, as well as their intermediates, and the corre- 
sponding invariants or covariants of triads, &c. of y-ary p-ics 
chosen from among the entire system, are all included. 

20.] The method admits of a limited application to quantics 
of different orders in the same variables ; namely to the case 
when the order of one quantic is a multiple of the order of 
every other quantic of the system. For instance, if two 
quantics u, v in the same variables be of orders p^p, p respec- 
tively, and if a, 6, c, . . . are the coefficients in u and a, ^8, y, . . . 
the corresponding coefficients in v^\ then the functions 

where P is any invariant or covariant of u, are invariants or 
covariants of u and v^\ and therefore of u and v. 
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Ex. 32. From the invariant ae-^ibd+Sc^ of the quartic 

(a, 5, c, d, e) (a?, y) * 

obtain an invariant of that quartic and the quadratic («', 6', c') (a?, y)' 
of the first degree in the coefficients of the quartic and of the second 
in those of the quadratic. 

A718. ah-^^alVd^- 2 (aV+ 26'2)c~46V6-|-c'«a. Factor M\ 

Ex. 33. If Pbe an invariant or covariant of (a^, aj, a.^, ...ap) (cc, y)**, 
prove that the functions 



O^Cfo ^«l ^<*2 ^^ 



p 



for values of r between 1 and i — 1 inclusive, where t is the degree of 
P in Oq, Oj, a^,..,ap, are invariants of the ^-ic and the linear form 
6» + >?3^ jointly. 

The importance of eveetarUSf as the functions obtained in this 
manner from invariants are called, will be seen hereafter. 

Ex. 34. From any invariant or covariant of several quantics of the 
same order in the same variables the operation 

,d ., d , d 
aa do ac 

repeated till a vanishing result is obtained, produces a series of 
invariants or covariants, as the case may be. Here a, 6, c,... and 
a', 6', c',... are corresponding coefficients in any two of the quantics. 

Ex. 35. The effect of replacing a', 6', c',. . . by a, 6, c. . . in an invariant 
or covariant of two quantics u, v of the same order in the same 
variables, where a, b, c,... and a, I/, c',..- are corresponding coefficients 
in u and v, is to give an invariant or covariant of u alone, or else 
a vanishing result. 
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CHAPTER II. 

ESSENTIAL QUALITIES OF INVARIANTS. 

21.] In the present chapter we shall, at the expense of 
some repetition hereafter, confine our attention to invariants, 
reserving till the next the analogous consideration of 
covariants. 

Except where otherwise stated, rational integral invariants 
are alone dealt with, the words * rational integral ' being as 
a rule omitted. 

And first we consider invariants of a single quantic only. 

Let us denote constantly by u the quantic under considera- 
tion, by p its order in the variables, by q the number of those 
variables, by small letters a, 6, c,...,ii?, t/,... the coefficients and 
variables in its original form, and by capitals Ay£,C,...,X,Yy,., 
the corresponding coefficients and variables in the transformed 
form to which it is reduced by a linear substitution. Also let 
us, except where otherwise stated, consider the scheme of 
linear substitution perfectly general as in § 2, and denote by 
Z, m, ...r, ^i', ... the assemblage of the coefficients of X, F, ... 
in the expressions for x, y,..,. These coefficients we will 
speak of as the constants of the substitution, or of the 
transformation. 

Taking the identical equality 

F{A, B,...} = <I>{1, m, ... l\ m',...) J?'(a, 5, ...), 

which expresses that F (a, 6,...) is an invariant of u, our 
immediate aim will be to prove 

(1) that -F(a, 5, ...) is necessarily homogeneous, and 

(2) that <l> (l, m, ... V, m', ..,) is necessarily a power of the 
modulus M of the transformation, defined in § 2. 

A knowledge of the first fact must precede a jwroof of the 
second. 
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22.] An invariant necessarily homogeneous in the co- 
efficients. We shall speak of the dimensions of a homogeneous 
function of the coefficients in those coefficients as its degree'^. 

If possible let the invariant F(a,b,...) consist of a sum 
of parts 

Hi{a,b^ ...) + H^ia, 6, .. ) -|- II^{a, 5, ...) + ... 

of different degrees i^^. i^y ^3, ... 

Since ^(a, 6, ...) is an invariant for all possible schemes of 
linear substitution, it is so of course for a particular scheme. 
Let us express the fact of invariancy for the scheme 
of substitution 

X = XZ, y = \F, z = \Z, ... , 

which, it is to be observed, has only the eflfect of multiplying 
the p-iQ u by k^ and replacing x.y.z,... by Z, Y, Z, ... . The 
coefficients A,B,C,.,. in the transformed p-ic have then in 
this case the values K^a, K^by \'c, ,.. . Any homogeneous 
function of degree i in them is accordingly A*'* times the same 
function of a, fe, c, . . . . 

Thus, if \lf{\) be the form taken by tt>{l,m, ... l/vi\ ...) for 
the particular substitution we are using, the identical equality 
expressive of the invariancy gives us 

k'^r^ H^{a,b,...)-{-\*i^H.,{a,b, ...) + \'^^H^{a,b,...)-\- ... 

= >/r(A) {H^{a, by ...) + jH2(a, 6, ...}-\- H.^(a,b, ...)+ ...}. 

This is an identity, true for all values of a, ft, ... . Conse- 
quently the terms of each degree in a, 6, ... on the left are the 
same as the corresponding terms in each case on the right. 
Hence we must have simultaneously 

A'>P=V'(A), 
A*«p=^(a), 

&c., &c.. 



* I should have preferred to use the older term order for this characteristic. 
But the practice of speaking of a function (in particular of a covariant), 
whose dimensions are t in the coefficients and tsr in the variables, as of 
degree i and order tsr has of late become almost universal. While regretting 
this I feel bound to adopt it consistently throughout. 
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which are inconsistent if ^i, t2, ^3, ... are different. The sup- 
position was therefore unsound, and the invariant J?'(a, 5, ...) 
is of the same degree i throughout. 

The proof holds for irrational invariants. 

23.] The tBLOtar a power of the modulus. The formulae of 
the general linear substitution 

a;=:iX +mY +nZ + ..., 
y = l'X +m'7 +n'Z+ ..., 



...(1) 



» / 



may. we know, by solution for X,Y,Z,.,.,he reversed and 
written 



„ ,, , (dM dM dM I \ 

dM dM dM 



\ dl~ ' dV ' dl 



) 



(dm"' 'dm'* 'dm"*"'" •") 



• ...(2) 



_ -,_, (dM dM 
Idn dn' " 



dM 

dn" 



z + 



I. 

... I < 



where M denotes the modulus 



A .^) 



Z, m, 71, ... 
1% m', n\ ... 
^ ,m , 71 , ... 



and (cf. § 2) must not vanish. 

Looking upon the formulae of substitution for oj, 2/, 0, . . , in 
terms of X,Y^Z, ,,, as those of the standai-d substitution, we 
may speak of the formulae for X, Y^Z, ,,. in terms of x,y,z, ... 
as those of the reversed substitution. The reversal of the 
reversed substitution reproduces the standard substitution. 
The modulus of the reversed substitution is M~^, the reciprocal 
of the modulus of the standard substitution, as immediately 
follows from the known fact (cf. Burnside and Panton's 
Theory of Equations^ ^ 124) that the determinant reciprocal to 
a given detenninant of q rows and q columns is its (g— l)th 
power. 
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Our present obj ect is to prove that the factor <^ (^, m, . . . Vy m\ . . . ) 
in the equality (§ 21) expressive of the fact of invariancy of 
-F(a, 6, ...) is a power of M. We have seen in the last article 
that F{a,by.,.) is homogeneous in a, 6, ..., and therefore 
F{A, jB, ...) homogeneous in A, B, .... Now A, B, ... are 
homogeneous and of degree p in I, m, ... Z', m', .... For our 
quartic u is transformed from the form 

ax^+pbx*^^y-\- ... 
to the form AX''-\-pBX^W+ . . . 

by the scheme (1) in which x,y,... are homogeneous and 
linear in Z, w., . . . l\ m', . , . , so that a?**, of~^y, . . . are homogeneous 
and of degree p in i, m, . . . l\ m', .... Thus F{A, B, . . .), being 
homogeneous, and of degi*ee i say, in its arguments -A, JB, .,., 
which are themselves all homogeneous and of degree p in 
L m, ... l\ fn\ .,., is itself homogeneous, and of degree ip, in 
Z, m, ... l\ m', .... Seeing then that it is equal to 

<l>{lym,,.. l\ m\ . . .) F(a, 6, . . .), 
where the second factor F(a, 6, . . .) is free from Z, 971, ... l\ m'. . . . , 
we conclude that <^ (Z, m, ... l\ m', .,.) is homogeneous and of 
degree ip in its arguments. 

We now use the fact that the effect of the reversed sub- 
stitution (2) is to bring the g-ary j9-ic u back from its second 
form AX^-\- ,., to its first aic'-|- ... . The invariant equality 

F{A, B, ...) = </)(Z,m, ...Z',m', ...) F{a, 6, .. ), ...(3) 

applying as it does to all linear transformations of all g'-ary 
p-ics, must hold when we interchange a, fe, ... and A, B, ..., 
and replace I, m, ... Z',m', ... by the corresponding coefficients 
in the scheme (2). Thus 

F{a,b,...) 

in virtue of the homogeneity of degree ip possessed by the 
function <f>. Accordingly, by combination of (3) and (4), we 
arrive at the identity 

^ /7 7/ / \ ^ /dM dM dM dM \ ,.,^ , , 
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Thus W breaks up into two rational integral factors, of 
which <^ (l, m,...l\ m', ...) is one. But (§ 14) M has no factors 
but unity and itself Consequently <l> {I, m,...l\ m',...) is 
a power of M, or a numerical multiple of such a power. 

Suppose then that 

{I, m,...r, m',...) = kM\ 
By (5) it follows that 

fdM dM dM dM \ Ij.,^. 
^\dl' dl'''"dm' dm'''")''k ' 

^ .dM dM dM dM u r , .' 

^"* ~j7"' -jt/ » ... t > -I — >' ••• *^e all of (7 — 1 dimensions m 
al dl dm dm ^ 

I, m,^...l\ wi',...j so that the dimensions in I, m,.,,l\ m',...of 

the second <^ are q — 1 times those of the £ii*st. Hence 

ip— r = (?— 1)^, 

ip 
i.e. r = — . 

q 

Accordingly the equality expressive of the fact that -F (a, 6, . . . ) 
is an invariant is of the form 

F{A, B,...) = kM^ F{a, 6,...), 

where A; is a numerical constant. That this constant is neces- 
sarily unity we see at once by application to the case of the 
substitution ir tt «r 

for which -4, 5,... are the same as a, 6,..., and Jf = 1. 

We have proved, then, completely that if F{a^ 6,...) is an 
invariant of a j-ary ^-ic it is necessarily homogeneous, and 
that, if its degree is i, the identity expressive of the fact 
of its invariancy is 

F{A,B,...)^M^F{a,h,...). 

The proof holds for irrational invariants, if we raise the two 
sides of (5), before reasoning from that equivalence, to such 
a power /x as to make /mip, the index of the power of Jf, an 
integer. 

24.] A consequence of this last conclusion is that, i being 

D a 
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the degree in the coefficients of any rational integral invariant, 

— must necessarily be integral. For the left-hand member 
q 

F (A, jB, ... ), when expressed in terms of a, 6, ... and 

I, m,...i', m',..., is rational and integral in I, m, ...Z', m',... 

as weU as in a, 6, ... . So too must the right-hand member 

ip 

be. Thus if ^ is rational in I, m,.,.l\ m\,,. . But M is not 
a power of any rational function, seeing that it has no factors 

but unity and itself. Hence — is an integer. 

The particular form which this conclusion takes when q=2, 
i.e. for the case of binary quantics, should be at once noticed. 
It is that i and p cannot both be odd. Hence the theorem : 

No binary quantic of odd order can have any invariant 
of odd degree. 

In the next few aiiicles an interpretation will be given to 

* • 

the integer — , first in the case q = 2 oi binaiy quantics, 

and afterwards generally. 

It will be seen, in fact, that there is another characteristic 
which is constant throughout an invariant, and equal to this 
integer ; namely, its weight 

25.] Weight. In the binary p-ic 

(a^, ai,a2,...ap)(aj, 2/)P 

we have, as is usually done, given to every coefficient a suffix 
equal to the defect below the order p of the index of the 
power of X which it multiplies. 

This suffix is, it will be remembered, in each case equal to 
the dimensions, in the roots of the equation in x:y obtained 
by equating the j9-ic to zero, of the symmetric function of the 
roots which is equal to the ratio of the coefficient in question 
to the first coefficient a^. Or, if we choose, as we may, 
to regard a^ as merely denoting a number a^ of abstract 
units, and so as being of no dimensions in the roots, we 
may say that the suffix attached to every coefficient exactly 
measures the dimensions in the roots of that coefficient. The 
suffix or degree in the roots of a coefficient is designated its 
weight. 
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The weight of any product of coefficients is the .sum of the 
weights of its various factors, i. e. the sum of their suffixes, 
and measures the dimensions in the roots of the product in 
question. A repeated factor in a product must be reckoned 
as many times as it is repeated in estimating the product's 
weight. Thus, for instance, the product a/a.^a^'^... is of weight 

An invariant of degree i of a binary p-ia has been proved 
to be homogeneous, i. e. to consist of a sum of positive and 
negative numerical multiples of products of i fisictors chosen 
from among aQ^ci^, a^y^.^a^^ repeated factors being allowed. 
The theorem now to be established is that all these products 
have the same weight \ ip. 

A function which is thus of one weight throughout is said 
to be iaobaric. 

26.] An invariant of a binary quantio is isobario. Apply 

(ao,ai,a2,...aJ(iB, y)* 

the particular linear substitution a? = X, y = XF, of which the 
modulus is 1, = A. 

0,A 
This transforms the quantic into 

Consequently, it F {aQ, a^.a^^.^.a^ be an invariant of degree 
i, the identity expressive of the fact, viz. 

J^(^o» ^1' -^2, ... ^p) = M^^^ F (a^, a,, a,, ... a„), 

tells us that 

The right-hand member here is entii'ely of degree \ipm\. 
So therefore must the left be. Now the term on the left 
corresponding to a term 

afa^af... in ^(ag, a^, a2,...ap) 

is (aA7K^')'M')"-' 

i.e. a/Va/...AP'-+<^'+^'+-. 
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Consequently for every such term 

pr-|-(T8 + r^ + ... = lip. 

Thus F{aQ, a^, a^j.-.a,,) is isobatic throughout, the constant 
weight of its terms such as a^^a^a^ ..."being iip. 

This applies even when the invariant is irrational, for an 
irrational invariant may be expressed as a sum, not tiecessai'ily 
finite, of terms to which the reasoning may be applied. 

Ex. 1. Ifjp=:29»or2n + l there is no term in any invariant of the 
binary ^>-ic which has not at least one of a^^, o^, aj, ... a,^ for 

a factor. 

Ex. 2. Eveiy invariant vanishes for a binary p-ic which has 
a linear factor raised to the rth power if 2r >^. {Cayley,) 

Ans, Take the linear factor for T, 

27.] Weight generalized. A like method and the analogous 
conclusion apply in general to a quantic in q variables. Of 
these variables call one, singled out as the last, o>, and the 
others a:;, 2/, ;s,.... 

In our g-ary p-iQ let the suffix given to each coefficient be 
the index of the power of w which it multiplies. Thus, for 
instance, 

the coefficients of a?**, y^, 0', a^h)^ y^^\**> have the suffix 0, 

„ iB'"^a), y^~^(»i, Z^^(i>, x^^H w, . . . „ 1 , 



and the coefficient of a>^ has the suffix p. 

Our definition of weight is that every coefficient is of weight 
measured by its suffix, and that every product of coefficients 
is of weight measured by the sum of the suffixes of its various 
factors. 

Our ideas of the import of weight according to this 
definition are made more definite by supposing that the 
result of equating our 5-ary ^ic to zero is a relation in g— 1 
quantities of the same kind, a; : w, ^ : 6u, : o), ... . To l)e in- 
telligible, and not imply more relations than one, it must be of 
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the same dimensions throughout in that kind of quantity. 
For this to be the ease the coefficients which multiply products 
of p factors x y^z,... without co, those which multiply products 
of o) and p—l factors x,y,z,.,., those which multiply w^ and 
p — 2 factors x,y^z,,,., and so on, must be of dimensions in that 
kind of quantity which form an ascending arithmetic pro- 
gression of common difference unity. If then, as implies no 
real loss of generality, we choose to regard the first class of 
coefficients as of no dimensions in the kind of quantity, the 
dimensions of the other classes will be 1, 2, 3, ...p respectively. 
In other words, the dimensions of the various coefficients are 
measured by the suffixes assigned according to the convention 
from which we started. The idea of such dimensions is then 
identical with that pf weight. 

26.] All invariants isobario. We can now prove the con- 
stancy and equality to — of the weight, defined as above, 

for all terms of an invariant of a g^-ary ^-ic. 
Transform the quantic by the substitution 

a; = Z, y = F, 2! = Z, ... w = Ai2, 

which leaves every variable unaltered except w. Its modulus 
is A. 

The coefficients in the transformed quantic are at once seen 
to be the same as those in the untransformed, except that those 
with suffixes 0, 1, 2, 3, ...p are multiplied by 1, A, A^, A^, ... A** 

respectively. Thus, if F (a^, 6o»***> ^i» ^i»'»«^i£j Kf'f ^p) l>e 
an invariant of degree i, 

ip 

Here the left-hand member must be, like the right, a multiple 

of a single power, the — th, of A, The index of every power 

of A which occui*s as multiplying a product in the expanded 
left, and consequently the weight of every product of co- 

7/10 

efficients in F^ must therefore be constant and equal to — • 
This applies even when the invariant is irrational. 
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Ex. 3. Every term in any invariant of a q-sry jp-ic must contain 
at least one factor with a suffix less than r ii qr > p, 

Ex. 4. No quadratic in more than two variables can have any 
invariant which does not vanish when the quadratic breaks up into 
two linear factors. 

Ex. 5. Every term in any invariant of a 5'-ary jp-ic must contain 
at least one factor with a suffix greater than r if gr <^>. 

29.] Absolute invariants. For integi*al invariants the 

degree i, and consequently the weight — , are essentially 

positive and diflferent from zero. Thus the power of Jl/ in the 
equality expressive of invariancy 

i'(^5,...) = if«^(a, 5, ...) 

is essentially a positive power. We cannot then discover any 
integral function of the coefficients of a quantic which is what 
is called an absolute invariant, that is to say a function of the 
coefficients which is absolutely equal to the same function of 
the coefficients in the transformed quantic. For an absolute 
invariant the power of M above would have to be M^, or the 

degree i, and consequently the weight — > would have to 

be zero. 

If, however, a quantic have two or more distinct integral 
invariants, i.e. two invariants which are not powers of the 
same invariant, it will have one or more absolute fractional 
invariants. For, if Fj^(a, 6, ...) and ^2(^3 &>•••) ^^^ ^wo inva- 
riants of the same degree i of a g'-ary ^-ic, we have 

ip 
i\(A, JB, ...) = Jf « ^1 (a, 6, ...) , 

ip 
and F^{A,B,...)==M9F2{a,b,...)l 

so that Fj{A, jB, ... ) _ J^^ (a, 6. ... ) 

F^iA,B,...) " F~(^iJ^.) ' 

which shows that the ratio of F^ to F2 is an absolute invariant. 
Again, if F^^ (a, 6, ...) and ^2(^3 ^j •••) ^^ of different degrees 

ii, ijj, let k be the L. C. M. of i^ and %. Then J\«i and 
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F^ *2 are two distinct invariants of the same degree A;, and their 

h k 

ratia Fj*^ -^ F^^ is an absolute invariant. 
For instance, we have seen (§ 7, Ex. 6) that 

I = ae — ^bd + 3c^ 

is an invai'iant of the binary quartic (a, 6, c, d, e) (aj, i/)*. Its 

2 .4 
degree is 2 and its weight 4, which is rightly equal to — ^ • 

We have also seen (§ 17, Ex. 19) that the same quartic has 
another invariant 

of degree 3 and weight 6. I^ and J^ are then both of 
degree 6 and weight 12, and are distinct from one another. 
K then /' and J' are the same functions of the coefficients 
in the quartic obtained from the given quartic by a linear 
substitution for x and y ba I and J ai*e of the coefficients 
in the given quartic, 

so that PJ~^ is an absolute invariant of the binary quartic. 

30.] Limit to the number of independent invariants. A 
binary p-ic has^? — 3 independent absolute invariants, if p 
exceed 3, and none if p do not exceed 3. The first part of 
this statement is one which cannot well be proved at the 
present stage; but it may be seen as follows that p — BiB 
a superior limit which the number of independent absolute 
invariants cannot exceed. 

Let {Aq, -4i, A2, ... Ap) (X, Ty be the transformed quantic 
obtained from (a^, %, a2, ... a^) {x, yY by the linear substi- 
tution 

x^lX + mY, y = rX + m'Y. 

Its coefficients A^yA^, A2, »>. Ap are at once expressed asj9+ 1 
functions of ao,ai,a2> ...«p and the four letters Z, m, l\ m\ 
If p do not exceed 3 it is impossible to eliminate Z, wi, l\ m', 
an<J obtain a relation connecting A^^A-^y^.^Ap with a^^ , Oj , . . . a^ 
alone. If, however, p exceed 3 it is possible, by elimination 
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of I, m, l\ m\ to obtain p— 3 independent relations which must 
subsist between -4^, A^y A2, ... A^ and a^, a^, ag, ... a^, but 
no more. If, as is in fact the case, these p— 3 relations can be 
thrown into such a form as to express p — S equalities of 
functions of a^, a^, ag, ... a^ to the same functions respectively 
of -4^, Ai, Jgj ••• -^p» those j>— 3 functions are absolute inva- 
riants ; but there cannot be more than that number which ai'e 
independent. 

It now follows that if p do not exceed 3 there cannot be 
two independent invariants which are not absolute, and that if 
p exceed 3 there cannot be more than p~2 which are inde- 
pendent. For, as seen in the preceding ai'ticle, ^ny two 
independent invariants determine an absolute invariant, so 
that two, or more than p — 2, independent invariants would 
determine one, or more than p-^S, independent absolute 
invariants. 

We must not, however, form the erroneous conclusion that, 
when />~ 2 independent rational inte^al invariants have been 
discovered, every other rational integral invariant can be 
expressed «b a raiianal integral function of these p~2. The 
system of ^ — 2 invariants is oZ^e&ratco/iy complete, but another 
may be a function of them, as it must be, without being 
a rational integral function of them. For binary quantics of 
the first four orders there are, as a matter of fact, algebraically 
complete systems, 0, 1, 1, 2 in number, in terms of which all 
other invariants can be rationally and integrally expressed, 
but for the fifth, sixth, &c.,. orders there is no corresponding 
simplicity. For instance, the binary quintic has 3 ( = ^— 2) 
independent invariants of degrees 4, 8, 12, and these are the 
invariants of lowest degrees which it possesses. They form 
an algebraically complete system. But there is another inva- 
riant of the quintic of degree 18. This must be a function of 
the three first, but it is perfectly clear that it cannot be 
a rational integral function of them, for the degree 18, which is 
not divisible by 4, cannot be expressed as a sum of multiples 
of degrees chosen from 4, 8, 12, which are all divisible by 4. 
It is found to be the square root of a rational integral function 
of the three. Because it cannot be expressed rationally and 
integrally in terms of irreduciMe invariants of lower degrees, 
it is said to be itself irreducible. 
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That the number of irreducible invaiiants of a binary p-ia 
is finite for all values of ^ is a proposition of some difficulty 
which was first established by Gordan. The number, though 
finite, is not known to follow any simple law for all values 
of p. A proof of the finiteness due to Hilbert will be given 
in a later chapter. 

31.] Invariants of two or more quantics. So far in this 
chapter we have been dealing with invariants of a single 
quantic only. With regard to invariants of a system con- 
sisting of two or more quantics in the same variables the 
methods of §§ 22 to 28 establish with equal ease the following 
tihBonamB. 

(1) In any invariant of r quantics of orders p^, p2^.,,py in 
the same q variables, the sum 

is constant for all terms, ^], 12, ... ^r being the degrees of tuiy 
term in the coefficients of the various quantics respectively. 
This is established as in § 22. 

(2) The factor, depending on the constants of the trans- 
formation only, by which the invariant has to be multiplied 
to make it equal to the same function of the coefficients in 
the transformed quantics, is M*^, where M is the modulus, and 

This is established as in § 23. 

(3) The whole weight, i.e. the sum of the r weights in the 
sets of coefficients of the r quantics, is the same for every 
term of the invariant, and equal to w the index of the power 
of Jf in (2). 

This is established as in §§ 26, 28. 

It also follows that, for a rational integral invariant, the 
sum 2(ip) is necessarily divisible hyq; for the weight, a. sum 
of integers, must be integral. 

32.] It will be observed that there is nothing in these 
conclusions to prevent our contemplating the existence of 
invariants of two or more quantics, which, though isobaric 
(i.e. of constant weight throughout), are not homogeneous, 
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either in the sets of coefficients of the various quantics 
separately, or on the whole. Nothing in the above indicates 
that ij, igj •• ir are constant throughout the invariant, or even 
that 2!i is so. 

To contemplate such non-homogeneous invariants is, how- 
ever, unnecessary, for the different parts of such an invariant, 
which are homogeneous on the whole and also separately in 
the coefficients of every quantic of the system, are separately 
invariants. 

The proof of this may with ease be stated generally. It 
will perhaps be made all the clearer by considering an 
example only. 

Suppose the fact to have been noticed that 

is an invariant of the binary cubic and linear forms 

ax^ + 3 bod^y + Scxy^ + dy^, 
a'x + Vy, 

i.e. that, denoting as usual coefficients in the transformed 
quantics by capitals, 

The invariant consists of a part of degree 4 in the coefficients 
of the cubic and 12 in those of the linear form, and a part 
of degree 6 in the coefficients of each form. 

Now -4, By 0, I) are of the first degree in a, 6, c, d, and 
A\ B' of the fii-st degree in a', b\ involving besides, in each 
case, the constants Z, m, l\ w! of the transformation only. 
The left-hand member of (1) contains then like the right teims 
of partial degrees 4, 12, and terms of partial degrees 6, 6. 
Consequently, the equality being an identity holding what- 
ever a, 5, c, d, a\ b' are, the terms of partial degrees 4, 12 on 
the left and right must be equal, and also those of partial 
degrees 6, 6. In other words, 

{aU^^3ba'V^-\-3co:^b' -do!^)'^ 
and {(ao-fe2)5'2_(ad-6c)a'6' + (6d-c2)a'2}3 

are invariants separately. 
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A single quantic has, we know (§ 22), homogeneous in- 
variants only. 

33.] We lose then no completeness by considering only 
those invariants of two or more quantics which are homo- 
geneous in the different sets of coefficients separately as 
fundamental. Non-homogeneous invariants are linear func- 
tions of such homogeneous invariants as have the same whole 
weight. Thus with regard to a complete system of invariants 
of two or more quantics we have the conclusions : — 

(1) That they are homogeneous in the coefficients of every 
quantic of the system separately, so that also, if ij, ig* ••• V be 
the degrees of any invariant in these sets of coefficients, the 

whole degree is constant, viz. 

... . 

(2) that they are isobaric on the whole, any one being of 

weight ^ = - (^1^1 + hP2 + • • • + irPr)' 

(N.B. — There is no reason to expect them to be isobaric in the 
coefficients of the quantics separately.) 

(3) That the factor which has to multiply an invariant to 
produce the same function of the coefficients in the linearly 
transformed quantics is M^. 



CHAPTER III. 

ESSENTIAL QUALITIES 0** C0VARIANT8. 

34.] In accordance with the remark in § 4, the considera- 
tion of covariants which are rational and integral both in the 
coefficients and variables is fundamental. By the word * co- 
variant* we, as a rule, mean 'rational integral covariant.' 
The conclusions which follow apply for the most part also to 
covariants which are irrational or fractional, but this will be 
stated where it is important to observe that it is the case. 

It is well in the first place to see that we may confine 
attention to covariants which are homogeneous in the vari- 
ables — to covariant quantics, in fact. 

35.] A covariant which is not homogeneous in the vari- 
ables is a sum of other covariants which are homogeneous in 
them. 

For in the relation 
f{A, 5, ...,X, F, ...) = <^(Z, m, ... l\ m\...)f{a, 5, ...,aj, y, ...), 
which expresses that /(a, 6, ..., aj, 3/, ...) is a covariant, the 
terms of order w in as, i/, ... on the right can produce, upon 
putting a; = iX + mF-h.,., y = rX + m'F+..., ..., terms of 
order «r only in X, F, ... ; and no other terms on the right 
can produce terms of order m in X, F, .... Consequently, the 
relation being an identity, these terms must be identical with 
the terms of order «• in X, F, ... on the left. In other words, 
if the covariant/ is not homogeneous in a;, 2/, ..., its various 
paits of diflerent orders in oj, y, ... are separately covariants. 

This applies also to irrational and fractional covariants, 
which by expansion can be expressed as sums of parts, not 
necessarily finite in number, arranged according to their 
orders in the variables. 

The proof deals equally with covariants of one and co- 
vai*iants of several quantics. In the next few articles for 
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greater clearness covariants of a single quantic are alone first 
considered. 

36.] Homogeneity in the coefficients. By the order of 
a covariant, now regarded as homogeneous in the variables, 
is meant its order or degree in those variables. By degree is 
meant, as in the preceding chapter, degree in the coefficients ^. 

If possible let the covariant/(a, 5, ..., a;, y, ...), of the same 
order w throughout, be a sum of parts of diflerent degrees 
i^, ^2, ^3, .... Apply the identity expressive of the covariancy 
to the case of the particular linear substitution x^kX^ 
y = \Y, .... As in § 22, the coefficients A, JB, ... in the 
transformed quantic are in this case K^a, A^'fe, ..., while the 
variables X, F, ... in the transformed quantic are \~^x,\~^y,,... 
Thus if ^,. be the aggregate of those terms in/(a, 6, ..., oj, 2/, ...) 
which are of degree %, and of order tsr, the corresponding 
terms in f{A, £,..., X, F, ...) are A**-**-® if^.. Hence, by 
exactly the same argument as in § 22, if V^(a) be what 
(t)(l, m,.,.l\ m',...) becomes for the particular values of 
Z, m, ...i', m', ... which we are considering, V'(a) must be 
equal separately to A'^'"^, A'a'""^, A^s^-^, .... The assump- 
tion that ^i, ^29 "^s' ••• ^^® different is then untenable. 

Thus, while we lose no real generality by requiring a co- 
variant to be of constant order throughout, we are compelled 
also to require a covariant of a single quantic whose order is 
the same throughout to be of the same degree throughout. 

Were we to prefer to deal with a covariant having parts of 
diflerent orders ctj, Wg, ^^3, ... as a single covariant, rather 
than as a sum of covariants of orders cr^, ^3*2, ^3, ..., our 
conclusion come to as above would be that the degrees 
^u ^2' H'-" ^f those parts respectively are connected with 
their orders by the equalities 

These conclusions apply to irrational and fractional co- 
variants. 

37.] The flftctor a power of the modulus. 

The proof that the factor <^ {I, rrij ... T, m', ...), in the rela- 

* See the footnote to § 22. 
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tion (§ 35) which expresses the fact of covariancy of a co- 
variant, is a power of the modulus M proceeds exactly as in 
§ 23. If xff be the order and i the degree of the covariant 

/(a, 6, ... a?, y, ...), the power is the ^ th, ip^-sr being 

now the degree of the left-hand side/(^, 5, ...,X, F, ...) in 
the constants of transformation i, wi, ... l\ m', ..., when it is 
expressed explicitly in terms of those constants and 

Thus, if we adopt the notation K{a, h, ...)* (as, y^ ...)^ to 
denote a covariant of degree i and order ©•> the fact of its 
being a covariant is expressed by 

Z(^ £,...)< (Z,F,...)^ = Jf « K{a,h,...y{x,y,...f. 

All this applies as well to irrational and fractional covari- 
ants as to those which are rational and integral. 

If the covariant be rational and integral we can at once 

draw the conclusion, as in & 24, that the index ~ cannot 

be fractional. It is perhaps well, however, to adopt a different 
order, and by introduction of the idea of tveight to ascertain 
first the import of the integer, or zero, to which it is equal. 

38.] Weight in the case of a binary qnantio. As in § 25 
the weight of a coeflBicient in the binary ^ic 

is its suffix. For present purposes we do best to say further 
that X and y have weights 1 and respectively. This is in 
accordance with the idea developed in § 25 that weight 
measures dimensions in a. suppositious kind of quantity of 

which - contains - units, and in which ~ 5 — » ... — s being 
y y (^0 % % 

of 1, 2, ...» dimensions in the values of - which make the 

quantic vanish, are of 1, 2, ...^^ dimensions respectively. 

With this enlarged conception of weight we may see as 
follows that K(aQ, a^,... a^^{x, y)^, a covariant of the binary 
^ic, is of constant weight i(ip-f'Br) throughout. 
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As in § 26 take for scheme of linear substitution the 
particular one 

of which the modulus Jf is X. If 

(Jo,^,...^)(X,r)' 

be the transformed quantic^ the values of ilo, -4i, ... -4p are 
now ttp, a^X, ... ttpA'', and, as in § 26, every product of 
powers of -4^, -4,, ... J^ is the same product of powers of 
a^, ttj, ... ap multiplied by A raised to a power whose index is 
the weight of the product. Moreover every product X^ F*~** 
of powers of X and Y is equal to \'"''"*'*'a;*'j/*"**, i.e. to the 
corresponding product of powers x^y^"^ multiplied by a 
power of \ whose index is the weight of the product di- 
minished by «r its order. Thus in the identity 

Z(^, ^1, ... A^y (X, Yy = \~^ K{a^, Oi, ... a^y («, 2/)^ 

every term on the left is, for this substitution, the correspond- 
ing term in jK'(a^j, Oi,.,. a^Y {x, yY multiplied by X'*'-^, where 
w is the weight of the term. The identity then tells us that 
for every term 

so that ^y = i (ip + w) for all terms. A covariant is then 

So far this applies to irrational and fractional as well as to 
rational integral covariants. 

39.] For rational integral covariants the weight is a sum of 
positive integers, and is therefore itself a positive integer. 

Thus \ {ip + jst) is necessarily a positive integer. 

It follows that the index of the power of M in the equality 
expressive of the covariancy of a rational integral covariant 
is integral, or zero, for it is 

J (ip — 'GT) = J (ip + «r) — «r = ic;— BT, 

i. e. is the excess of one positive integer over another. 

Moreover it cannot be a negative integer. For, w being 
the weight of the covariant, w—tsr is the weight of the 
coefficient of x^ in the covariant, and this coefficient being 

E 
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a rational integral function of a^, Oj, ^2, ...a,, whose weights 
are zero and positive, cannot have a negative weight. 

This assumes however that in a covariant of order w the 
term in x^ must necessarily occur. This is the case. Were 
it otherwise the covariant would have y for a factor. Now 
were it possible for yF{a, 6,,,., a;, i/) to be a covariant we 
should have, for any linear substitution whatever, 

YF{A, £,..., X, Y) = {Im'-VmYy F{a, 6,..., x, y), 

which would necessitate that the covariant yF((i,by.,.,x,y) 

have F, i.e. , — -, — « , for a factor, whatever m', m and 

Im —lufh 

Imf—VTri be. Now this is an absurdity, for yF(a, by.,,yX^ y) 

has only ^ linear factors. 

From the fact that | (ip—m) is integral, or zero, we draw 

at once the conclusion that ip and vr must be either both odd 

or both even. Hence arise the following theorems. 

(1) Hfo binary quantic of even order p can have a covariant 
of odd order -sj. 

(2) No covariant of a binary quantic can be of even degree 
i {in the coeffix^ients) and of odd order m [in the variables), 

(3) No covariant of a binary quantic of odd order p can be 
of odd degree i and even order vrl 

In particular, from (l) and (2) no covariant linear in the 
variables can belong to a binary quantic of even order, or be 
of even degiee in the coefficients. 

Ex. 1. Every term in every coefficient of any covariant of a binary 
2)\c must contain one or more of the first r coefficients a^, Oi, ... ^r-i 
of the 2>-ic as a factor if 2 ir > tp + w. 

Ex. 2. Every covariant of degi-ee t and order w must vanish for 
a binary p-ic which has a linear factor raised to the rth power if 
2tr>t/> + w. , 

Ans. Take the factor for F. 

Fx. 3. Every term in the coefficients of x^, 05^"" V ••« x^'^'^ly'*"^ 
in a covariant of order -bj and degree t of a binary p-ic must contain 
at least one of a^, a,, o^, ...flr-i ^s a factor if ir^p^\{ip — -or). 

Ex. 4. If the coefficients in a binary p-ic have such values that 
the |?-ic has a linear factor raised to the rth power, a covariant 
of degree i and order w must have that factor to the pih power, 
where p = tr — ^ (ijp — • bt). {CayUy,) 
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Ex. 5. If the degree i and order -bj of a covariant of a binary p-ic 
be connected by the relation ip — w = 0, show tliat the covariant can 
only be the ^th power of the />-ic, or a numerical multiple of that tth 
power. 

Ans. The coeiBcient of x^, i.e. a?'**, must be a*, for its weight 
must be zero. Also by Ex. 4 the tth power of every linear factor of 
the p-ic must be a factor of the covariant. 

Or thus. The ith power of the p-ic is a covariant ; and there 
cannot be another covariant with aV for its first term, as otherwise 
by subtraction a covariant with y for a factor could be formed. 

Ex. 6. If the coefficient of the highest power of a? in a covariant of 
the general binary p-ic is known, the order ts- is determinate, and 
the covariant unique. 

40.] Weight in general. With regaj*d to a quantic in q 
variables aj, y, 2;, .,., o) the estimation of v^eight explained in 
§ 27 requires the supplementary idea that oj, 2/, 0, ..., all the 
variables except the last one o), have weight unity, while a> is 
of weight zero. This being so the weight of the 3-ary ^ic is 
p throughout. The examination for weight of a covariant of 
degree i and order «r proceeds exactly as in § 38, by the 
method of § 28. The conclusion is that the weight w is 
constant throughout the covariant, being given by 

XV i. ip + (g-l)Gr 
so that w = — — ^ — • 

This applies to covariants which are not rational and 

integral as well as to those which are. For rational integral 

covariants we have the further fact that ic; is a positive integer, 

and consequently that 

ip—isr 

? 

is an integer or zero. Moreover that it cannot be a negative 
integer is proved exactly as in § 39, by showing that the terms 
free from 6> in a covariant cannot all be absent. 

Ex. 7. If the terms free from o) in a covariant are known, the 
covariant is unique. 

Ans. Otherwise a covariant with a> for a factor could be 
formed. 

E 2 
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Ex. 8. If «r = tp, so that «? = w, the coefficientd of the terms free 
from o) in a covariant involve only the coeiBcients of the terms free 
from 0) in the p-ic, 

Ex. 9. In this case of 'Gr=tjp, the terms free from a> in a covariant 
of a 9-ary ^-ic constitute a covariant of the (^'^ l)ary p-ic, obtained 
by replacing a> by zero in that ^-ary p-ic. 

Ana, Apply a linear sabstitution which leaves o) nnallfered and 
expresses the other variables a?, y, «,..., t/r linearly in terms of 
X, Y, Z, ..., 4'. The terms free from o) are then transformed by 
a {q — l)ary substitution. 

Ex. 10. Hence, by passing in succession to (5^— 2)ary, (5' — 3)ary, ... 
binary, jp-ics, deduce from § 39, Ex. 5, that a covariant of the 
^'-ary p-ic for which -cr = tp has for its term in x alone a*a?*'', or 
a numerical multiple of this. 

Ex. 11. Hence, by returning in succession from a binary, to a 
ternary, a quaternary, ... and at length a g-ary, p-ic, show from 
Ex. 6 and Ex. 7 that a covariant, of a g-ary p-ic, for which 
VT=^, can be only the tth power of that g-ary p-ic, affected at 
most by a numerical multiplier. 

41.] Absolute covariants. An absolute covariant is one 
which is exactly equal, without any factor which is even 
a power of M, to the same function of the coefficients and 
variables in the linearly transformed quantic. Thus, if the 
function £^ be an absolute covariant, we must have, in the 
identity 

K{A, B,...y {X, Z...)^ = MT- K{a, 6,...)* {x, y,,..)^ 

-^ = 0, i.e. tc;— «r=0. 

Now w—TD IB the weight of those coefficients in the covariant 
which multiply products of the variables whose weight is «r, 
i.e. products into which the last variable a> does not enter. 
The only rational integral absolute covariants are then those 
in which the coefficients of products of the variables into 
which the last <a does not enter are of zero weight. In par- 
ticular, for a binary quantic, the coefficient of x^ must be 
a function of zero weight of g^q, a^, a2,...ap, and so must be 
a mere power of a^, or a numerical multiple of such a power. 
In § 39, £x. 5, it has been seen that such a covariant can only 
be a numerical multiple of a power of the binary quantic of 
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which it is a co variant. And in § 40, Ex. 1 1 , the corresponding 
fact has been given for quantios in general. Thus powers of 
quantics are the only rational integral absolute covariants 
of those quantics. Further light vdll be thrown on this fact 
in future chapters. 

Fractional absolute covariants may, however, be seen to 
exist, as were fractional absolute invariants in § 29, whenever 
we have two or more distinct integral covariants, powers of 
the same invariant not being regarded as distinct, for each of 
which ip—Tsr does not vanish. If, for instance, K and K^ be 
two covariants of a g-ary p-ic, whose degrees are i, V and 
orders w, m respectively, and if \l be the least common multiple 

of the integers — > — > then the ratio of 

^ g g 



K^v-v to iT' •'/>-«' 

is an absolute covariant. 

For example, it will be seen later (§ 45, Ex. 1 3) that the 

binary cubic 

(a, 6, c, d) (aj, yj 

has, besides its quadratic covariant (§ 7, Ex. 8) 

a cubic covariant 

For these two covariants \ (ip— tsr) has the values 2, 3 re- 
spectively. The cube of the first divided by the square of the 
second is then a fractional absolute invariant. ~ 

42.] Limit to the number of independent covariants. A 
limit to the possible number of independent covariants of 
a binary quantic may be found as follows. 

In the equations of linear substitution 

in the expression for the modulus 
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and in the j» + 1 equations, in the two sets of coefficients and 
i, m, l\ m', which are obtained by expressing the identity of 

(Jo, ^i,...^p) (^, IT with (ao, ai,...ap) (a?, j/)^ 
i.e. with (a^, ai,...ap) (ZZ + mF, Z'Z + m'Ff, 

we have altogether p + 4 relations connecting the old and new 
coefficients, the old and new vaiiables, the modalus Jf, and 
I, m, l\ m'. The elimination of these last four leaves exactly 
'p independent relations as all that can connect only the old 
and new coefficients and variables and M. 
For instance, the first three equations 

aj = iZ +mF, 2/ = rZ + m'F, ^ = ^m'-rm, 

suffice to determine three of Z, wi, V y wfy the last three say, in 
terms of the fourth I and x, y, X, F, M, and lead to no relation 
free from I, m, l\ rri\ The expressions for vi, l\ w! inserted 
in the remaining p + 1 equations, produce from them p-\-\ 
equations involving one unknown i, the old and new co- 
efficients and variables, and if. By elimination of I from 
these, exactly p independent relations in coefficients and 
variables and M follow. 

Now if there were more than p independent covariants, 
including the quantic itself, there would be more than p 
independent relations in coefficients and variables, old and 
new, and M\ viz. the more than p equalities of the several 
covariants, multiplied by proper powers of Jf, to the same 
functions of the new coefficients and variables. The number 
p is then a superior limit to the possible number of inde- 
pendent covariants of a binary jj-ic. 

In fact, a little more than this is ti*ue. The number p is, as 
the same reasoning shows, a superior limit to the possible 
number of independent invariants and covariants together, 
the quantic being regarded as a covariant of itself. 

As a matter of fact p is not only a superior limit to the 
number of algebraically independent covariants and invariants, 
but the exact number of a complete system. The present 
however is not the stage at which to prove this important fact. 

The warning of the latter part of § 30 should be repeated. 
When p covariants and invariants, algebraically independent 
of one another, are known, any other covariant or invariant 
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is a function of them. But this does not imply that, when p 
independent rational integral covariants and invariants are 
known, all others can be expressed as i-ational integi*al 
functions of them. There may be others that are irredvxiible 
in the sense of not being expressible as rational integral 
functions of simpler irreducible covariants and invariants; 
and except for the values 1 and 2 of ^ this is in fact the case. 
Thus for the binary cubic /> = 3, but, when the three inde- 
pendent covariants and invariants, all covariants in fact, of 
lowest degrees have been found, there proves to be a fourth, 
an invariant, which, though of course a function of them, is 
iiTeducible in that it cannot be expressed rationally and 
integrally in terms of them. So too for the binary quartic 
^ = 4, but there prove to be five irreducible covariants and 
invariants. For the quintic, ^ = 5, the facts are even more 
striking. All covariants and invariants are functions of the 
five independent ones of lowest degrees. But there prove to 
be as many as eighteen other covariants and invariants which 
are irreducible, in that they are not rational integral functions 
of the five, or of those five and others of as low degrees as 
themselves among the eighteen. 

43]. We have here for clearness adopted a different order 
of reasoning from that applied in § 30 to invariants alone. 
There we first found a limit to the number of independent 
absolute invariants, and deduced conclusions as to the number 
of independent invariants not necessarily absolute. Here tlie 
idea of absolute covariants and invariants is made the subse- 
quent one. In all cases there is one absolute covariant, 
namely the quantic itself. We have also seen (§§ 41, 29) 
that there is no other rational integral absolute covariant or 
invariant. For the linear quantic, ^ = 1, there is no other 
independent covariant or invariant whatever, and consequently 
no other that is absolute. For higher binary quantics, p>\, 
there cannot be more than J9 — 1 independent absolute co- 
variants and invariants. Otherwise a complete system of 
p independent covariants and invariants would be absolute, 
and consequently all covariants and invariants would be 
absolute. But for any value of p exceeding unity there is 
(§ 15) a non-absolute invariant, the discriminant. 
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44]. Covariants of two or more Qnantdcs. With regard to 
covariants of two or more quantics in the same variables, 
the methods of the earlier articles of this chapter yield, in 
a mamier analogous to that of §§ 31 to 33^ conclusions of 
which a summary follows. 

Such a covariant is, as in § 35, either homogeneous in the 
variables or a sum of covariants which are homogeneous in 
them. Those which are homogeneous in the variables— of the 
same order throughout — form a complete system. 

A covariant homogeneous in the variables may or may not 
be homogeneous in the coefficients of the various quantics 
severally and collectively. If, however, it be not so homo- 
geneous, it is a sum of covariants eveiy one of which is 
homogeneous separately in the coefficients of each quantic, 
and of course therefore in the coefficients of aU the quantics 
collectively. Covariants, then, which are throughout of con- 
stant partial degrees in the various sets of coefficients, and 
therefore of constant total degree in all the coefficients, form 
a complete system. This is seen as in § 33. , , ^ ^^ 

li p^^p^i... Pr\>Q the orders of r y-ary_jfeM:iBs, the factor by 
which a covariant of order m and partial degrees ij, i^j.-.ir i^^ 
their coefficients respectively has to be multiplied to be made 
equal to the same function of the variables and coefficients in 
the linearly transformed quantics is 

^1'^  *-\ 

where M is the modulus of the linear substitution, and 

^ .ip ^ iiPi'¥i^p^+ ...-^irPr' 

The whole weight of the covaiiant is constant throughout, 
and exceeds the index of this power of M by w, i.e. is 

If the covariant is rational and integral this weight must 
be a positive integer, and consequently the index 

-{2.ip— «r}( = te;— w) 
is not a fraction. It is, moreover, not negative, being the 



\ 
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weight of those coeflScients in the covariant which multiply 
products of the variables in which the last o) does not occur, 
which coefficients cannot all be absent, as no covariant can 
have 0) for a factor when the coefficients in the quantics are 
general. 

45.] Covariants prodnctive of other oovariants and invari- 
ants. At this point it may be well to prove an important 
fact, which, stated for the moment without complete generality, 
is that any invariant or covariant of a covariant of a quantic 
is an invariant or covariant, as the case may be, of that quantic 
itself. 

Let (a, 6,...) (a;, y,...)*" be the quantic u, in any number of 
variables, in its untransformedshape,andlet(-4,£,.,.)(X, ¥,,..y 
be its linearly transformed shape. Also let (a\ 6', . . . ) (a?, y, . . .)^ 
be a covariant of u, so that a\ h\... are functions, of degree 
i say, of the coefficients a, 6,..., and let A\ £',... be the same 
functions respectively of -4., £,.... We have simultaneously 
the identities 

{A, B,...)(X, Y,...y = (a, b,...){x, y,...y, 

If then K(a\ b\...y{xyy,...)^ be a covariant, or invariant 
in case «r' = 0, of the covariant (a', b%...){x, y,*..)^, we have 

KiA^R.^.yiX.Y,...)^ 

and consequently, in virtue of the homogeneity of the co- 
variant K, 

K{A\B',...y(X,Y,...)^ 

which, since a', 6', .•. are functions, of degree i, of a, 6,..., 
and A\ B',.,. are the same functions respectively of -4, J5,... , 
shows that K{a\ b\...y{x, y,...)^' is a function, of degree i'i 
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and ordftr w' of a, 6, ..., a?, y,.,. which, when multiplied by 

the -(i'iP-oy')th power of the modulus M, becomes the same 

function of -4, JB, . . . , X, F, . . . . It is then a covariant of u, or, 
in particular if sr' = 0, an invariant. 

It will be at once seen that only brevity of writing has been 
secured by attending to but one covariant {a\ b\.,.){x,yj,,.y 
of but one quantic u. The argulnent would have been exactly 
the same if we had been dealing with more given covariants 
than one of a quantic, or a given covariant or covariants of 
more quantics than one in the same variables. We may state 
in fact the general conclusion, to which the method leads us, 
as follows. 

Any covariant. or in particular invariant, of any covariant, 
or system of covariants, of any quantic, or bysteni of quantics 
in the same variables, is a covariant, or in particular in- 
variant, of that quantic or system of quantics, 

Ex. 12. The binary cubic {a, b, c, d) (as, yy has the covariant 
(§ 7, Ex. 8), its Hessian, 

{ac'-b^)x^-^{ad-bc]xy + {bd^<^)y\ 
which has the invariant (§ 7, Ex. 1), 

This then is an invariant of the cubic. It is its discriminant. 

Ex. 13. Find a covariant of degree 3 and order 3, the cubicovariant, 
of the binary cubic. 

Ana. (a'(i— 3a6c+ 26^ ahd—2a(^-\-b\ --acd-^^ 2¥d-bc^, 

—a(P+3bcd-2c^) (a?, yy, 

the Jacobian of the cubic and its Hessian. 

Ex. 14. Show that the binary quintic (a, 6, c, d, e, f) {x, yY has 
an invariant of the twelfth degree. 

Ans, The discriminant of the canonizani (Cf. § 17, Ex. 20, 
and Ex. 12 above.) 



CHAPTEK IV. 

C03REDIENT AND CONTRAGREDIENT QUANTITIES. 

46.] Before proceeding to the further definitions and prin- 
ciples on ^hkh most of the propositions of this chapter are to 
rest, we here first investigate a fruitful method, whose con- 
nexion with them will be seen later, for the derivation of 
invariants and covariants of binaiy quantics, and binary 
quantics only. 

The linear transformation of two variables, 






leads, as has been seen in § 10, to the equalities of differential 
operators 

— = Z— + V—f] 

dX dx dy\ ,^v 

dT dx dy' 

where on the right the operation is on any function of x and 
y^ and on the left it is on the function of X and F, which is 
equivalent to that function of x and y in virtue of (1). 
Now the equalities (2) may be written 






...(3). 



Thus, except for the factor Im'—Vm^ i.e. Jf, the symbols of 
operation j~ ' "" ;/- ar© transformed by the same scheme of 
linear substitution as are the variables x^ y. 
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Thus if /(a?, y) be any homogeneous function, of order «r say, 
of X and y, and ii F{Xy Y) be what this becomes when the 
substitutions (1) are made for x and y in it, we have not only 

F{X,Y)=f{x,y), 
but also 

where the operations on the right and left are on any function 
of X and y, with or without other arguments independent of 
X and y, and on its equivalent in terms of X and Y obtained 
from it by means of (1), respectively. 

47.] Let us now apply this fact to covariants of one or more 
binary quantics. If </>(a, 6,..., x, y) and \^(a, 6,..., a?, y) be 
any two covariants of the quantic or quantics — either or both 
of them may be in particular the quantic itself, or one of the 
quantics — of orders w, «r' in a? and y, and of weights ^t?, w' 
respectively, we have, §§ 37, 39, 

and y\f{A, B, ..., X, F) = M*^'"^^ y^f {a, b, ..., x, y). 
We have consequently also, by the preceding article, 

and V'(A5,...,^'-^) = i^^*(a,6,...,|^,-^); 

whence it follows that by operating with either one of this 
last pair on either one of the immediately preceding pair, left 
on left and right on right, we get a covariant identity. 
All the four conclusions are really contained in the one 

</)(il,-B,...,^, -^j-)V'(^5,...,Z, 7) 

^ j^pc+u^^w ^^ay 6, ...» 5^> - d^"^^^' ^' •••' ^' 2/)> 

for <t> and ^ may be interchanged, or may be identical. 

Thus the result of operating in this way with any covariant. 



weight of the coefficient of (-r-) is ai;— «r, while in the 
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or one of the quanticB, on any covariant, or one of the quantice, 
is a covariant, or invariant, unless it vanishes. It will 
cei*tainly vanish if ^ the order of <^ exceeds ts/ that of y^. It 
will be an invariant, unless it vanishes^ if «r = «r'. It will be 
a covariant, unless it vanishes, if tr is less than ts/. 

The exact powers of if in the above are not essential to 
the argument. It is of interest, however, to verify that the 
power in the conclusion is what it should be in accordance 
with §§ 37^ 39. In the operating factor on the right the 

d ^ 
dy 

factor operated on that of the coefficient of y^' is v/. Also 
the order is «r'— -or. Thus the index of the power of M should 
be (§ 39) 

i.e. te; + ii/— m', as is the case. 

48.] Invariants of the second degree. One of the most 
interesting conclusions from the above is that every binary 
quantic of even order has an invariant of the second degree. 
For operate on the binary j>-ic 

(ao, %, a2,...ap)(aj, y)* 
with the result of putting -z-j — ^ for oj, y in itself, i.e with 

We thus get, after division by p I, that 

»(«— 1) 

is an invariant unless it vanishes. 

It vanishes ii p is odd, as the first and last, second and last 
but one, &c., terms in that case cancel. If, however, p is even 
it does not vanish, but the last term is a repetition of the first, 
the last but one of the second, and so on till the middle term 
which stands alone. Thus, halving, and replacing p by 2n, 
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we see that if f^'^\ denote the number of combinations of 
2n things r together, 

2ti \ , -V- w27i 



+(-^)"-^ («_i>.-x««-i+(-i)- KD" 



2 
n 



is an invariant of the binary 27i-ie 

In particular the binary quadratic, quartic, sextic, &c. 
(a, b, e) {x, yf, (a, 6, c, d, e) (a?, 2/)*, (a, 6, c, d, e,/, gr) (oj, yf, &c. 

have the invariants of the second degree 

&c., 

of which the first two have been obtained earlier^ 

49.] Two different binaiy quantics of the same order have 
in all cases, whether their order be even or odd, an invariant 
of the first degree in the coefficients of each quantic, and so of 
the second degree on the whole. If the two quantics be 

(ao,ai,a2,...ap)(aj, 2/)^ 
and (&o > ^i> ^2» • • • K) {^y VYy 

this joint invariant is in fact 

(ao,aj,a2,...ap)(^» -^) (bQ,b^,b^.,,.b^) (x, y^, 
which, divided by p !, is seen to be 
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This is called the lineo-liTiear mv&riBjit of the two binary 
;?-ic8. 

Of the result Exx. 2, 4 of § 7 are particular cases. 

We notice that the results of the preceding article are 
correctly given from this one by making the 6's the same as 
the a's, i.e. by making the quantics the same. 

We also notice that for an even order p the joint invariant 
obtained here for two p-ics is the intermediate (§19) between 
the invariants of the second degree of the two ^-ics. 

These two observations illustrate the fact that we can 
either pass from invariants of one quantic to those of two of 
the same kind and order, or from those of two quantics to 
those of one, but that the information given by two quantics 
as to one is complete, while that given by one as to two is 
not so. 

Ex. 1. Employ § 47 to find the invariant ace'\'2bcd—a(P—h'^e^c^ 
of a binary quartic by aid of the quartic and its Hessian (§ 11, 
Ex. 16). 

Ex. 2. Find the invariant of degree 4, the discriminant, of a binary 
cubic by operating with the Hessian on itself, or again by operating 
oj^ the cubic with its cubicovariant (§ 45, Ex. 13). 

Ex. 3. Prove that 

(a, 6, c, d) (^, -^) « . {(a, 6, c, d) (x, yY} * 

is —108 times the cubicovariant of the binary cubic. 
Ex. 4. The invariants of the second degree 

ac-^b^y a«--46(i-h3c*, ag^6bf+15ee—l0cP, ... 

of binary quantics of even order are linear functions of determinants 
chosen ironi among 



a, h, Cf dy 6, ... 
6, c, dy e, /, ... 



(Cayley) 



Ex. 6. The lineo-Hnear invariant of the x- and y- first differential 
coefficients of a binary quantic u of even order is the invariant of the 
second degree of u. {Cayley.) 

(N.B. — The function obtained in the same way from a binary 
quantic of odd order is not an invariant.) 
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Ex. 6. Two binary quantics of different orders p, //, (p >p% have 
a covariant of order p—j/ whose coefficients are lineo-linear. 

Ans. The result of operating with the second on the first. 

Ex. 7. In particular two binary quantics of orders p, p— 1, have 
a linear covariant, in the variables, which is also linear in the 
coefficients of each quantic 

50.] Another result of the close resemblance in form between 
the schemes (1) and (3) of § 46 is obtained by making (3) 
operate on any binary quantic u. We thus get that, when 
formulae give x and y linearly in terms of X and F, the 

•asame formulae give M-r- and — Jf -=— in terms of ^^r and 

du .^ 

^ ^Y • It fbllows that if in any covai*iant of a binary quantic 

- -I • xi_ • 1.-1 ^^ J du 

u, homogeneous as usual m the variables, -7— and — -r- are 

substituted for x and y another covariant of u is obtained. 
This theorem is Sylvester's, having been overlooked by Boole 
who had given the more far-reaching kindred theorem of 
§47. 

Ex. 8. If in a binary quantic u we replace x and y by 

du . du 

dy dx* 

we obtain the product of u and a covariant. (Salmon,) 

A na. That u is a factor we may see as follows. The values of 
X, y which make u = make 

du du ^ , . du du 

35 -7- -I- V T" = 0, 1. e. make v* -~ t- =» • y> 
dx ^ dy dy dx ^' 

so that Uy a homogeneous function /(a?, y\ is a factor of 

^\dy' d^r 
Ex. 9. Hence obtain the cubicovariant of a binary cubic. 

61.] Cogredient quantities. If two equally numerous sets 
of quantities, x^y, Zy... and x\ y\ /, ... are such that, when- 
ever one set x, y, z,.., are expressed in terms of new 
quantities Z, F, ^, ... by any scheme of linear substitution, 



\ 



\ 
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the second set aj', y', /, ... are expressed in terms of other new 
quantities X\ Y\ Z', ... by the same scheme of linear substitu- 
tion, the two sets are said to be sets of cogredient quantities. 

For instance, the coordinates of two points in a^ plane, or 
in space, are cogredient sets of three, or four, quantities. 

Again in § 46 it has been shown that, but for the factor M, 

-7- and — -p are cogredient with x and y. 
Once more, if the binary ^ic 

be regarded as a product o{p factors ' 

OC OD X 

so that — > — > -.-^ are the roots, and t/^, y^, ^-Vp may in 

2/1 2/2 Vp 
fact be chosen arbitrarily subject to y^y^^'^yp = cLq, and if the 
quantic be linearly transformed by taking 

x^lX^mY, y^l'X-^m'Y, 

XX X 

into one of which =^ > -=^ , ... =^ , say, are the roots, we have 

Xj I2 JL p 

S^i'i'^ + ^/'^'^i + ^^'i'i' 
so that without impropriety we take 

and similarly for other suflSxes 2, 3, ... , p. We have then, in 
the language of the present article, x^, y^\ i!C2» 2/2; ••• 5 ^p^Vp 
cogredient with aj, y. 

52.] Emanants. Some functions have the covariant property 
with regard to a quantic or set of quantics, though they 
involve, not only the coefficients and variables in the quantic 
or quantics, but also a set or sets of quantities cogredient 
with those variables. Allowing ourselves some freedom of 
expression, when no confusion can arise, we may designate 

p 
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such functions covariants. We proceed to the consideration 
of a very important class of covariants of this kind. 
Let uhe h p-ic in the q variables x,y,z,,.,. The functions 

for values of the positive integer r from 1 to jo inclusive, are 
defined as the first, second, ..., pth eTnanants of u. There 
would be some convenience in defining the rth emanant 
rather as the above expression multiplied by the numerical 

factor-^- — -^9 but there is no real importance in this, as 

pi IT » 

a numerical multiple of a co variant is of course a covariant 
not distinct from it, and as we have as yet introduced no 
convention as to the best numerical multiple of a function, 
found to have the property of an invariant or covariant of 
any quantic, to denote by a letter and speak of as that 
invariant or covariant. Moreover the simplest form is given 
to general conclusions by use of emanants as written above. 
Inconvenient numerical factors in any conclusions with regard 
to quantics of particular orders can be rejected when the end 
is reached. 

The pth. emanant is p I times the quantic u itself with 
x,y,z^... replaced by a?', ^, «',... . For values of r exceeding 
p there are no emanants, as (p+ l)th differential coefficients 
of u vanish. 

That the emanants of u are absolute covariants in the 
extended sense is readily seen. If we have 

x = lX +7nV -^nZ +..., 
= rX + m"F+n''Z+..., 



and af=W -\-mT +7i^r +.,., 
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ihen, since 

^ ^i^+r^+ 1"^ + ..., 



dX dx dy dz 

d d , d „ d 

ai dx dy dz 

d d ^ d „ d 
dZ'~ dx dy dz "*' 
•• > 

where on the right the operations are upon any function of 
^y Vi ^> .•.> with or without of, ^, /, ..., and on the left they 
are upon the equivalent of that function expressed in terms 
of X, Y, Z, ... , with or without X\ F', ^, ... , we have 

+ {l'X'+m'r+n'r+...)^ + {l"X'+m"Y'+n"Z' + ...)^+... 

- , d J d f d 
dx ^ dy dz 

Hence by successive operations on u, any quantic in 
^iVi^y'y or indeed any function of those variables, the 
operations on the right and left being upon its original and 
transformed forms respectively, 

r^r d ^ d „,d \^ / , d .d ,d ^ x^ 

r^p d ^,d „, d x*" y ,d ,d ^ ,d ^ >S 

&c., &c. 

Thus the emanants are all absolute covariants. 

It may be noticed that the emanants may be otherwise 
expressed. Thus 

1 / , d , d , d x*" 

F 2 
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where u' is what u becomes when in it ic', y', 2;', ... are put 
for x^y, z, ... , This follows at once from the fact that either 
side is the coefficient of ^*' in the expansion in powers of ^ of 
f{x-\-tx\ y + t'i/y z-\-tz\ ...), where /(oj, y, z, ...) is u. 

Ex. 10. Prove that the emanants are absolute covariants by 
identifying the results of replacing in u 

X, y, Zy ... by x-\-tx\ y-\-ty\ z + ts^, ..., 
and X, y, Z, ... by X-^tX', Y-^tY', Z-^-tZ' 

53.] Geometrical aspect of emanants. The process of 
finding emanants is sometimes called the polar process. The 
student of geometry will notice that the theory of emanants, 
with regard to ternary and quaternary systems, is that of 
polar curves and surfaces. 

Thus if the ternary 2>-ic u be taken as representing a curve, 
when equated to zero, its first emanant equated to zero 
represents the first polar curve of a point ic', y\ / with regard 
to u, i.e. a certain curve of order ^—1 which possesses the 
property, among others, of determining by its intersections 
with -Mf all the points of contact of tangents from a/, y\ ^s'. 
The second emanant is in like manner the criterion of the 
second polar curve of aj', y', /, i. e. of the first polar curve with 
regard to the first polar curve ; &c., &c. 

That the emanants are covariants is the expression of the 
fact that the vaiious polar curves of a point with regard to 
a curve are the same, for the same point and the same curve, 
in whatever system of point-coordinates the curve and point 
are taken as expressed, and to whatever axes or triangle of 
reference they are refeired. 

In like manner, with regard to quaternary quantics, the fact 
that the emanants are covariants is the fact that the polar 
surfaces of a point with regard to a surface are the same 
surfaces whatever be the reference. 

54.] Geometry of binary systems. The occasion is a good 
one for a geometrical consideration of binary systems. Their 
geometry may be regarded either as that of ranges of points 
on a line or of pencils of lines through a point. To begin 
with we adopt the former aspect. 
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Let a and 6 be two fixed points of reference on a straight 

line, P any point on that line. Let x and y 
-2 — - — 5 — £ — denote \aP and /x6P respectively, where A 

and fi are constants. Take A and B two 
new fixed points of reference on the same line, and let 
X and F denote X'AP and f/BP respectively, where A', / are 
new constants. Suppose that a divides AB in the ratio r : 8 
and that 6 divides it in the ratio p : cr. Then 

(r + «)aP = 8^P+rjBP, 
(p + cr)6P = cr^P + pjBP, 

so that a: = ^^(i,Z + ^,F), 

p + <r ^ A M '^ 

Now these may be identified with 

x = lX +mY, 

by proper choice of - , - , A', f/ in terms of Z, m, l\ 971' and 

A, fi, provided that Imf—Vm does not vanish. 

Thus the most general linear substitution for x and y is 
equivalent to the change of the reference of points (a;, y) to 
new fixed base points, and the adoption for the new co- 
ordinates (X, F) of new constant multiples of the distances 
from those new base points. 

A binary 2>-ic represents a range of p points P. {x\ y') is 
an additional point P' on the line of reference. The firat, 
second, &c. emanants are first, second, &c. polar ranges of 
^—1, J9~2, &c. points on that line. The property of co- 
variancy belonging to the emanants is the expression of the 
fact that the polar systems of points are systems of points 
determined by strictly geometrical connexions with the p 
points and the additional point P', so that their equations 
have the same relation to the point x\ y' and the jp-ic whatever 
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be the base points of reference or th^ constant multiples. The 
geometrical connexions are with the J9 + 1 points only, and 
have no reference, for instance, to the point at infinity on the 
line, so that they are not metrical connexions. 

55.] Or we may adopt a strictly correlative geometrical 
representation. We may regard a binary ^ic, equated to 
zero, as representing p straight lines through an origin, taking 
the X, y of any line through the origin as given constant 
multiples of the sines of the angles which that line makes 
with two fixed lines. We may take as new lines of reference 
any other pair of lines through the origin, and adopt for the 
X, Y of the line a?, y any new constant multiples of the sines 
of the angles which it makes with the new lines of reference. 
The substitution for », y in terms of X, Y is readily seen to be 
the most general linear substitution, in virtue of the two 
degrees of arbitrariness involved in the choice of the new 
lines of reference, and the two degrees of arbitrariness in- 
volved in the choice of the multiples. 

A propei-ty of covariancy of a function with regard to the 
p-ic is expressive of the fact that the pencil of lines obtained 
by equating the covariant function to zero is a fixed pencil of 
lines, whatever be the lines of reference or the multiples, the 
^-ic equated to zero being a given pencil of lines. In other 
words, the relation of the pencils of lines is one of strictly 
geometrical connexion, of a nature entirely uninfluenced by 
the geometry of other pencils, such as the pencil to the 
circular points at infinity. If the cogredient x\ y^ enter, as 
is the case with emanants, there is no difference, except that 
the geometrical connexion of the covariant pencil of lines is 
with the ^ic pencil and the line {x\ j^). 

It will be noticed that the aspect of the geometry of co- 
variants sketched in § 6 differs from that here developed* 
There we looked upon a linear substitution as replacing 
a pencil of lines by a projectively corresponding pencil, re- 
taining the same reference. Here we look upon the substitu- 
tion as changing the reference, retaining the same pencil. 
There is a corresponding choice when, as in the last article, 
we regard the geometry of binary systems as that of ranges of 
points on a line. 
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56.] Covariants derived from emanants. From the eman- 
ants of u, themselves, as has been seen, covariants in an 
extended sense, can be derived covariants of u in the ordinary 
sense, i.e. covariants free from the quantities a/, ^, 2;', ... which 
are cogredient with the variables. The basis of this fact is 
the following theorem. 

If any of the enianants of uhe expavded and ai'ranged as 
a quantic in a/, y', a^, ..., any invariant of thai quantic is 
a covariant of u. 

Considered as a quantic in x\ y\ /,...> the rth emanant 

(f d d , d \,. 

may be written 

/d^'u d^u d'u \( ' ' ^ V 

its coefficients being all the rth partial derivatives of u^ and 
so functions of oj, y, 0, ... for values of r less than p. Its 
transformed form is, as has been seen in § 53, similar, so that 
it may be written 

rdTv^ d^'u dru \(Y'Y'7' V 

Now let -P(a, 6,... fe, ...) be an invariant of the quantic 
(a, 6, ..., fe, ...) (a/, 2^, /, ...)'*, so that, for some value of ft, 

F{A, B, ..., K, ...) = M^F{a, 6, ... , A;, ...), 

whei-e {A, 5,..., Z, ...) (Z', F, ^, ...)*" is the ti-ansformed 
quantic. We conclude that 

■a/d^u d^u d/^ \ 

ydX'' dx^-HY' •••* dW' ''f 

^ ^/d'u d^u d^u \ 

But the function F on the left is the same function of the 
coefficients and variables in the transformed u as the function 
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F on the right is of the coefiELcients and variables in the un- 
transformed u\ for each differential coefficient which occurs 
on the left is the same function of the new vaiiables and 
coefficients as the coiTesponding differential coefficient on the 
right is of the old ones. Thus 

is a function of the coefficients and variables which obeys the 
definition of covariants. 

We see from this theorem that every invariant of a g-ary 
r-ic gives a covariant of any g-ary quantic of order p 
higher than r, by taking for the r-ic the rth emanant of 
the p-ic. 

Moreover the identity expressive of the fact of covariancy, 
for any covariant thus derived, involves as its factor jyT** 
exactly the same power of the modulus M as does the 
identity which expresses the invariancy of the invariant 
from which it is derived. In other words, the weight of the 
coefficients of terms free from the last variable co in the 
covariant is exactly the weight of the invariant. The degree 
(in the coefficients) of the covariant is moreover equal to the 
degree of the invariant. 

57.] For an example take the second emanant 

/ , d J d , d x^ 

('^d^ + ^/^di^ + ^di + •••)«• 

Written as a quantic in a;', 2/, 0',,.. this is 

dx^ dxdy ^ dxdz 

d^u ,. ^ d^u , , 

"i • • • J 
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and of this the diBcrinmiant, which is (§ 15) an invariant, is 



da?' 

dxdy 
d?v, 



d?u 
dxdy 

dNi 
df' 

d?v, 



dxdz 

dydz 
d^u 



9 ... 



dxdz dydz dz^ 



9 . 



the Hessian of u. Another proof that the Hessian is a co variant 
(§ 11) is thus afforded. 

In § 12 we saw that a knowledge that Hessians are covari- 
ants told us in particular that discriminants of quadratics are 
invariants. We now see that the order of reasoning may be 
reversed. Discriminants are invariants by § 15, and therefore 
Hessians are covariants. 

The geometrical aspect of the fact that the Hessian of 
a ternary quantic is a covariant may be mentioned. In works 
on geometry the Hessian of a curve of order p is found as 
a curve of order 3 (p— 2) which has the property of determin- 
ing the points of inflexion on the first curve by its intersections 
with it. The covariant property tells us that the curve found 
by expressing this fact is the same curve whatever be the 
system of point coordinates or the triangle of reference, i.e. 
that we do not, when employing different references, obtain 
different curves with the one property of determining points 
of inflexion in common to them, but identically the same 



curve. 



Ex. 11. Prove that 



d*u d*u d*u d*u 

da^ dy* dx^dy dxdy^ 



^^ ydx'dy^) 



is a covariant of a binary quantic u of order exceeding 4. 
Ans. Factor M\ Use § 7, Ex. 5. 

Ex. 12. The invariant of the second degree of a binary 2w-ic gives 
a covariant of any binary quantic of order exceeding 2w. 

Ex. 13. Deduce the covariant of a binary quantic found in § 17 
from the catalecticant of a quartic (§ 49, Ex. X). 



/ 
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Ex. 14. Write down from Ex. 11a quadratic covariant of a binary 
qnintic, and a quartic covariant of a binary sextic. 

Ex. 15. Every binary quantic of odd order 2n + 1 bas a covariant of 
the second order and second degree. 

Ans. The invariant of the second degree (§ 48) of its 2 nth 
emanant. 

Ex. 16. Every binary quantic of odd order 2n+l exceeding 3, 
has at least one linear covariant, obtained by operating on it, as in 
§ 47, with the nth power of its qoadro-quadric covariant (Ex. 15). 
(Hermite,) 

Ans. For order 3 the result vanishes. For higher orders it 
does not. To see this let the substitution be adopted which reduces 
the quadro-quadric covariant to the form kXT, and the quantic to 



where Aq, A^y A^, ... -ijn+i ^^® consequently to satisfy only 
and 

The linear covariant derived becomes a numerical multiple of 

and A^ = 0, A^^^ = do not follow from the two conditions when 
w>l. 

Ex. 17. For the binary quintic this linear covariant is of degree 5. 
Show that there is another of degree 7, and, assuming as suggested by 
§ 48 and proved hereafter that a binary quantic of odd order has no 
invariant of degree 2, that it must be distinct from the former. 

Ans. The Jacobian of the quadro-quadric covariant (Ex. 14) and 
the linear covariant of Ex. 16. 

58]. Precisely as in § 56 we see that if we take more 
emanants than one of u, or if we take any emanant or 
emanants of a covariant of t6, or if we take any emanants 
of two or more quantics u, v, w,... in the same variables, or 
of covariants of two or more quantics, taking in all of course 
the same cogredient quantities x\ y^, 2^,,,., and if we arrange 
them as quantics in x\ J/', «',... , and write down any invariant 
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of the system of quantics in x\ 2/, /, ... thus obtained^ we 
have a covariant of u, or of the quantics u, v, ^(;,... jointly. 

Ex. 18. From § 9 deduce § 10. 

Ex. 19. Employ § 49 to obtain covariants of two binary quantics. 

59.] Symbolical representation of covariants and invari- 
ants. For full information as to the system of invariants and 
covariants of a single quantic, it proves to be necessary to 
havB TBCourse to more quantics than one ; and not to quantics 
in one and t^e Bune set of variables only, but to quantics in 
dififerent cogredient sets of '¥uiables« 

We here consider binary quantics only. 

Let a?i, 2/1 and x^^y^\}^ two cogredient pairs of variables, so 
that simultaneously 

y^ = VX^^m'Y^, y^ = VX^^m^Y^. 
We notice that 

^iVi-^^yi = M{X^Y^^X^Y^), 

where M is the modulus Irnf'-V 711. 
Hence, by § 46, 

d d d d ^ ^f d d d d \ 



dX^ dY^ dYi dX^ ^dx^ dy^ dy^ dx^ 

SO that -^ ^ 5 ^— is what may be called an invariant 

dx^ dy^ dyi dx^ -^ 

symbol of operation. 

Now let u, V be any two binary quantics, and let them be 
called Uj , Vi when the variables in them are x^^y^^ and Ug, v^ 
when they are x^i y^. Also let ?7, F; U-^^ F^ ; U^^ Fg denote 
their linearly transformed forms. 

We deduce from the above that, for any positive integral 
value of r, 

/ d d d d \rfjT TT \ _ Mr( ^ ^ ^ ^ \r( \ 

^dX^dY^ ~ dY.dxJ ^^1 ^'^ - ^ ^d^^d^~ d^^dxj ^'^''"^>' 

"• *• dX{ ' dY^' ^dX^'-'dYi ' dX^dY^-"^ "*" •" 

\dx{ dy{ dx{-^dy-^^ dx^dy^-'^ ' ) 
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In this iCi , t/i and x.^y y.^ are any cogredient pairs. We may 
in the expanded result obtained make them the same x, y. 
Thus 

d'U dry dru d^'V 

dX' * dY' '^dX^-irfF' dZdF-i "*■••• 

■" te ' dy^ " '^dx'-^dy ' dxdy''^ ^ '" )' 

We accordingly have a system of covaidants of two binary 
quantics u, v. They have already been obtained in § 58, 
Ex. 19, as the lineo-linear invariants (§ 49) of the rth 
emanants of u and v. In particular if p is the order both 
of u and v, the value p of r gives the lineo-linear invariant 
itself, multiplied by (pl)^ 

Again we may in the expanded result make u and v the 
same quantic, and thus get that 

d^'u d^u d*'u d^u 

— r 



dx"" dy"" dx^'-^dy dxdy""-^ 

r(r— 1) d^u d^'u 

■*■ 1.2 ' dx'-Hy' ' dx'df-^ ~'" 

is a covariant, or invariant if r = ^ the order of w, of factor 
3f **. For odd values of r the result is nugatory, in that its 
first and last, its second and last but one, &c. terms cancel 
against one another. For even values of r the last term 
repeats the first, the last but one repeats the second, and so 
on till the middle term which occurs once only. 

These covariants of u have already been obtained (§ 57, 
Ex. 12) as the invariants of the second degree of the emanants 
of even order of u. For r = ^, the order of u, we have in 
particular a numerical multiple of the invariant of the second 
degree (§ 48) itself. 

So far then the method is only another one for determining 
results already known in other ways. It as yet gives us only 
the covariants and invariants of u which are of the second 
degree in the coefficients. Its convenience is that it suggests 
an expressive symbolization for covariants and invariants, 
and paves the way to a systematic examination of all forms 
which can be covariants or invariants. 
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60.] Hyperdeterminants. The operator -^ -^ -z =— 

is denoted by the brief symbol 12. More briefly still the 
covariant, or invariant, of u found above by operating r times 
with this symbol 12 on the product u^u^, and removing all 
suffixes in the expanded result when the operations have been 

r 

performed, is called the covariant or invariant 12 of u. 

To get covariants and invariants of the third degree in the 
coefficients of u we may consider the product of three quantics 
'W',, ^2' '^s' whose suffixes imply that their variables are three 
cogredient sets, and operate on the product with 

, d d d d ^ f d d d d ^ , d d d d y^ 
^dxj^ dy2 dyi dx.^' ^ofiCg dy^ dy^ dxj ^dx^ dy^ dy^ dx^ * 

thus getting, for positive integral and zero values of r, s, t, 
functions seen as in § 59 to have the covariant or invariant 
property. In the result, after giving it its fully expanded 
form, we may replace all three sets of cogredient variables 

^1 Vi 5 ^2> 2/25 ^s> 2/3 ^y ^^^ same set a:, 2/, and also make u, v 
and w all the same quantic u. We thus get a system of 
covariants and invariants of u which may be symbolically 
written 

12 . 23. 31, 

for different positive integral and zero values of r, 8 and t. 

These covariants and invariants are all of the third degree 
in the coefficients. It is easy to see the necessary connexions 
of ?% 8, t and J9, the order of u, that they may be invariants. 
Any teim in the covariant or invariant is a product of 
differential coefficients of the three factors uuu, the first 
being differentiated as many times as the figure 1 occurs in 
the symbolic product, the second as many times as the figure 
2 occurs, and the third as many times as 3 occurs. Now if 
the expansion be an invariant each one must be differentiated 
p times, where p is the order of u. For an invariant then the 
conditions are 

rH-8 = 8 + ^ = j{ + u=jp. 

To get covariants and invariants of the fourth degree we 
have in like manner to operate on products of four quantics. 
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The symbolical fonn of such covaxiants and invariaiits is 



— r 



12 



13 



'^u i^'^'ia ir;^24 



34 



12 " 13 " 14 " 23 *" 24 *• 34 
and the conditions for an invariant are 

^2 + ^13 + ^4 = ^12 + ^23 + ^24 = ^3 + ^28 + ^34=^14 + ^24 + ^34=^^- 

In like maimer eovariants and invariants of the fifth, sixth, 
&c. degrees have symbolical expressions involving five, six, &c. 
letters, derived from products of five,six,&c. quantics, eventually 
made the same. For invariants every figure must occur in 
the same number of symbolical factors, and that number must 
be the order of the quantic of which they are invariants. 

The method is one by which Cay ley made great advances 
in the systematic exhibition of covariant and invariant forms. 
(See, for instance, his collected works, Vol. I, pp. 95-112.) To 
develope it is outside the limits of the present introductory 
work. For the examination of what symbolical expressions 
do not vanish, and the reduction of irreducible systems, the 
student is referred to Cayley's original memoirs, and to 
Salmon's Higher Algebra, Lesson XIV, &c. The method, which 
is spoken of as that of ' hyperdeterminants,' did not, in its 
originator's form, succeed in establishing the finiteness of 
complete systems of irreducible eovariants in general. That 
triumph was reserved for another symbolical method, having 
much in common with it, which will be referred to in the 
following article. 

There is a corresponding theory for ternary and higher 
quantics, which will not be entered into. The student will 
have no difficulty in seeing that, acting upon a product of 
three ternary quantics, ^ ^ ^ 

dx^ dyi dzi 



2 



d 
dx 

d_ 
da^ 



dy2 

d 

dys 



y --i— 3 



d_ 

dz^ 

A 
dz. 



which may be called 123, is an invariant operator. 

r 

61.] Transveotants. The invariant or covariant 12 {uv\ 
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or rather this multiplied by ^^ f^ » ^ called the rth 

transvectant of u and v, in German the rth * Ueberschiebung 
von u liber v.' The process of forming transvectants of u and 
t; is called trarhsvection, 

r 

In particular the covariant or invariant 12 of u, i.e. the 

— *• ( pi ) ^ 

covariant or invariant 12 (uu), is < -r^ — r. c times the rth 

((p—r}Ii 

transvectant of u and itself. 

From two binary quantics u, v, whose orders are p, jo', of 
which p-^p', are derived jo+1 transvectants. For, besides 
the values 1, 2, S,...p of r the value is also admissible. 
The 0th transvectant of u and v is the product uv. The 
other transvectants of u and v are the covariants, or covariants 
and invariant, which are of the first degree in the coefficients 
of u and also of the first degree in the coefficients of v, and so 
altogether of the second degree. As has been seen, one is the 
product uVy and the rest may be found from the first, second, 
..., pill emanants of u and of v by writing down the lineo- 
linear invariants of corresponding pairs of those emanants as 
in §49. 

The 0th transvectant of u and itself is u^. The other 
transvectants of u and itself are the covariants of u of degree 
2 in the coefficients, obtained by writing down the invariants 
of the second degree of the successive emanants of u* The 
first, third, fifth, &c. transvectants of u and itself vanish. 

In the theory of transvectants symbolic products 12.23.... 
involving powers of more than one symbolic factor have no place. 

The Cayleyan notation 12 (uv) for transvectants is the 
most concise and easily grasped for the presentation of a par- 
ticular coA^ariant, but another symbolical notation, which will 
not here be dealt with, is more frequently used, and is best 
for the purposes of research into the theory of complete 
covariant systems. It is symbolic ab initio^ denoting a binary 
quantic (a^, a^, a2,...ap) (x, yf by (ax + a^yf, where aV"*" 
means a^, and a*'a^' has no meaning unless r + 8 is a multiple 
of p, and denoting also a covariant (<?o» ^i» ^2>'^« ^w) (^» y)^ 
by {Ox-^O'yy in like manner. It is identified with the names 
of Aronhold, Clebsch and Gordan. 
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The last named succeeded, in fact, by means of it, in 
establishing the finiteness of the complete system of irre- 
ducible covariants and invariants for any binary quantic or 
quantics. 

With regard to a single binary quantic u, what researches 
with the improved notation of ia:ansvectants have succeeded 
in establishing is, that all concomitants (this term including 
both covariants and invariants) of u which are of the second 
degree in the coefficients are transvectants of u, u^ in particular 
being the 0th transvectant ; that all of the third degree in 
the coefficients are linear functions of transvectants of u and 
concomitants of the second degree, products of u into u^ and 
other concomitants of the second degree being included as 0th 
transvectants ; that all of the fourth degree are transvectants 
of u and concomitants of the third degree ; and so on from 
degi'ee to degree. Gordan has proved that this continued 
process ceases after a time to give new irreducible con- 
comitants, so that the determination of a complete system 
of irreducible concomitants for any binary quantic is reduced 
to the examination for irreducibility of those which are ob- 
tained as transvectants up to a certain point. His proof is 
a somewhat difficult mathematical induction based upon 
showing that if the system is finite for the jp-ic it is for the 
{p + l)-ic. 

And the finiteness of the complete system of irreducible 
concomitants of a number of binary quantics has also been 
established. In the case of two quantics u, v the complete 
system is comprised in the complete system of u, the complete 
system of v, and a terminating system of transvectants of the 
one complete system with the other complete system. In the 
case of three quantics u, v, w, the complete system of con- 
comitants is comprised in the complete system of u, v, the 
complete system of w, and a terminating system of mutual 
transvectants of these complete systems ; and so on for any 
number of quantics. 

This grand theory should be studied in Clebsch's Theorie 
der BindrenAlgehraischen Forvien, or in Gordan's Vorlesungen 
ilber Invariantentheorie. A brief treatment of it is also given 
in Salmon's Higher Algebra, Lesson XX. It lies beyond the 
scope of the present treatise. 
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Ex. 20. The Jacobian of u and v is their first mutual transvectant, 
a numerical factor discarded. 

Ex. 21. The Hessian of a binary quantic u is the second transvectant 
of u and itself, but for a numerical factor. 

Ex. 22. The quadratic invariant (§ 48) of a binary 2n-ic is half its 
2 nth transvectant with itself. 

Ex. 23. The lineo-linear invariant (§ 49) of two binary p-ics is their 
pth mutual transvectant. 

Ex. 24. The second transvectant of the cubic (a, 6, c, d) (x, yY and 
itself is twice the quadratic covariant 

Also the first and third transvectants vanish. 

Ex. 25. The first transvectant of the cubic and its second transvec- 
tant (Ex. 24) is the cubicovariant (§ 45, Ex. 13) 

(a2ci--3a5c+26')ar^+ ... 
The second mutual transvectant vanishes. 

Ex. 26. The first transvectant of the cubic and its cubicovariant is 

minus twice the square of the quadratic covariant {ac — 6*)a7^4- 

Their second mutual transvectant vanishes. Their third is minus 
twice the discriminant 

a2<^-6a6c</ + 4a€«-|-46«cZ-35V = {ad-hcY-^iac-W) (bd-i^). 

Ex. 27. The second transvectant of the quartic (a, 6, c, d, e) (oj, y) * 
and itself is twice the quartic covariant (the Hessian simplified by 
omitting a numerical factor) 

{ac-b^) »* + 2 (a(i-5c)ar> + (a« + 26c?-3 c«)a?y 

+ 2 {he'-cd)xf + {ce^d^)y^ ; 

and the fourth transvectant is twice the invariant 

I = ae'-4hd + 3c\ 

Ex. 28. The first transvectant of the quartic and the quartic 
covariant of Ex« 27 is half a sextic covariant beginning 

(a^— 3a6c + 26»)aj*^+...: 

the second is one sixth of the product of / and the quartic: 
the third vanishes : and the fourth is three times the invariant 

•7" = ace-\- 26ccf— acP— 5'*6 — c*. 

Ex. 29. The binary quintic (a, 6, c, d, e, /) {x, yY has a covariant 
of the second order and the second degree. 

Am. {ae-'4hd-^Sc^)a^ + {af''3be + 2ed)xy-^{bf-^ce-^3d^)y\ 

half the fourth transvectant of the quintic and itself. Cf. ^57, 
Ex. 16. 
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Ex. 30. The binary quintic has an invariant of the fourth degree. 

found as minus twice the second transvectant of the covariant of Ex. 29 
and itself. 

Ex. 31. The binary quintic has a linear covariant of degree 5 in the 
coefficients. 

Ans, The fourth transvectant of the quintic and the square of 
the covariant of Ex. 29. Cf. § 67, Ex. 17. 

Ex. 32. Find a covariant of the fourth order and second degree of 
the binary sextic. 

4 

Ans, 12 . 

Ex. 33. A ternary quadratic has an invariant of the third degree 

2 

whose symbol is 123 ; and a ternary quartic one whose symbol is 

123 . 

Ex. 34. A 5'-ary 2n-ic has an invariant of degree q, 

62.] Contragredient quantities. Two sets of quantities 
X yyZ,,,.; f , Tj, C . . . are said to be contragredient when formulae 
of linear substitution for the first set 

= rZ + m"F+^'^+..., 



are necessarily accompanied by the associated but different 
formulae of substitution for the second set 

E= li+ Vri+ ^''C+ .., 
H = mf+m'i7+m"C+..., 



in which latter set it is to be noticed that the new quantities 
are expressed in terms of the old, and not vice versa. Reversed 
they are 

^ = ilf-i{AE +ixH + vZ + ...}, 

i7 = if-MA'S+ft'H + /Z + ...}, 
C=ilf-MA"H + M'H+,;''Z + ...}, 



where M is as usual the modulus of the scheme of substitution 
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foric,2/,0, ...,and where A, fi, ...,\',ft',.,., ... denote the minors 

dM dM dM dM 

dl ' dm"-* dV" dm'' •••'•••• 

It is convenient to speak of contragredient quantities as 
being linearly transformed by schemes of substitution of 
which one is the dvxd of the other. The name is reasonable, 
as the duality or reciprocal connexion of the two substitutions 
is precise, it being possible, and a good simple exercise in 
determinant algebra, to show that the first substitution stands 
in precisely the same relation to the second as the second does 
to the first. 

63.] Gfreometrioal contragredienoy. The duality of trans- 
formations of contragredient quantities has its counterpart 
and its application in the method of duality in geometry. 
Taking ternary systems, we know in fact that if x, y, z and 
f> »?j C be point- and line-coordinates of associated systems, so 
that ^a; + »; y + C^ = is the condition that the point (ic, t/, z) lie 
on the line (f, r/, f), or that the line (^, tj, Q pass through the 
point (a;, y, z), as, for instance, is the case when the coordinates 
of a point are areal and the coordinates of a line the perpen- 
diculars upon it from the vertices of the triangle of reference, 
then the first scheme of linear substitution of § 62 applied to 
^>y> ^>**' reduces tliis condition to the form 

i{lX -^mY+ nZ) + rjfl'X + m' F-h n'Z) 

+ C(rZ + m''F-f7i''^) = 0, 

i.e. {li-^rri + rC)X + (mi-^m'ri+m''C)T 

which is of the same form, 

EX + HF+ZZ= 0, 

as before if the formulae of substitution for f , rj, ( be those of 
the second scheme in § 62. 

Thus corresponding systems of point- and line-coordinates 
are transformed to corresponding systems by dual linear 
substitutions. In other words they are contragredient 
quantities. 

64.] Another remark of great importance is that the 

G 2 
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symbols 7" » j~ » j~>"- *^re contragredient with the variables 
x^y,z, For when 

y=z Z'Z+ mfY+n'Z-^..., 



we have, as used frequently already, 



dX dx dy dz 
d d , d ,,d 

d d ,d ,/d . 



and these accord with the two dual schemes of § 62. 
65.] From the formulae of § 62 it follows at once that 

EZ + HF+ZZ+... = (?X + mF+n^+...)f 

so that fic + »?2/ + C2^+... obeys the absolute invariant law. 

We might, in fact, have defined the contragrediency of 
Xjy,z,.,. and f , r?, C> • • • by postulating that their corresponding 
schemes of linear substitution are such as to leave 

(x + riy'\-Cz+... 

unaltered. This has been illustrated by means of the geo- 
metrical contragrediency of § 63. 

In the case of the contragrediency of § 64 this persistence 
in form of £a; + r?y + C^+ ... means simply that 

^ d ^ d „ d d d d 

which, when we remember Euler's theorem of homogeneous 
functions, we see to be only the expression of the fact that 
a homogeneous function of any order in x, y,z,,,. becomes 
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upon linear transformation a homogeneous function of the 
same order in the new variables. 

66.] Contravariants and mixed concomitants. If u, 
a quantic in Xyy^z,.,, , be expressed in terms of new variables 
JT, F, Z, ... by linear transformation, and if f, ?;, f, ... be 
quantities contragredient to oj, y, 0, ... , and accordingly ex- 
pressed in terms of new quantities B, H, Z, ... by the sub- 
stitution dual to that giving x, j/, 0, ... in terms of Z, F,Z, ... , 
there are found to exist functions of f, t;, f, ... and of the 
coefficients in u, which need at most to be multiplied by 
factors involving only the constants of the transformation, 
always, in fact, powers of the modulus, to be made equal to 
the same functions of H, H, Z, ... and of the coefficients in the 
transformed form of u. Such functions are called contra- 
variants of u. 

There also exist functions possessing the same property, 
which involve both x^y^z, ... and f, »?, C> ••• > as well as the 
coefficients in u. Such functions are called mioced concomi- 
tants of u. 

There also exist contravariants and mixed concomitants of 
systems of two or more quantics in the same vaiiables 

eC/j 7J» Z^ .... 

Invariants, co variants, contravariants, and mixed concomi- 
tants are all spoken of as concomitants of the quantic or 
quantics to which they belong. 

In a certain sense ^aj + r/y + fs + ... may be itself spoken of 
as a mixed concomitant. It has, however, no particular 
reference to any quantic or quantics, but is a function of 
persistent form of the two contragredient sets of quantities 
only. It is the universal mixed concomitant of all quantics 
in X, y, z, ... or in ^, rj, f, .... 

In a better sense, contravariants and mixed concomitants 
of a quantic u in x^y, z, ,,, are regarded as respectively in- 
variants and covariants of the system consisting of u and the 
linear form fa; + i?y + C^+ .... 

Ex. 36. If <J) (a;, y, «,...) be a covariant and V^ (fi »?, C •••) *^ contra- 
variant of ti, then 
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is a covariant or inyariant, and 

is a contravariant or invariant. (Sylveiter,) 

67.] ETectants. It is from the last-mentioned point of view 
that contravariants and mixed concomitants of a quantic or 
quantics are most easily discovered. 

The method of § 19 may, in fact, be applied to determine 
a series of contravariants from any invariant of a quantic u, 
or a series of mixed concomitants from any covariant. We 
have only in any invariant or covariant P to put for every 
coefficient in u the corresponding coefficient in 

where p is the order of u, and to take separately the coeffi- 
cients of k, k^,... in the expanded result. These separately 
are (§ 19) invariants or covariants, as the case may be, of u 
and (^a:+7?2/+ C^ + ...)^ ^^^ consequently of u and 

In other words, they are, as the case may be, contravariants 
or mixed concomitants of u. 

The method has, it will be remembered, been already used 
for binary quantics in § 20, Ex. 33. 

If the quantic u be 

where the numerical factors of the various coefficients are the 
corresponding coefficients in the expansion of the multinomial 
{x + y + Z'\'...y, the rth of these contravariants or mixed 
concomitants is 

The contravaaiants obtained from any invariant P of u in 
this way are called the first, second, ... rth, ... evectants of P. 
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The same method applies for the determinaticm of contra- 
variants and mixed concomitants of two or more quantics in 
the same variables. The same operator as before 

in which p and a, 6, 6', ... c, c', ... refer to one of the quantics 
only, suffices to derive series of contravariants and mixed 
concomitants from invariants and covariants of the system. 

The general theory of contravariants is Sylvester's. Evect- 
ants are due to Hermite. 

Ex. 36. Show that 
and 

are contravariants of the binaiy quartic (a, h, c, d, e) (aj, y)*. 
Ans. The first evectants of / and J. 

Ex. 37. Find a cubic contravariant of a binary cubic as an evectaiit 
of its discriminant. 

Ex. 38. Use the method of evectants to show that the left-hand 
side of the tangential equation 

(hc-De-^ ... + 2 {gh-af)rjC'{' ... = 
of the conic 

u = aar^ + by^-i-cz^ + 2fyz + 2gzx + 2hxi/ = 

is a contravariant of u, 

Ex. 39. From the invariant 

e = a'(6c-/»)+... + 2/(5fA-a/) + ... 
of two ternary quadratics obtain a contravariant of 

aa?-^.., +2^«+ ..., a'a5*+ ... + 2/'y«+ ... 
in which both sets of coefficients occur. 

68.] Contravariants of binary quantios not distinct from 
covariants. In the case of binary systems there is a con- 
nexion between contragrediency and cogrediency which has 
nothing analogous to it in the cases of ternary and higher 
systems. 
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Let X, y and f , ?j be pairs of contragredient variables, so 
that with the formulae of linear substitution 

x = lXim7, y^VX^m'Y ...(I) 

go as companions the formulae 

H = 1^+1% H = m^-^-rn'ri. ... (2) 

These latter may be written 

J/i7 = ZH-mE, -iJf^=Z'H-m'E, ...(3) 

where M= Im'— Vvi ; and these differ only by the presence of 
the factor M on the left of each from the results of putting 
rj, — f, H, — H for X, y, X, F in (1). This has already been 
encountered in the particular case of § 46. 

In an extended sense, then, we may say that 17 and — ^ are 
cogredient with x and y. The factor M will not affect the 
legitimacy of their use as cogredient variables with x and y, 
so long as only homogeneous functions are dealt with, pro- 
vided, of course, that we pay proper attention to the alteration 
of the power of M which occurs as a factor on a side of any 
equality we are dealing with. 

We may equally say that, when a;' and y^ are cogredient 
with X and y, then — y' and «' are contragredient with x and 
y, but for a factor which is immaterial so long as homogeneous 
functions are dealt with. In particular we may say that 
—y and x are, with this reservation, contragredient with 
X and y. 

If, then, in any contravariant of a binary quantic u, or of 
several binary quantics, we replace f and rj hy —y and x, 
we obtain a function of x, y and the coefficients of u, or of u 
and the other quantics, which persists in form but for a factor 
involving only the constants of transformation, a power of itf, 
after any linear transformation. In other words, we obtain 
a covariant of u, or of u and the other quantics. 

In accordance with what has been said, however, it is clear 
that the power of M, which occurs as a factor in the relation 
expressive of the covariancy of the derived covariant, is 
different from that which occurs in the relation expressive 
of the contravariancy of the contravariant from which it is 
obtained. • 
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Ex. 40. Apply this conclusion to § 67, Ex. 36. 

Ex. 41. Obtain tlie cubicovaiiant (§ 45, Ex. 13) of a binaiy cubic 
by means of the first evectant of the discriminant. (Of. § 67, 
Ex. 37.) 

69.] CovariantB of u are invariants of u and a linear form. 
It is a proposition closely associated with the remark of the 
preceding article that all invariants, of a complete system 
(§ 83), of a binary quantic or quantics u, t?, i^, ... and the 
linear form ocfif —x'y are, when in them x\ y' are replaced by 
X, y, covariants of the quantic or quantics u, v, ^y, ... ; and 
that conversely all covariants of te^, v, i>y, ... are, when in 
them ic, y are replaced by oj', 3/', invariants of the system 
consisting of u, v, t(;, •.. and the linear form scy'—x'y. 

This is easy to see ; for, if x\ y' are cogredient with x, 3/, 

Now a complete system of invariants of u, v, 'w;, ... and 

ocy'^x^y involve x\ y^ homogeneously (§ 33), so that to 

insert MX, MY for x\ ^ in an invariant is the same thing 

as to insert A", Y for them and multiply by a power of M. 

If, then, in a supposed invariant of u, v, 'W, ... and xy'—x'y, we 

put aj, y for x\ y\ we get a function of the coefficients in 

UyV^w,,,, and of a;, 3/, which persists in form, but for a power 

of JIf as factor, after linear transformation. In other words, 

we get a covariant of u, v, ^f;, .... And conversely, if in any 

covariant of tt, v, ^(;, ... we put x\ 3/' for x, y, we get a function 

of the sets of coefficients in u, v, w, ... and xj/^xy which 

again persists in form, but for a power of Jlf as factor, after 

linear transformation. In other words, we get an invariant of 

UyV,w,.., and xfif —x^y, 

A fact closely related to this, and, indeed, a particular case 

of the first pait of the theorem, is that all invariants of the 

binary (p+l)-ic 

{xfif^xy)u 

are, when x\ y' are replaced by a?, 3/, covariants of the binary 
p-ic u. 



CHAPTER V. 

BINARY QU\NTIC3. INVARIANTS, ETC., AS FUNCTIONS OF 

DIFFERENCES* 

70.] In most of the chapters which follow binary quantics 
will alone be considered, except where otherwise stated. 
Special methods may be with advantage adopted for the 
diaaovery ajid examination of their concomitants. Moreover, 
it will be seen later that &om invaiiants and covariants 
of binary quantics there is a means of passing to those of 
a ternary quantic, that, in fact, invariants and covariants of a 
ternary quantic are a class of invariants and covariants of 
a system of binary quantics. . From ternary quantics there is 
a like passage to quaternary ; and so on. Thus there is more 
than simpUcity of treatment in favour of a close examination 
of binary quantics alone in the first place. 

71.] Convention as to numerical multiples of concomitants. 
If / is an invariant, so is /a/, where /a is any numerical 
constant. If iT is a covariant, so is fiK. The invariants 
/ and fil are not of course regarded as distinct invariants, nor 
the covariants K^ixK distinct covariants. It will be well now 
to adopt some convention which will relieve us from any 
ambiguity as to numerical multipliers when we speak of any 
invariant or covariant / or K. The following is probably the 
best convention as to invariants of a single binary quantic 

Take the term or terms in the invariant which involve a^ 
to the highest power. If there are more si^ch terms than one, 
suppose that a,, is the next earliest coefficient which occurs in 
any of them. Choose among them the term or terms which 
involve a,, to the highest power. If there are more than one 
of these terms, let a, be the next earliest coefficient which 
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occurs in any of them, and take that term or those terms 
among them which involve a, to the highest power ; and so 
on continually till we get but a single term. Now divide or 
multiply the invariant by such a numerical quantity as will 
give this term the coefficient +1. The invariant thus pre- 
pared is what we nearly always henceforth mean when we 
speak of the invariant as a precise function. 

And as to covariants the convention is similar. Take the 
coefficient of the term free from y in s, covariant which has 
been found. Among the terms of which this coefficient 
consists single oirt^ one by the same rule as above, and apply 
to the covariant the numeiical factor which will reduce the 
numerical coefficient of this term to +1. By the covariant 
we henceforth mean the covariant thus numerically prepared. 

The rule may be more briefly stated if we call the co- 
efficients in the quantic a, 6, c, ci{, 6, . . . instead of a^, a^ , a^, a^, 
a4,... . Suppose the factors of every term in the invariant, 
or in the coefficient of x^ in the covariant, written from left to 
right in alphabetical order. Among all the terms choose the 
one which comes first in alphabetical order, i. e. the one which 
would stand first in a dictionary. Make the coefficient of this 
term +1. 

Thus, in invariants and covariants of various quantics 
which we have already met with, 

dce + 2 bed — ad^ — b^e - c^, 

the coefficient + 1 is given to the terms ac, a^dP, a^dx\ ae, ace, 
respectively, by the above rule. 

72.] Covariancy of the factors of a binary quantio. A 

method already touched upon in § 51 will be now more fully 

considered. 

X on X 
Let ~ , —,...— be the p roots of the general binary p-ic 

(a^, a,, ag, ...ap)(aj, 2/)", 
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i. e. let them be the roots of the equation inxiy obtained by 
equating the ^'-io to zero. Moreover let the denominators 
2/i > 3/2 J • • • 3/j»» which are of course arbitrary, be so chosen that 

Another expression for the p-ic must then be 

{xyi-x^y){i)cy^-x^y) ... {ocyp-x^y). 

As explained in § 51, we may with propriety say that the 

pairs aJi, yi;aJ2» ^2? •••J^pj Vp ^'•^ cogredient with x and y; 
that every suffixed x and the corresponding suffixed y ai'e 
particular corresponding values of x and y. Thus, going with 
the formulae of linear substitution 

X = IX + mY, y = VX^-m'Y, 

we have, for every value of r from 1 to p inclusive, 

a;^=ZZ^-f mF,., y^—VX^ + imi'Yr^ 
so that 

xy,-x,y = M{XYr-X,Y), ...(l) 

and similarly, r and a being two distinct numbers not ex- 
ceeding p, . ^^^^ _^^^ ^ Jf (Z,F. -Z.F,). ... (2) 

By means of (1) we have that 

= M^{XY^^XJ){XY^-^XJ) ... (ZFp-X^F) 
is an equivalent way of writing the identity 

and we are consequently told that, a^, any coefficient in the 
original form of our ^j-ic, being a function of ifi, ojg, ... ajp and 
2/1 » 3/2>**«2/pj ^^ corresponding coefficient A^ in the Ixans- 
formed form of the ^ic is M^ times that same function of 

J' "^2^ *** P ™^^ "^1' -'^2'*** P* 

In particular we have 

J/>FiF2...Fp=^. 

73.] Now take Hu, any homogeneous function of degree to in 
the diflFerences such as x^y^ — x^y^y and let £f'«, be the same 
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function of the corresponding differences X^F, — X,F^. By 
the equalities (2) above we see that 



 Uf — -*■"• •*-* w 



Should it then be possible to express H„ as a homogeneous 
function, of degree i say, of a^, ai, a^, ...ap, in which case 
II^„ would be the same function of M"'' times the correspond- 
ing new coefficients -4^, -Aj, -Ag? ••• -^j»> *^^ ^^y ^^ virtue of the 
homogeneity, would be M"*' times the same function of 
^Q, ^1, uig, ... -4p, that function will be an invariant of the 
jp-ic. 

Such expression is not always possible. We shall see, how- 
ever, that there is no* invariant which cannot be given in this 
manner. 

74.] Invariants ftmctions of differences of roots. Every 

invariant of 

(a^, «!, a2,...aj,){x, y)^ 

can he expressed as a function of the differences between pairs 
of rootSf symmetric in the roots, multiplied by a power of a^ , 
-with or without a purely numerical faxitor. 

It may of course be expressed as a product of cTq**, where i 
is its degree, into a symmetric function of the roots; for it 
is (§ 22) a homogeneous function of a^, a^y a^^.^.ap^ and 

— , —,...-? are symmetric functions of the roots. 

To see that only differences between pairs of roots need 
occur in the expression for it, it will suffice to prove that it is 
unaltered when all the roots are increased or diminished by 
any the same quantity. 

This is made clear by expressing that the invariant is one 
for the particular substitution 

iB= X-\-mYy y =" Y, 

of which the modulus is unity, so that by it the invariant is 
absolutely unaltered. Now this substitution is that of putting 

- = — + m, i.e. is that by which the equation given by 

equating the p-ic to zero is altered into p^e whose roots are 
all less by m than its own roots. 
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An invariant of degree i is then the product of a^^ and 
a function of differences between pairs of roots which is 
symmetric in the roots. By 'invariant' we of course hei'e 
mean 'rational integral invariant.' An irrational invariant 
need not be symmetric in the roots. For instance, if a, fi, y, 8 

be the roots of a quartic, the anharmonic ratio \ ^^t^ i ' 

^ ^ («-fi)07y) 

when expressed in terms of the coefficients, is an irrational 
invariant. Throughout the following our reasoning is with 
regard to rational integral invariants. 

The converse of the proposition of this article is not true. 
Every invariant is a product of a power of a^ and a function of 
differences between roots, but it is not every function of differ- 
ences between roots, symmetric in the roots, which, when 
expressed in terms of the coefficients and made integral in 
them by a power of a^ as factor, gives an invariant. 

In the following article functions of the differences between 
roots, symmetric in the roots, are examined in the light of 
§§ 72, 73 to ascertain what classes of them are and what are 
not productive of invariants. 

Ex. 1. Show that every invariant of a binary p-ic must vanish for 
the special 2>-ic (x + y)^; and hence that the sum of the numerical 
coefficients of the terms in an invariant must vanish. 

75.] What ftinctions of differences produce invariants ? 
We have to consider such functions as 

ttn X a sum of pi'oducts of differences like — '-> 

Vr y. 

the sum involving all the roots — , —>...— symmetrically. 

Note that the idea of this symmetry is not quite identical 

with that of symmetry in differences like — • We do best 

to avoid the expression ' symmetric function of the dif- 
ferences.' 

For the function, when expressed in terms of the coefficients, 
to be integral, i must be not less than the index of the highest 
power to which any root occure in the symmetric function ; 

for, —J —J... — being all of the first degree in any par- 

(Iq Qq (Iq 
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ticular root, a symmetric function of the roots whose degree 
in any particular one is ^^ cannot be equal to a function of 

degree less than V in — ^ — > ... -^> so that to make it in- 

tegral the factor a^' at least is necessary. 

Referring to § 72 we may now write the function in the 

^^"^ (2/1 2/2 .. . y^' 2 I product of factors like 5:^i:iM!l j , 
which may also be written . 

-^ I Vx^ Vi^ ' • • 2/p*' X product of factors like x,.y, — i^,2/r K 

where Aj, Ag, ... A^ are in general not aU zero ; but such as are 
not zero are positive. 

The indices A^, Ag, ... A^ will, however, be all zero if in every 
product of differences in the summation every root occurs 
in the same number i of factors. In such a case the product 
takes the form 

2 {product of iip factors likeic,.^, — a?,3/r}, 

and is consequently such a function as the H^ of § 78, for 
the value i ip of tv. Under such circumstances the chosen 
function is an invariant by that article. 

And this is the only class of cases in which the chosen 
function is an invariant. In other cases the integers which 
we have called Aj, Ag, .. Ap are none of them negative and do 
not all vanish. Now if to 

^ {2/A2/2^*«-2//' X product of factors^like ^r2/»— ^-^r} 

we apply the substitution x= — 3^ 3/=X, of which the modulus 
is unity, we obtain, remembering the cogrediency with x and 
y of every suffixed x and y, 

2 { X^^^X^*, . . Xp^p X same product of factors like X^ F, — X, F,. } , 

and this cannot be the same function of the coefficients in 

(ZF,-X,7)(XF,-X2r) ... {XY,-X,7) 

as the form above in small letters is of the coefficients in 
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unless the X's all vanish; as otherwise we should have an 
identity 

2 {2/1**2/2^ . . . 2^/' X product of factors like x^y^ ^^^Vr) 

= S {x^^x^,»,Xp^' X same product of factors}. 

Now this is an impossibility; for, since Xi + Ag+'-'+^p is 
positive, the dimensions of the left in the j/'s collectively 
exceed those of the right, and the dimensions of the right in 
the a? s collectively exceed those of the left. 

Putting then together the results of this and the preceding 
article, we have the following complete theorem. 

Any homogeneov4 function of weight lu of the differenjces 
between pairs of roots^ qf a binary quantic, which is syrriTnetric 
in the roots, and such that in aU products of differenx^es of 
which it consists every root is involved in the same number 

— 9 or iy offactorSy is, when made integral in the coejfficients 

by the factor a^, an invariant of that quantic : other functions 
of the differences, though symmetric in the roots, do not how- 
ever produce invariants : nor is there any invariant which 
cannot be thus expressed. 

We may, however, contemplate the possibility of invariants 
which are sums of numerical multiples of different invariants 
obtained, as above, from different simple symmetric sums of 
differences for which w and i are the same. In other words, 
there may be different invariants of the same weight and 
degree. This does not conflict with the above general state- 
ment. 

By * invariant ' in ihe theorem we mean * rational integral 
invariant.' Irrational invariants are given by functions of 
differences having all the same properties except that of 
symmetry in the roots. 

Ex. 2. If a, /8, y, 6 be the roots of a binary qaartic 

is an invariant. 

On the other hand 2 {(a-^)* iy-hy}, 

i. e. 2 {yr*y2~*yi'''yr'' {^ly^-^^yiY (^zyi-^^yzY} 

is not productive of an invariant. 
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76.] The identity expressive of the invariancy of an in- 
variant written down as above is deduced from the result 



of § 73 as follows. 

H^ is of w dimensions in ^j, 2/2) ••• 2/p« ^^ case it produces 
an invariant, what we have is that 

H^ = (yiyi'^yp)^ ^ function of weight w of differences of 

roots, symmetric in the roots. 



<> ^a^ an aj . 



2w * 

where ay denotes the weight, and — the degree in 

^0> ^U ^2J ••• ^P* 

Similarly 

2to 

Thus the equality Huf^M'^ET^ becomes 

I„~p'(Aq, Jj, A^, ... ^p) = M'^I^T {%, a^,a^, ... a^), 

which is in accordance with the result obtained earlier 
(§§ 23, 26) that the index of the power of -M in the identity 
expressive of invariancy is the weight of the invaiiant, or, 

writing i for — the degree of the invarjant, is \ ip, 

77!\ Discriminants. The product of the squares of the 
differences between roots of a binary p-ic is a single product, 
and involves all roots in equal numbers of its factors, viz. 
every root in 2(^-1) factors. It belongs then to the class 
of symmetric functions which according to § 75 produce 
invariants. Now a^^^^~^^ times this product is the discriminant, 
or rather (cf. § 71) is a numerical multiple of the discriminant. 
We have then a direct proof that the discriminant of any 
binary quantic is an invariant^ as has been otherwise seen 
earlier (§ 15) for aU quantics. 

H 
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The weight of the discriminant is jp(^ — 1). and its degree is 
2 (^— 1). Thus, in accordance with the general theory, 

w = ^ip. 

78.] Invariants of quadratics and of cubics. Binary quad- 
ratics and cubice have no invariants but their discriminants 
and powers of those discriminants. 

For the quadratic this is obvious. For there is only one 
difference af^fi between two roots a, j3, and no function, of 
a single weight, of this difference can be symmetric in a and fi 
unless it be an even power of a— ^. 

For the cubic § 30 tells us that there cannot be two inde- 
pendent invariants. The discriminant, then, being one, it 
follows that there is no other which is not a function of 
that discriminant, and consequently, as invariants are of one 
weight throughout, none that is not a mere power of the 
discriminant. 

We may also reason as follows. Let a, j3, y be the roots of 
the cubic. Any invariant mu^t, by § 75, but for a possible 
numerical factor, be of the form 

««*2{(^-y)'(y-«)'(a-/3)'}, 

and must be such that every root occurs in the same number 
of factors of (fi — y)*" (y — a)' (a — fiy. Consequently 

whence r = 8 = t. 

Moreover, r-^8-\-t must be constant, and equal to the 
weight J ip = I i, for all products under 2. There can then 
be only one product repeated or not. The invariant is in fact 
necessarily a,*{0-y)(y-a)(a-p)}iK 

Again, the index ^ i of the power of the product must be not 
only integral, but even. For an odd power of 

03-y)(y-a)(a-3) 

is not symmetric in the roots, being altered in sign when two 
roots, j3 and y say, ai-e interchanged. Thus every invariant 
of the cubic is a power of 

«o*{(i3-y)(y-«)(«-i8)}' 
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or a numerical multiple of such a power ; and this function is 
a numerical multiple of the discriminant. 

79.] DiscriminantB freed from inconvenient numerical 
foctors. The right numerical multiples of aQ-{a—fiy and 
^0* ((^■"y)(y~-<*)(« — ^3)}^ to speak of as the discriminants of 
the binary quadratic and cubic, are decided by the convention 
of § 71. 

By elementary processes of the theory of equations it 
can be proved, taking for convenience (a, 6, c){x^ y)^ and 
(a, 6, c, d) (x, yY to be the quadratic and cubic, that for the 
two cases respectively 

and aM(^-y)(y-a)(a-^)P 

and it is to the expressions in brackets on the right that, in 
accordance with § 71, the name of discriminants is properly 
given, and not to —4 and —27 times those expressions 
respectively. 

In Cayley s fourth memoir on quantics the corresponding 
multiple to the —4 and —27 above has been found in the 
case of the discriminant of any binary quantic. Consider the 
binary p^ia (a^, Oj, a2,...ap)(aj, y^. The product of the 
squares of differences between pairs of its roots is of weight 
p(p—l)i being the product oi\p{p'-\) factors of two dimen- 
sions in the roots, and consequently, being an invariant, is of 

2w 
degree — = 2(2>— 1). That this is the degree also follows 

from the fact that any particular root enters in ^—1 squared 
factors, and so to the degree 2(_p— 1). For the degree in the 
coefficients aj, a^y...a^ is the degree in any particular root. 
We have, then, to consider the expression for 

a„^('-^)n(a,-«.)^ 

in terms of the coefficients. 

Since />(/>— 1) is the weight, the term a/-^ap'-^ if it 
actually occurs, is the one term in the discriminant into 
which a^ enters to the highest power. This, then, if it 
occurs, is the term in the discriminant to which the coef- 

H 2 
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ficient + 1 is given in accordance with the convention of § 71. 
Now the term must occur ; for it is the only one which does 
not vanish for the special p-ic a^af-^ %y^^ ^"^^ ^^ discriminant 
of this special j9-ic does not vanish, since no two roots of 
the equation a^af'+ap = are equal when neither a^ nor a^ 
vanishes. 

Now consider the yet more special ^-ic af-k-y^. Its roots 
are those of 2;''+ 1 = 0, i.e. the p pth roots of — 1. Denote 
these by /Jj, P2»***Pp* ^® know that if /j^, pg? •••Pp ar© the 
roots of /(«) = 0, then 

•^ ^ ^ Z'-p^ Z-p^ Z-pp 

so that /(p,) = r/Ml =0>x-P2)0>i-ft)-.(^-Pp)> 

and so for other roots P2' Ps* ••• Pp* ^^ follows, by multiplica- 
tion of the p right-hand and p left-hand members, that 

the sign being as stated because each of the ip(p—l) differ- 
ences pr'^Ps occurs once in the product as p,.— p, and once as 
Ps—pr' In the present case, then, of the equation 2;''+ 1 = 0, 

so that nO),-p,f = (-i)-*'('-^)i)'(PiP2» ... pp)'-' 

= (-.i)-ip(p-i)^p{(-i)p}^-i 

= (_i)ip(p-i)jp»'. 

Now if, for the general _p-ic (a^, aj, a^, ... ctp) (a?, y)', 
we get as a particular case of this 

n(p.-p.)' = ^- 

Consequently k = (^l)^p{p-'^)pP, 

Thus the product a^^^^"^) n (a^—a^f for the binary ^-ic is 
properly spoken of, not as the discriminant, but as 

times the discriminant. 
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The multipliers —4, —27 for the cases of the quadratic and 
cubic accord with this general result. 

80.] The binary quartic. The binary quartic(a,6,c,c?,6)(a;,2/)* 
has not more than two independent invariants (§ 30). Now 
the discriminant is one (§§ 15, 77). There are, however, 
two of lower degrees than this. It is preferable to regard 
them as the two fundamental invariants, and the discriminant 
as consequently a function of them. The two are the / and J 
of § 29. 

In fact, a2 2{()3-y)2 {a^hf\ 

and a82{(/3-y) (a-8) {y-af {fi-hf} 

are invariants according to the criterion of § 75. 

A remark as to the number of terms covered in these and 
such like summations will be here in place. There is generally 
clearness gained by the wider of two possible interpretations. 
In fact we do best to bear always in mind that for purposes 
of expression in terms of the coefficients it is symmetry in the 
roots rather than in the differences which is fundamental. 
Thus, since we may take a first root a in four ways, then 
a second j3 in three ways, and then a third y in two ways, we 
regard each of the above sums as a sum of twenty-four terms, 
even though these are, in the first, thi'ee terms eight times 
repeated, and, in the second, six terfias four times repeated. 
The student is recommended to give the close attention 
necessary to convince him of this second fact. 

Let the four roots be separated into a triad a, /3, y and the 
fourth 8, and let (/3-y) (a-^), {y-a) (3-5), (a-)3) (y-8) be 
denoted by u, v, w. Then he will see that the first sum is 

eight times a\u^ + ^+v^), ...(1) 

and the second four times 

a^{u{^-v^)^v{w^--u') + w{u^'-^)\, ...(2) 

which latter may, by elementary algebra, equally be written 

or a^ {v—w) {w—u) {u — v), 

or again ^a^ {{v - wf •\'{w^uf •\-{u--vf]. 

The values of the invariants (1) and (2) in terms of the 
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coeJ£cients may be calculated by the ordinary methods of 
symmetric functions. (See, for instance, Bumside and Panton's 
Theory of Equations, § 27, Exx. 16, 18.) The results are that 

a^ (u2 + v^+i^) = 24(a6 - 46d + 3 c^) = 24 / 

and a^ {u{i^ — w^)-\-v{w^--u^)'\'W{u^'-v^)} 

= -432(ace + 26cci-arf2-6«c-c3)= -432 J. 

This direct process is however unnecessary. For it will be 
seen in the next chapter that I and J are the only invariants 
of degrees 2 and 3 which the quartic possesses. The invariants 
(1) and (2) must then be numerical multiples hi, h'J of / and 
J respectively. This being granted, that h and V have the 
values 24 and — 432 respectively may be seen by considering 
a particular case. Take, for instance, the particular case of the 
quartic whose roots are ±1, ±2. 

It will be noticed that in / and J the alphabetically leading 
terms ac, ace have the coefficient + 1 according to the conven- 
tion of § 71. 

The proof that all rational integral invariants of the quartic 
can be rationally and integrally expressed in terms of / and J 
is reserved till a later chapter. 

81.] Discriminant of quartic. The discriminant, an in- 
variant, must, as explained at the opening of the last article; 
be a function of / and J. We proceed to see what function. 

It is an invariant of degree 6 and weight 12 (§ in)y which 
vanishes when the quartic has a square factor, and consequently 
when it has the square factor t/^, i.e. when a = and 6 = 0. 

Now in this case / and J_ become 3c^ and — c^ respectively. 
Of these no rational integral function vanishes except 

(3c2)3-27(-c3)2 

and powers of (36-2)^— 27( — c^)^. 
Consequently 

73-27/2 = (ae-46ci + 3c2)3-27(ac6 + 26crf-a(i2-62e-c8)2, 

whose degree and weight are right, is the discriminant of the 
quartic. 

The coefficient of its alphabetically leading term aV is 
correctly + 1. 
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By the general proposition of § 79, the invariant 

or, in the notation of the preceding article, a^u^i^vfi, which 
must be a numerical multiple of the discriminant^ is equal 

*^ 4* (73-27/2) = 256(/3-27j'=^). 

Ex. 3. Prove this also by showing that v—w, w—u, u—v are the 
roots of the cubic «*— 36a-*/«+432a"V=: 0, and that 27^u^v^w^ 
is the product of the squares of diflferences between roots of this 
cubic. 

Ex. 4. Obtain the same result by showing that 432*a~V is the 
product of the squares of differences between roots of the cubic 

^— 12a-=/<— twM; = D, 

whose roots are w, v, w. 

Ex. 5. The products «w, at?, aw are irrational invariants of the 
binary qnariae. 

Ana. Cf. § 75, or Ex. 4 above. 

Ex. 6. The six ratios of w, v, w to one another, which are respectively 
minus the six anhannonic ratios of the factors of the quartic, are 
irrational fractional invariants. 

Ex. 7. Any anharmonic ratio ■— H-i-^ -. of any four factors 

K-^s) (oi-oj. 

of a binary jp-ic is an irrational invariant of the ^-ic. 

Ex. 8. All invariants of a binary quartic can be expressed as 
functions of the discriminant and any single anharmonic ratio 

(a-y)0-5) 

• (a-8)0-y) 
of the factors. 

Ex. 9. All invariants of a binary ^>-ic are functions of the discrimi- 
nant and the ^;— 3 anharmonic ratios of four factors 

(^-a)(y-«4) (^-g) (y-g,) (^-g)(y~gp) 

(y-a)(/3-a,)' (y-a) (/i-a,) ' - (y-a) (/iJ-a,) ' 

where a, )3, y are three roots, and a^,a^,,.,ap the rest. {Cayley,) 
Ana, These are ^>— 2 independent invariants. 

Ex. 10. In a binary quartic for which / = the six anharmonic 
ratios of the four factors are equal in sets of three to the two 
imaginary cube roots of —1. Geometrically the pencil or range of 
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four elements which the quartic denotes is said to be ' equi-anhar-* 
monic/ 

Arut, From w' + v*+ti^=0 and w+v + w = 
we have (-)H — + 1 = 0. Hence, &c. 

Ex. 11. In a binary quartic for wliJch .7=0 the six anharmonic 
ratios are — 1, — 1, 2, 2, \, \ ; and the pencil or range is harmonic. 

82.] Covariants as fiinctions of difibrences. We now pro- 
ceed to notice briefly the facts as to covariants of a binary 
quantic which are analogous to, and in reality include^ the 
facts as to invariants dealt with in §§ 72 to 76. 

Using the results (1) and (2) of § 72 we can at once write 
down the analogue of the first statement in § 73 ; viz. that, 
if (?^ be a homogeneous function of degree w in the two sets 
of diflerences whose types are ocy^—x^y and x^y^^x^yn where 

— , — , . .. — are the roots of 
Vi 2/2 Vp 

{aQ,a^,a.2y...ap){x,yy, 

and if 0^„ be the same homogeneous function of the corre- 
sponding differences XT^—X^Y, &c., and X^F,— X,F^, &c. 
with reference to the roots of the transformed quantic 

(Aq, Ai, A2, ... Ap){Xi F)', 
then 0„ = M^0'„. 

Should it then be possible to express 0„ in terms of the 
variables x, y and the coefficients ao » ^1 » ^2 > • • • ^j» ^^^ ^'w ^^ the 
same function, divided by a power of the modulus, of X, F 
and Aq^ jIj, A^^ ... A^^ such a function 0^ when so expressed 
will be a covariant. 

Notice that any covariant so obtained must be homogeneous 
in the coeffijcients aQ, Oj^^ a2, ... ap. For if the expression for 

that for (?'„ is 

and this must be homogeneous in the fractions with denomi- 
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nator JP if the equality 0^ = M'^ff^ take the form 

It is to be concluded also that (?^, or K, is homogeneous in 
X and y, i. e. that in every product of differences which is 
a pai*t of 0„ there must occur the same number of differences 
xy^-'X^y, ocy^—x,y,...o{ the first type. For, the coefficients 
%, «! , ttg , . . . ftp being all homogeneous in a? j, x^y ...Xp, 
Viy y2f*'yp> ^^^ covariant K, or &„, must be homogeneous in 
these quantities. Now any term in 6„ which is a product of w 
differences of the type xy^-^x^y and, consequently, w—vr differ- 
ences of the other type x,y^ — x^y^, is of dimensions tsr + 2 (ti; — xsr), 
i.e. 2 le;— w, in a^i, org, ... Xp, y^yo^y* yp» This then having to 
be constant for all products of which 0„ consists, vr must be 
the same for all. 

Covariants thus produced are then necessarily of one degree 
in the coefficients and one order in the variables throughout. 

83.] Now any covariant of degree i and order w of a binary 
quantic is necessarily %*y^ times a function of the differences 

between roots and of the differences between - and roots. 

y 

For it must be unaltered in form by the linear substitution 

x=X+mZy= 7 
of which the modulus is 1 ; that is to say, it must be un- 

changed when - and all the roots are diminished by any the 

same quantity m. 

The particular functions of the two sets of differences which, 
when prepared by such factors a^V*» ^^ covariants, are 
exactly those which when so prepared become functions such 
as Q^ above. 

Such functions of the differences must, of course, for the 
covariants to be rational and integral, be symmetric in the 
roots, as otherwise they could not be expressed rationally in 
terms of the coefficients and x, y at alL They must also be 

X 

such sums of products of differences that in every product - 

XX X 

occurs in a constant number w of factors, and — , —*,...-*' 

Vi Vi Vp 
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each in a constant number i of factors, the same number i for 
all. The prepared symmetric function is, in fact, 

C x OS 
(iQy^ 2 ] product of «• differences like 

X product of ty— ar differences like — * V9 

i. e. 

(2/iy2---2/i>)'2/'^{product of tiT factors like ^^"^Z,^'^ 

X product oiw-xff factors like *'^'~ ^^"^ > , 
^ Vry, 3 

which, as we see by consideration of the denominators, can 
only assume the form O^y or 

2 { product of BT factors like xy^ - x^y 

X product of ic;— BT factors like x^y^^x^y^ }, 

if, in every product of differences under the 2, y occurs in 
9- iudbBBtA mjbA ^j« y^^ --y^ ^^^ in ^ factors, where p^ i, tv and 
GT are connected by the relation ip + vr =z2w, the left being 

the degree of (2/12/2 •••2/*)'2/* ^^ ^^ arguments, and the right 
the degree of each product of denominators under the 2 in the 
same. 

That products of the two sets of differences which cannot 
be prepared by a factor so as to assume the form G„ cannot 
produce covariants is established exactly as in § 75. 

There may be functions which are sums of parts like the 
above, which when prepared by factors (2/12/2 ••• 2/i»)*2/^ ^^^ 
different values of i and sr which satisfy ip + tsr = 2w, produce 
sums of functions 0„ for which w is the same. Such non- 
homogeneous covariants are, however, as explained in §§ 35, 36, 
with advantage considered as sums of covariants rather than 
as single covariants. Meaning then by covariant a rational 
integral one which is not a sum of simpler covariant parts, we 
may summarize as follows the conclusions at which we have 
arrived. 

If u = (a^, «!, a2,...ap) {x, yf 

= %{x-a^y) (a:-a22/)...(a?-ap2/) 

he a hiTiary p-ic of which Oj, a2,...ap are the roots, then 
a function of the differences a^ — Ogj <fe^« between pairs of roots^ 
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and of the p differences X'-a^y, aj — agi/, ... a?— Opt/, tvhick is 
koDiogeneous in both sets of differences and symmetric in the 
roots, wiU, when expi^essed in terms of x^ y and the coeffcients, 
and made integral in these latter by multiplication by the 
lowest necessary power of a^, be a covariant, if and only if 
every one of the pi'odv^ts of differences of which it consists 
involves all roots a in equal numbers of its factors. Moreover 
all covariants of u are given in this way. 

Ex. 12. All covariants, except powers of the /mc itself, vanish for 
the special p-ic (a? + y)^. 

Ex. 13. The sums of the numerical coefficients of the products of 

which OCCTT in K^, K^, Z,, ... K^, where (K^, K^, Z^, ... K^) {x, y)'' 
is a covariant of (o^ «|, ii^ . . . a^) {x,yY, all vanish, unless the co- 
variant is a mere power of (ci^, «|, ^«,. a^ (a?, y)'. 

Ex. 14. Every term in the summation which gnres a covariant of 
a binary p-iG must involve at least one difference between a pair of r 
chosen roots if 2ir>{p'^w. 

Am. Cf. § 39, Ex. 2. 

Ex. 16. Every term in the summation which gives an invariant 
must have this property if 2r>j), 

Ans. Cf. § 26, Ex. 2. 

84.] In the preceding article it is clear that m is the order, 
/ the degree, and w the weight, reckoning aj, y as of weights 
1, respectively, of the covariant. That the facts here 
exhibited with regard to the order, degree and weight of 
a covariant, and with regard to the index in the equality- 
expressive of covariancy, accord with the results of chap, iii 
may be readily seen. The relation ip + w = 2i(; of § 83 is in 
fact that of § 38. 

As to the index of the power of Jf in the equality expressive 
of covariancy which is derived from 

we notice that 



-a^v^F(^ -' ^- -) 



'u -0 y 

= K{aQ, aj, a^,...a^y{x, y)^ 
where the notation denotes a covariant of degree i and order 
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t7, and that in like manner 

«'.=(^)W(x:-x: -4/ f) 

= M-*^K(A,, A,, A„...A,Y{X, ?)•. 
Thus Ou, = M^G'^ = ift<*^+»)G'«, gives 

which is the result, for g = 2, of § 87. 

The index i{ip—vr) is, it may be here repeated, u»— isr, where 
IV is the weight of the covariant, and is therefore the weight of 
the coefficient of x^ in the covariant. The weights of the 
successive coefficients in the covariant forms an arithmetic 
progression of common difference unity. 

85.] The binary quadratic. This can have no covariant 
distinct from itself and its one invariant the discriminant. 
In fact, if a, p be the roots of 

aa^ + 2ba)y'^c^ = a{x-'ay) (x—fiy), 

M% mji. J^ * ^ 

a*2{{a^PY{x^ayY(x^Pyy} 

be a covariant, we have, by the results of § 83, that for every 
product under the 2 

(1) X = constant, by homogeneity in the difference between 
roots; 

(2) /ut + V = constant, by homogeneity in ic—aj/, x-^fiy; 

(3) A + f* = X + r = i, since a must occur in as many factors 
as ^, viz. in i factors. 

Thus /ut = r = constant, and A = constant. Consequently 
the covariant is 

a^+^1 {{a^Pf [{X'-ay){x - /3y)]«}, 

the summation consisting of two terms, corresponding to a, fi 
and /3, o. These two cancel if X is odd, but repeat one another 
if A is even. Hence any covariant is, but for a numerical 
multiple, of the form 

{a2(a-^)n^' \a{x-ay) {x^fiy)}^ 

i.e. {-4(ac-62)}*' {aoi?-\-2hxy + cy^]^. 

There are then no covariants of the quadratic which are not, 
but for numerical multipliers, powers of the quadratic itself, or 
such powers multiplied by powers of the discriminant ac^h\ 
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In other words, the binary quadratic has for its only 
irreducible concomitants one invariant, viz. the discriminant 
dc^b^, and itself. 

86.} Covariants of the cubio. If a, /3, y be the roots of the 
binary cubic 

the cubic has two independent covariants, numerical mul- 
tiples of ^22 {{x^ayf (/3-y)2} 

and a'2{(aj-a2/)«(aj-^y)(^-y)2(y-a)}, 

which, writing 0, <^, \}f for 

(a;-a2/)(^-y), {x-py){y'-a), (aj-yy)(a-^), 

are respectively twice and once 

a2(d2^.^2 + ^2)^^2^^gay, 

and a» {0^ (<^- V') + 4>^ (V^-^) + V'^ {^-4>)} = (^% say. 

That the two obey the criteria of § 83, and are consequently 
covariants, is at once verified. That there cannot be more 
than two covariants, independent of one another and the 
cubic itself, is known from § 42. All other covariants, and 
invariants too, can then be expressed in terms of them and 
the cubic. The one irreducible invariant, the discriminant 
(§ 78), is of course not a rational integral function of the 
three — no rational integral function of them can be free from 
the variables. We reserve till a later chapter the proof that 
there is no other irreducible concomitant of the cubic, so that 
any other concomitant is a rational integral function of the 
cubic, the two covariants above, and the discriminant. 

The expressions for a^h and a^g in terms of the coefficients 
and variables can be effected by elementary methods of the 
theory of equations. We know however (cf. § 45, Exx. 12, 13) 
two covariants of the degrees and orders of a^h and a^g, viz. 

H ^ {ac-b^)x^ + (ad-^bc)ayy-\-{bd--(^)y\ 
and = {a^d-'3abc + 2b\ abd^2ac^ + b^c, . 

and we shall see later (see, for instance, § 113, Ex. 16) that 
these are the only covariants of the degrees and orders in 
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question. Hence, for some numerical values of k and h\ we 
must have ^2^ ^ j^^^ 

and a^g z=zkfO. 

This being known, we can find k and k^ by consideration of 
the values of the covariants in a particular case. Take for 
instance the cubic a:^— 3^, for which a, 6, c, d!, a, i3, y have the 
values 1, 0, 0, — 1, 1, ©, w^. The above equalities become 

ISicy = ^kxy, 

27 (a^^y^) =: ^k'{x^^y% 

whence the values of k and k^ are — 1 8 and — 27. Thus 

a2A = -18^, 
and a^g = — 27G. 

In accordance with the convention of § 71 we speak of H and 
6, rather than of a^h and a"^^^ as the fundamental covariants. 

87.] Syzygy among Qonoomitants of oubio. The cubic Uy 
its two covariants H and 0, and its discriminant 

must, as we have seen, be connected by a relation. To find 
this relation we may consider the cubic in the form 

which is not special, but is, as we have seen in § 11, Ex. 14, 
one to which the general cubic can be reduced by linear sub- 
stitution. For this form 

ir = ddacy, 

= a^dx^ — ad^y^ = ad {ax^ — dy^\ 

whence, by elimination of a, d^ x^ y, the connecting relation 
is seen to be ^11,2 «. (p^^lp 

which holds when the general expressions for t6, 0^ H and A 
are substituted. 

Ex. 16. Prove the same relation by showing that 6^f^^y^y a deter- 
minate nmnerical multiple of the product At«^, is 3~^ times the 
product of the squares of the di£ferences between roots of the equation 
ss^'-^hz-\'g = whose roots are <^— V'. yff—Of 0^4), and so a deter- 
minate numerical multiple of the discriminant of this cubic. 
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Ex. 1 7. If the roots of the cubic equation w = are a, /3, y, the 
roots of jy = are 

and those of 6^ = are 

2Jy--ya^^ 2ya^afi^^y 2a3-^y-ya ^ 
^ + y-2a ' y+a-2/3 ' a + ^-2y ^ ^ ^^ 

88.] The close similarity between the forms, in terms of 
differences, of the covariants of a cubic and the invariants of 
a quartic will not have escaped notice. It is not accidental, 
but is a result of the fact, to which attention has been called 
in § 69, that the invariants of 

{ayy'-xy)u 

are, when x' and yf are replaced by x and 2/, covariants of u. 

Any consideration of covariants of binary quantics above 
the third order, and of invariants of binary quantics above 
the fourth, is postponed till later chapters. 

89.] Several binary quantics. Into a full discussion of the 
expressions by means of differences of invariants and covai'iants 
of systems of more binary quantics than one it is not proposed 
here to enter ; but the facts may be developed by the same 
methods as have been adopted in this chapter. 

It will be found, for instance, with regard to invariants 
of two binary quantics, that functions of the roots which 
produce them must of course, for rationality, be symmetrical 
in the roots of each quantic separately, and will in general be 
functions of three classes of differences, viz. (1) differences 
between two roots of the first quantic, (2) differences between 
two roots of the second quantic, and (3) differences between 
a root of the first and one of the second. In order to produce 
invariants which are not more properly regarded as sums of 
simpler invariants, such functions must be homogeneous, not 
only on the whole, but in each of the three sets of differences 
singly. Any one must, moreover, be a sum of products of 
differences, in every one of which all roots of the first quantic 
occur in equal constant numbers of factors, and all roots of 
the second in equal constant numbers of factors, the numbers 
not being, however, necessarily or as a rule the same. 



CHAPTER VI. 

BINABY QUANTICS CONTINUED. ANNIHILAT0R8. 

SEMINYABIANTS. 

90.] AxmihilatorB of iiiTariants. For ihe calculation of 
inyariants it is a matter of great importance that / any 
invariant of (a^, a^, Og, •.. a^,) (aj, yy* must satisfy the two 
differential equations 

dl ^ dl ^ dl dT ^ 

Professor Sylvester, to whom and to Cayley the theory is 
due, though the idea had also presented itself to Aronhold, 
expresses this fact by saying that any invariant I has two 
annihUatorSj called Q. and 0, viz. 



daQ ^^ ^da^ ^^ ' da^ '" ^da^^ 

The language is a convenient one for expressing that 12/ = 0, 
and 01 = 0. 

We proceed to prove these facts of annihilation. 

91.] The annihllator 12. The property of having 12 for an 
annihilator is one that invariants possess in common with 
other functions of the coefficients which, when expressed in 
terms of a^ and the roots, involve only differences of these 
latter. 

This may be proved by seeing, as we shall later^ that the 



THE ANNIHILATOR II. II3 

operation with 12 on a function of the coefficients is equivalent 
to the operation with 

/ d d d \ 

on the equal function of Aq and the roots a^^, Og, ... a^. We 
adopt here, however, a different method. 

Functions of the coefficients which are equivalent to 
functions of aQ and differences between roots are, in fact, equal 
to the same functions of the altered coefficients when the 
quantic is transformed by the substitution o{ X + rnY and T 
for X and y, that is to say, when the roots are diminished by 
the same (positive or negative) quantity m. Now, this being 
so for all values of m, let m be taken as very small, so that 
its square and higher powers may be neglected in comparison 
with any finite multiple of itself. The quantic 

becomes in this case, after the substitution, 

so that the new coefficients are the old ones altered by the 
increments 

Now I our supposed invariant, or other function of a^ and 
the differences between roots, becomes, by Taylor s theorem 

T . /f. d ^ d ^ d ^ d \ T 

in which quadratic, &c. terms in the ba% i. e. in m, are omitted 
as vanishing in comparison with the increment retained. 
Thus a necessary result of I being unaltered is that 

i.e.tha* '^(«o^+2ax^^+...+^,-a^)i'=0. 

i. e. that 12 f = 0. 

I 
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92.] It will be well to give another proof of this, both 
because of the conyenient symbolical form of results to which 
it will lead, and in order to convince ourselves that 12/ = 
is a sufficient condition to ensure that 7 is a function equal 
to the same function of the coefficients in the quantic obtained 
by putting X+ttiY^ F f or x and y in the given quantic, 
whatever constant m be, as well as a necessary consequence 
if this persistence is a fioct. 

If 

{Aq, A^, ilg, ... Ap) (Z, Yy = (a^, Oi, ag, .- «!») (X-hmY, Yf, 

where m is not now necessarily very small, the expressions 
for the new coefficients are easily seen to be, by use of Taylor s 

X 

theorem for the expansion of a function of ^ + m in powers 

A^ = a^ + a^m, 

A2 = a2+2aim + aj,m^. 



where we notice that 

dAQ _ ^ dAj^ _ ^ dA2' rtj ^-^3_oj dAp ^ , 

We draw the conclusion that, if -F(-4q, A^^ A^y ... Ap) be 
any function of the new coefficients, 

_dF_dAo dF_dA^ dF_ dA^ dF dA, 

~ dAf, dm, dA-i ' dm dA^ d/m '" dAp dm, 
. dF ^ . dF ^ . dF . dF 

Now for -T— FiA^y A-^^ A^y. Ap) to vanish, whatever m 
be, is the necessary and sufficient condition that 
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be independent of m, and so equal to J?'(ao, Oj, ag, ... a^) which 
is its value when m = 0. Thus the condition, both sufficient 
and necessary, that 

or, replacing capital by small letters, 

QsF{aQy a^, a^y ... a,) = 0. 

93.] We can by this method prove that, if i^ be any rational 
integral function, 

which may be written symbolically 

In &ct we have, by Maclaurin's theorem. 



= [e"* ^ <^ (m)] 



ins=o 



Now J?'(-4q, jli, ilg, ... ilp) is a function of m. Hence, if 
ilV denote the result of replacing m by m' in -4r, we have by 
the preceding article 

•^(-^ o> -^ 1 » -^ 2> ••• -^ p) 

This is proved, subject to considerations of convergency, 
for any function F. When jP is a rational integral function 
no question of convergency arises. For we notice that F, 
12 jP, il^F^ ... are of weights regularly diminishing by unity, 
so that presently we get to a term Q^F oi zero weight, i.e. 
a function of ao> ^^ beyond this point Q^'^'^F^ l2«'+2jp^ ^^^ ^jj 

I 2 
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vanish. The symbolic series practically consists therefore of 
only a finite number of terms. 

We have thus another proof that, if a function I persists in 
form after the substitution of X + mF, F for a; and y when m 
is infinitesimal, it does equally when m is finite. For if 
12/ = 0, the condition of § 91, then also a^J = 12X2 J = 0, 
123/ = 0, &c., &c. 

Of course the student will recognize that il^I denotes the 
full expression for the result of operating with X2 on X2 J, viz. 

.dU ^ dU ^ dU , ..dU 

^da^ ^da^ ^da^ 

and not merely the first line of this expression ; and so for 
as/, a*/, &c. 

94.] The annihilator 0. We have still to see that, if / be 
an invariant, the second operator of § 90 is an annihilator 
of /, as well as the first a. 

This property invariants have in common with other 
functions of the coefficients which persist in form after the 
substitution ^^^^ y=rX+F. 

i. e. in common with all functions of the coefficients which can 
be expressed in terms of a^ and the differences between 
reciprocals of roots. The substitution is in fact one which 
transforms the quantic into another in which ap is unaltered 
and the reciprocals of the roots differ by V from the reciprocals 
of the original roots. 

The proof is exactly as before, the present substitution 
dealing with y and x exactly as that of the preceding ai-ticles 
has dealt with x and y^ and consequently dealing with the 
quantic read backwards from its end a^j/^, exactly as the 
former substitution dealt with it read forwards from its 
beginning a^x^. It will be noticed that exactly corresponds 
to a in this reversed reading. 

We have then that OF = is the necessary and sufficient 
condition that F persist in form when for x and y we make 
such substitutions as X, VX + F. 
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95.] Symmetry of an inTariant. Skew invariants. If in 
an invariant % and ap, a^ and ap_i, a^ and a^^g^ &c« ^ inter- 
changed, the invariant is unaltered if its weight be even, and 
changed only in sign of its weight be odd. 

For the substitution x = Y,y = X has for its modulus — 1. 
Now the effect of it is to interchange a^ and a,, a^ and ap_i, 
ag and ap_2> &c* i^ ^^^ quantic. Consequently, if 

^(aojOi, a2,.,.ap) 
be an invariant, we have (§§ 23, 26, 76) 

We see then that there is an essential difference in character 
between invariants of even and invariants of odd weight. 
Those of odd weight are, because of this change of sign, known 
as skew invariants. 

Skew invariants do not exist for the quadratic cubic and 
quartic, and it came as a surprise upon mathematicians 
when Hermite discovered the first skew invariant of a 
higher quantic; viz. that of degree 18 and weight 45 of 
the quintic. 

Invariants of odd weight cannot, it is clear, be rational 
integral functions of invariants of even weight. Thus when 
a binary quantic has one or more skew invariants one at least 
of them must be irreducible. 

96.] One result of the symmetry to which attention has 
just been called is that when we have found a function of the 
coefficients which has 12 for an annihilator it is unnecessary to 
test directly whether it is also annihilated by in order to 
ascertain whether it is or is not an invariant. If it is altered 
in more than sign when the first coefficient and last in the 
quantic, the second and last but one, &c. are interchanged in 
pairs, it is not an invariant. If on the other hand it is not so 
altered in more than sign it is certainly annihilated by as 
well as by 12, for is what 12 becomes when these interchanges 
are made. 

We must prove, however, that any function which is of one 
order and one weight throughout, and which is annihilated 
both by 12 and by 0, is an invariant. 
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97.] A homogeneooB isobario ftmction axmihilated by X2 
and by is necessarily an invariant. 
Consider in succession the sabstitutions 

^ = ^<} ...(1) 

' ^'=^' \ (3) 

The result of the succession is that of the performance of 

the substitutions 

a; = XZ+Xe(rZ+r) 

y=z >rZ+ iiT.) -^^^ 

Now these are the most general formulae of linear substitu- 
tion ; for, X, fi, tj, T being arbitrary, so are the coefficients 

X(l-h^T), X^, /XT, fl, 

as is dear by taking them in reversed order. The modulus 
of the resultant substitution (4) is X/x. 
Let the original form of a p-ic be 

and let the forms it successively takes be 

(a^', <, a/, . . . ajpO (a:', 2/')', 
\Aq , J-i , J.2 , .•. -4.p') (X', F')'*, 

\Aq^ ^1, -4-2,... -Ap) (X, yy. 

Take F {a^, a^, a^y.^.a^ k homogeneous isobaric function, of 
degree i and weight w, which is annihilated by X2 and by 0. 
We have first that, for values of r from to ^ inclusive, 

a/ = X'- Va., 



where the index of the power of /x is the weight of a,., and 
that of the power of X is the excess of p over that weight. 
Accordingly, because F is homogeneous and isobaric, 

F{a^y a/, a^y...ap) = X^^-"" ix'' F {a^, a^, a2,...ap). 
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Again, because 12 annihilates Fy F persists in form after the 
substitution (2). Therefore 

Once more, because annihilates Fy 

F\Aq, Aiy A2f»Ap) = F(AQy Ai, ^2>***'^p}* 

» 

We see then, taking these three facts together, that 
FiA^y ^, A2,...A,) = A<'-V«'^(ao, Oi, a.,,. ..a,). ...(5) 

In other words, we see that ^ is a function of the coefficients, 
which needs only to be multiplied by a factor involving only 
the constants in the general scheme of linear substitution (4) 
to be made equal to the same function of the coefficients 
in the quantic into which the given quantic is transformed 
by that substitution. By the definition then ^ is an in- 
variant. 

Moreover the fact (§ 26) that w= ip follows. For, by 
§ 28, the factor A*''~"'fi^ in (5) must be a power of the modulus, 
i. e. of A/ut. Thus the indices of A*'""' and fx*" must be equal. 
Therefore ip^w^w, 

i. e. w = iip. 

Another interesting proof that, when 12 and both annihilate 
a homogeneous isobaric function F, the weight and degree of 
F must be connected with p by the relation ip - 2t(; = 0, will 
be afforded when we have seen in the next chapter that 

{aO-Oa)F = {ip^2w) F. 

For the left-hand member vanishes when QF = and 
0F= 0. So then must the right-hand member. 

98.] A good proof in small compass of all the fundamental 
properties of invariants of a binary quantic is afforded by 
a method which wiU also be useful for other purposes. 

We notice that, if 

■J jj ^ 

then Sin = y-j- u, Q?u = {Vj-) ^>«- 

and, generally, 12*"^ = (if -r-) u. 
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Consequently 



d 



d^ (a^, tti, a2,-..ap) {x, yf — e di (a^, a^y a^,...ap) (x, yY 

= (tto, Oi, a^,...ap) {x-^ty, y)\ 
by Taylor's theorem. 
Sindlarly 

(^2/ ^ dy^ 

and, generally, O^u = (oj-t-) u ; 

and therefore 

d 

= (a^, ai, a2,...ap) (aj, raj + y)'. 

Hence, performing one operation after the other, 

^^e^{aQ, tti, a2,...ajp) (a;, j^)* 

= (a^, tti, a^,...ap) (x + tirx-hy), rx + yy, 

and, putting Aa;, /xj/ for x, y^ 

i.e., taking 

(1 4- <t)A = Z, t/x = m, tA = r, fi = m', 
so that 

^ = m,t = — ,, r= , . ,, > A = — --7 — » 
(a^, Oi, a2,...ap) (Ix-^my^ Vx+m'yY 

Thus the most general linear substitution of lx + 7riy, 
Vx + m'y for x and y is effected by a substitution of the form 
Aaj, fiy followed by a complex differential operation. 

This is an identity. If then the expanded left be 

{AQ,A^,A2y...Ap){x,yY, 
we have for all values of r from to p inclusive 

so that we have a formula for every new coefficient. 
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We can readily pass to products of coefficients. For, if 
P, Q be two functions of the coefficients, 

where O^ ^^^ ^2 ^^^^ mean the same as 0, but the former 

and its repetitions act on P only, and the latter and its 

repetitions on Q only, 

= ^Oi ^pQ 

and, in like manner, 

= e»'Oe*«P.d*'Oe*^Q. 

Hence, if Pfa^, Wj, a2i...ap) be a product, or a sum of 
multiples of products of the same degree i and weight iv, of 
coefficients chosen from among a^, a^, a^y.ap, 

so that any rational integral homogeneous isobaric function of 
the new coefficients A is obtained from the same function of 
the old coefficients a by a complex differential operation and 
a multiplication. 

By reversing the order of the fl and operations we obtain 
in like manner a second expression for P(-4.o> -^i> ^2> •••-^p) > 
viz. 



■rO . , .. O 



99.] All the fundamental facts as to invariants flow hence. 
These are that an invariant is annihilated by 12 and by 0, 
that its degree and weight are connected with p, the order of 
the quantic, by the relation ip— 2^y = 0, and that the factor 
in the equality expressive of its invariancy is the wih. power 
of the modulus IrnZ—Vra. 

To see this, suppose that F(aQ, a^, (i2,*.Mp)y a homogeneous 
isobaric function, is an invariant, so that 

F{Aq, ill, A^y.^.Ap) = (f){l, m, l\ m')F{%, a^, a2,...ap), 
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where the form of is at present unknown. We have then 
three expressions for I*{Aq, A^, A2,... Ap), which we can 
identify, and obtain 

= 4>{l,m,l\7nf)F(aQ,ai,a2y...ap) 

V fa* 

In the first equality put V = 0. It becomes 

— n 

= 0(i, m, 0, 7nf)F{aQ, a^, a2,...ap). 

Now nJ?" is of lower weight than F, and Xl^jp iis;?^^ &c. of 
lower weights still. The terms of diflFerent weights on the 
two sides must be separately equal. Hence 

a^=o, a2^=0, &c. 
Again, put m = 0. We obtain in like manner 

= 4>(l, 0, V, m')F{aQ, a^, a2,...ap)\ 

whence, by considering terms of different weights, since 
operation with increases weight, 

OF = 0, O^F = 0, &c. 

Thus the facts that an invariant is annihilated by 12 and by 
are obtained. This being so, the general equalities become 

in which Z, m' and Imf—Vw, are independent. The equality 
of the first and third expressions requires then that the 
indices of m'^*""*' and p'-2» vanish, and that the indices of 
(Zm'-i'm)*^-*^ and {Im'-^Vrnf be equaL These are all 
satisfied if and only if 

ip-'2w = 0. 

Lastly, using this fact, the value of 4> {I, m, l\ m') is 

100.] A similar analysis wiU lead us to a theorem of great 
importance which we shall use hereafter. 



J 
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By the early part of § 98 we have, putting — t~^ for t, 

= (tto, a^, a2,.-ap)(-T-iy, rx + y)^ 

= e^^{a„ aj^x, ap^^y...ao){TX,''T'^yY; 
whence, equating the coefficients of x^^'y^ on the two sides 

for every value of r from to 2? inclusive. 

We may hence pass to products, and linear functions of 
products, of coefficients a^, a^, ag^.^.a, as in § 98, and obtain 
that^ if F(aQ, o^, a^f.^Mp) be any rational integral homo- 
geneouB iw>haric function of degree i and weight w, 

i.e. 

(l-T-^li + T-a — -...)(i + rO + T2_ + ...)i'(a„,a„aj,...a,) 

= (-l)V'-»"(l-T0 + T«^-...)i^(a„a,_„a,_2,...a,). 

Now equate terms free from t on the two sides, as we may 
do since the equality is identical, holding for all values of r. 
The conclusion is that 

/ no I12Q2 Q303 

= 0, iiip^2iv>0, 
but = {—iyF(ap, a^_i, ap.2»«-'«o)' ^^P""2t«; = 0, 

and = (- ir"'' (2ii;~ip)I ^^^'' ^*^^' «p-2M..ao)> if ^i>- 2^< 0. 

The first part of the conclusion is the one to which we wish 
ta draw particular attention. It tells us that, if ip— 2^y > 0, 
F{aQ,ai,a.^y...ap) 

"" |i2 12,2^ "^ 1^.2^. 3^ ~ •") v^o> ^1> ^2>«**^p)> 
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i. e. that any rational integral homogeneous isobaric function, 
for which ip>2Wy can be obtained by operation with 12 on 
another rational integral homogeneous isobaric function. 

101.] Formation of invariants by aid of 12. We return to 
invariants. A rational integral invariant of the binary ^ic 
is, we have seen, a rational integral homogeneous isobaric 
function, whose degree and weight are connected with p by 
the relation ip = 2Wy and which is annihilated by 12. These 
two requirements are necessary, and we shall see in § 112 that 
they suffice. They lead to the following method of formation 
of all invariants of given degree i. 

Write down all possible products of i factors chosen from 
among a^, aj, ag, ...ap, repeated factors being allowed, which 
are such that the sum of the suffixes in every one is ^ ip, and 
take the sum of arbitrary multiples of those products. Operate 
on the sum with 12, and express that the result vanishes. This 
will give a number of equations in the arbitrary multipliers, 
since the multiplier of every distinct product of a^, aj, ag, ... ttp 
in the result of operating must vanish separately. If the 
number of the arbitrary multipUers be not greater than the 
number of independent equations to be satisfied, values of 
them different from zero cannot be found to accord with the 
requirements, and there is no invariant of degree z. If the 
number of independent equations be one less than the number 
of ai'bitrary multipliers, the ratios of these can be chosen in 
one way to satisfy them, and there is one invariant. If the 
number of independent equations be more than one less than 
the number of multipliers the equations can be satisfied in 
more than one way. In fact, if the excess of the one number 
over the other be r, r of the multipliers may be left arbitrary, 
and the equations can still be satisfied by proper choice of the 
rest. We thus get an invariant 

where X„ A„ ... X, are arbitrary. This is expressed by saying 
that there are r linearly independent invariants J^, Jg* ••• -^r <^f 
degree i. 

It will be proved later, by means of the last article, that all 
the equations for determining the multipliers are independent^ 
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SO that the number of linearly independent invariants of degree 
i is the excess of the number of products of a^, Oj, ag, ... a,, of 
degree i and weight Jip, over the. number of products which 
occur in the results of operating with Q, on these products, 
i.e. over the number of products of degree i and weight 
^ip— 1. By deferring the proof we shall avoid repetition, 
as the theorem is a case of a more general one which will be 
required ]ater. 

Notice that the number of products of degree i and weight 
w is the number of ways in which the number w can be formed 
by the addition of i or fewer numbers, none exceeding p. This 
number of partitions of w is usually denoted by (w ; i, p). 
Thus the number of linearly independent invariants of degree 

'" (f ;ii>)-(f-i;ii>). 

102.] As an example of this method let us prove the state- 
ment made in § 80, that I and J are the only invariants of 
degrees 2 and 3 respectively of the binary quartic. 

Here ^ = 4. Take first i = 2. Then it; = | 2 . 4 = 4. Now 
the only partitions of 4 into two or fewer parts, none exceeding 
4, are + 4, 1 + 3, 2 + 2. The only possible terms in an inva- 
riant of degree 2 are, then, a^a^, o^ag, ag^; or oe, bd, c^ say. 
Now suppose that ae ■{- Kbd + ijlc^ ia an invariant. The result 
of operating on it with 12, i.e. with a85 + 266c + 3c8d + 4d!S^, 

where, for instance, hj, means -w » is 

acZ(4+X) + &c(3A + 4/ui); 
for which to vanish we must have 4 + A = and 3 A + 4/;i = 0, 
i.e. A = —4, fi = 3. 

Thus J=ae-46d + 3c2 

is the only invariant of degree 2, any other being merely 
a numerical multiple of it. 

Again, take i = 3, so that tc; = ^ 3 . 4 = 6. The only parti- 
tions of p to be dealt with are 

+ 2 + 4, + 3 + 3, 1 + 1 + 4, 1+2 + 3, 2 + 2 + 2. 

The necessary fonu is then 

aC6 + Aoci? + fit^6 + rfecd +pc^. 
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for which to vanish 

2 + 2/x = 0, 4 + 6\ + i; = 0, 4m + 2i; = 0, 3i^ + 6p = 0, 
i.e. /m = — 1, y = 2, X = — 1, p = — 1. 

Thus J=ace + 2bcd-acP-b^e'-'C^ 

is the only invariant of degree 3 which the quartic possesses. 

Ex. 1. Show that a binary p-ic has no invariant of the second 
degree if p is odd, and only one, that of § 48, ifp is even. 

Ex. 2. Show that no binary quantic has an invaiiant of the first 
degree. 

Ex. 3. Show that a binary cubic has one invariant, its discriminant, 
of the 



Ex. 4. Show that a,*a,— 3a(,a,«^+ 2 a,* is annihilated by Q., for any 
value oi p not less thaa 3. Is it an invariant for any value otpi 

Ans. No. 



103.] Invariants of several binary goantios. The methods 
of the earlier part of this chapter apply, Trmtatis mutandis, 
to a system of binary quantics. The facts developed by them 
are as follows. 

Let (oo, «!, ajj, . . . a,) {x, y)'h 

(Cp , Cj , C2, . . . Cp ) (as, y) \ 



be a system of binary quantics in x, y. Take the operators 
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+ ("''dZ + ^"^17 + - +^3''».-i;7r ) + - = 2^ say. 
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+ (m|- +K^16. J; +... + ^1^ J 
. / d ^ d d \ ^ 

= 20, say. 

Then any invariant of the system is annihilated by 212 and 
by 20. Also, conversely, any rational integral function of 
the different sets of coefficients which is homogeneous in each 
set, of partial degrees *i, ^2^ ta, ... say, and of the same total 
weight w in the sets jointly throughout, and which has 
both 212 and 20 for annihUators, is an invariant of the 
system. Moreover, the possession of these two annihilators 
necessitates that the several partial degrees and the total 
weight must be connected with one another and the orders 
of the quantics by the relation 

Also, as in § 95, an invariant is unaltered if its weight be 
even, or altered only in sign if its weight be odd, when we 
interchange Uq and a, , a^ and a^.i, ... , &o ^^^ \ > ^1 ^^^ 
hp -1, ... , Cq and Cp , c^ and Cp _x, ... , ••• . Thus, since these 

interchanges make 212 into 20, and vice versa, we need not, 
when we have found a function which 212 annihilates, test 
by direct operation whether it is also annihilated by 20 
before being sure whether it is an invariant. K it have 
the correct symmetry of form as above there is no doubt of 
the fact. 

Ex. 5. Find the invariant of partial degrees 1, 1, and consequently 
of weight 2, of the two quadratics 

(oo» «i> «2) {^> y)\ {K K h) (^» yY- 

Ana, Its form must be KaJb^-\-iia^^-\'Vaj:)Q, Now 212 on this 
produces (2 A 4- |ui) ajb^ 4- (/x + 2 1^) afi^. Thus /ui= — 2X= — 2 v. 
The one invariant is then that of § 7, Ex. 4, }^(ajb^ — 2aJb^-\-aj)^, 

Ex. 6. Show more generally that the invariant of § 49 is the only 
lineo-linear invariant of two binary p-ics. 
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Ex. 7. Show that the qaartic and quadratic 

(o^, ai,.,M^) (a?, y)*, (6^, 61, 6,) («, y)* 

have no lineo-linear invariant. 

Am. The weight would have to be i(4 + 2) = 3. The only 
possible form is then \aj!>^ + iiajb^ + vajb^^; and 212 on this produces 

Xa^ft, + (2 \ + 2 fi) 0^6^ + (fi + 3i;) a,6o ; 
for which to vanish would require X = 0, /i = 0, v = 0. 

Ex. 8. No two binary quantics of different orders can have a lineo- 
linear invariant. 

Ex. 9. Find the only invariant of partial degrees 2, 1 of a linear 
form and a quadratic. 

Ans. The invariant of § 7, Ex. 3. 

Ex. 10. Find an invariant of partial degrees 1, 2 of a quadratic and 
cubic. 

Arts, Oo (^^8- ^2*)— «i (^0^8- W +«a (Mi— V)- 
Ex. 11. Find an invariant of partial degrees 1, 1, 1 of three 
quadratics. 

Ans. That of § 17, Ex. 26. 

104.] Annihilators of oovariants. In § 69 it has been seen 
that the covariants of a binary quantic u are identical with 
the results of replacing x' and y^ hj x and y in the invariants 
of u and the linear form xnf—oiy. 

Now invariants of these two quantics have, by the preceding 
article, the two annihilators 

It follows that covariants of u have the annihilators 

It seems best, however, to prove this fact and develope its 
consequences ah initio^ as was done in the matter of invariants. 

105.] Let ^(ttoj (hi ^2' ••• ^p5 ^' y) ^® * covariant of 
(a,), aj, a2>«««^p)(^» 2/)*; a^d let the quantic be transformed 

by the substitution 

x=zX-\-mY, y=^Yy 
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whose modulus is unity. We seek first the necessary and 
sufficient condition that we may have 

which will be the case when -F is a covariant, though not then 
only. 

If -4q, ilj, A.2i,,,Ap are expressed in terms of m and 
«o> ^1' ^2» ••• ^P5 ^^ have, as in § 92, 

Also the expressions for X and Y in terms of m and x and 2/ 

^'® X = i»-my, F = y, 

so that 

am ^ dm 

Consequently 

^ ^(-^o» -^i» '42,,..-4p; Z, F) 

dF d^o dJ?^ dA, dF dAp dF dX dF dY 

~d^j dm dA^' dm, '" dA,' dm dX dm dY dm, 

. dF ^ . dF . dF ^dF 

Now for the left-hand member here to vanish is the neces- 
sary and sufficient condition that F{Aq^ A-^^ A^^.., Ap\ Z, Y) 
is a function of a^, o^, ag, ..,ap\x,y which is free from m, and 
consequently equal to jP(aQ, a^ , a2 , . . . a^ ; x,y) its value 'when 
m = 0. The vanishing of the right-haud member must then 
express the same thing. Thus the necessary and sufficient 
condition required is that 

F{A^,A^,A^,...A^',X,7) = 0, 
or, replacing capital by small letters, that 

{^"y^) ^(^Q> ^' ^2> ••• «j> ; «^> 2/) = 0- 
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We have also, as in § 93, that even when this condition is 
not satisfied 

F{A„A„A„...A,;X,Y) 

d 

Thus we have the means of writing down the result of apply- 
ing the transformation of this article to any function of the 
coefficients and variables. 

We might also have adopted the method of § 91. 

106.] In precisely the same way, the necessary and sufficient 
condition for the persistence in form of F after transformation 
by the substitution 

«= X, y^VX+Y, 

is (0-^x ^) F{aQ, ai, ag, . . . a^ ; x, y) = 0, 

where is the second operator of § 90. 
Any covariant has, then, the two annihilators 

XI— t/^r-' 0—x-zf-' 
^ ax ay 

107.] Symmetry of a covariant. Again, as in § 95, we see 
that there is a symmetry in any covariant. The simultaneous 
interchange of x and y, of a^ and Op, ai and Up^^, &c. in its 
expression must, since the interchange means a substitution 
of modulus —1, have the effect only of multiplying it by 
(— l)M'p-«^), where i is its degree and tsr its order. Now 
l(ip + ^) is the weight of the covariant (chap, iii), and 
^(ip—w) consequently the weight of the coefficient of xf° in 
it. Thus a covariant is unaltered, or altered only in sign, by 
these interchanges, according as the weight of its leading 
coefficient is even or odd. 

Hence for covariants one of the two conditions of § 106 is 
necessitated by the other and symmetry. The reasoning is 
as in § 96. 

108.] Sufficiency of the two conditions of annihilation. We 
can also prove the converse of § 106 for homogeneous isobaric 
functions. Stated at length, the fact is that any rational 
integral function jP of a^, Oj , ag, .•. a^ and x, y, which is homo- 
geneous, of degree i, in the coefficients, homogeneous, of order 
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isr, in aj, y , and isobaric on the whole, reckoning ao , a, , a2 , . . . ap , 
X, y m o{ weights 0, 1, 2, ... j9, 1, 0, and which has both 

il—y-j- and 0—x-j-tor annihilators, is a co variant. ^ 

The proof, which proceeds exactly as in § 97, need not be 
repeated at length. The only variation is that in passing 

^^^ («o . «!, «2 » • • • «!») («j yy 

to (tto', a/ , a/, . . . a/) {x, yffy 

we have, as well as a/ = k^^fx^art 

also a;'=A'"^ic, y'^i^r^yi 

so that x^'y'"-' = A->»-"' iu* t/'^-', 

where the index of the power of X is minus the weight of the 
product ic*2/"~*» ^^^ ^^^"-^ ^f ^^® power of fx is the weight of the 
product lessened by «r. Also the weight of the function of 
^o» ^5 ^2' ••' ^p which multiplies a3*y"~* in the function F 
which we are considering ia w — 8, where w is the weight of F. 
Thus, in place of the 

^K^ <^i\ <^2^ ••• V) = k*^~yF{aQ, aj, a2, ... a^) 

of § 97, what we now have is, since 

is the same for every 8, 

This difference of the factor will not affect the argument 
The supplementary conclusion, from the fact (§37) that when 
we have proved ^ to be a co variant we know that the factor 
must be a power of the modulus, is in this case 

ip—w = w-^m = \ (ip— to-), 

i.e. is ip + cr = 2Wi 

which accords with chapter iii. 

109.] A covariant completely given by an end term. We 
are now in a position to find the covariants of a given degree 
and order by a method like that of § 101. A further theorem 
of great importance will, however, much facilitate the process. 
It is due to M. Roberts. 

K a 
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Let a oovariant of order tr of a binary p-ic be arranged as 
a quantic in x and y. We may write it 

C^x^' + mC^x^-^y + ^^^C.,x^'^y'+... 

where C^, C|, Cg, ... C„ are all of degree i in a^, a^, ag, ... a^, 
and of weights respectively 

i(ip-'Br), i(ip-«r)+l, i(ip— «r) + 2, ... i(ip + tsr). 
This is annihilated by i2— y -r- • We must have then 

+ isr(ii(7^i-flr-l C,_2)an/*-i+(0(?.-wC,_i)t/' = 0, 

for all values of x and y. The various coefficients of x^, 
x"~^ y,... must therefore vanish separately. In other words, 

ac, = (7„, 

• • • • 

We have then the two most interesting conclusions which 
follow : 

(1) Cg, the leading coefficient in the co variant, is annihi- 
lated by Q.y the first of the two annihilators of invariants. 
For this reason it is called a semi-invariant or aeniinvariant. 

(2) When C^, the last coefficient in a covariant, is known, 
all the other coefficients are deteimined from it by mere 
operations with X2, i.e. by differentiations only. In fact, we 
see that . 

and that the whole covariaat is 
— r^ + 7 rn^ 2/ + ? Jni^ 2^+ — 

«r! (w — 1)1 ^ (w— 2)1 ^ 
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which, since Xi'^+^O^, H^+W,^, &c., vanish, the first of them 
being only vr\ HCq which is zero by the first equality aboye, 
may briefly be written 

For this reason (7^, which is (§ 107) merely the result of 
interchanging a^ and a^, a^ and a^.^, &c. in (— 1 )*(*'" '^^Cq, has 
been called the source of the covariant. In the next article 
we shall see that the same name might equally and for a like 
reason be given to C^ itself. 

110.] Express, in fact, precisely as in the preceding article, 

that the covariant is annihilated by — aj -^ • The conclusions 
are that ^ 

OC2 = (tsr-2)03 



0C„ = 0. 



"a 



Thus (1) Cjg is annihilated by the second annihilator of 
invariants, and may be called an anti-seminvariant ; and (2) 
for every value of the number r from to «r inclusive 

1 

SO that the covariant is 

or, as it may be written, 

for O^^+^Oo, O^^^Cq, ... vanish since 0C„ = 0. 

Thus, when we have the seminvariant Cq which is the 
leading coefficient of a covariant, all the coefficients in the 
covariant can be obtained from it by mere operations with 0, 
i. e. by differentiations. 

In fact, given any coefficient in a covariant, all the coeffi* 
cients can be found. Successive operations with 12 give the 
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coefficients on the one side of it, and successive operations 
with give those on the other. 



111.] tSeminvariants. We may define a seniinvariant as 
any homogeneous isobaric function of the coefficients 
^o>^i><*2>'"^p wbitsh is annihilated by X2. We now confine 
attention, however, to seminvariants which are rational and 
integral. 

Looking back at §§ 91, 92 we see that the half invariant 
property which seminvariants possess is that of being abso- 
lutely invariantic for such linear substitutions as 

X = X + mF, y = F. 

(From § 97 we gather that they are really invariantic for the 
somewhat more general substitution 

X =. IX -^niTy y = m^Y^ 

though the factor for any one is in this case not as a rule 
a power of the modulus.) 

Consequently, when expressed in terms of a^ and the roots 
of the quantic, a seminvariant can involve only differences of 
these latter. If of degree i, and not divisible by a^, it is a 
product of a^ and a function of the differences, which involves 
each particular root to the i-th degree, since the ratios of 
(/,, ttg, ag, &c., to a^ are all of the first degree in every root. 
Conversely, any rational integral symmetric function of the 
roots, which can be expressed in terms of their differences 
only, becomes a rational integral seminvariant when mul- 
tiplied by such a power of a^ that it can be expressed 
integrally in terms of the coefficients. The least power of 
a^ which suffices is the i-th, where i is the degree of the 
symmetric function in any particular root. 

We may now see that in the two preceding articles C^ may 
be any rational integral seminvariant ; that is to say, that any 
rational integral seminvariant whatever may be taken as 
the leading coefficient of a covaiiant, and determines that 
covariant uniquely. 

Take any rational integral seminvariant S of degree i, with- 
out a^ for a factor, and write it as a^ multiplied into a symmetric 
function of the roots a^, 02» •••^p* T^^^^ symmetric function 
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will be a function of the differences cv— a,, &c. Now for 

every difference cl— a. write ; r-7-^ r • In this frac- 

{x-ary){x-'a,y) 

tion a^ occurs once in the numerator and once in the de- 
nominator, and so does a,. 

Clear the function obtained of fractions by multiplying by 
the lowest necessary power, the i-th, of 

{X'-a^y){x'-a^y) ...{x^a^y). 

In this multiplier a^, ag, ... Op occur in equal numbers i of 
factors. 

The result, when expressed in terms of a?, y and coefficients 
only, will be a covariant whose leading coefficient (7^ is the 
seminvariant S, That the leading coefficient is S is clear 
from the method of construction. That the whole expression 
is a covariant follows from the fact (§ 83) that it is a power 
of a© multiplied into a function of differences x—ay and 
differences o,. — a,, which is symmetrical in the roots, homo- 
geneous in both kinds of differences, and such that all roots a 
occur in equal numbers of factors in any product, and in the 
same number in all products. 

The covariant is unique of its degree and order; for § 110 
shows that a leading coefficient Cq determines a covariant 
uniquely, giving rsr as the least number for which O'^'*"^(7q = 0, 
and giving Oj, Gg, ... 0^ by a succession of operations with 
on Cq. The uniqueness also follows from § 39. Note, how- 
ever, that the order tsr depends on the value of ^. For quantics 
of different orders p, the same covariant will lead covariants 
of different orders tj. We had above, in forming the covariant 
from its seminvariant leader by means of the roots, to divide 
terms by products of order 2 v/, where v/ is the weight of the 
seminvariant, and to multiply through by a product of order 
ip. Altogether the covariant obtained is of order ip—2w\ 
which accords with the known fact that w = ^ (ip — w). 

A seminvariant with a power of a^, a^ say, for a factor is of 
the form a^-^^S, where S is a seminvariant to which the reason- 
ing above applies. The unique covariant which it leads is 
the product of the covariant led by S and the y-th power of 
the j9-ic. 

Another proof, making no explicit use of the roots, of the 



136 DETERMINATION OF SEMINVARIANTS. [113 

important theorem of the present article wiU be given in the 
next chapter. (Cf. § 126, Ex. 6.) 

112.] We now see that the problem of finding co variants 
by aid of annihilators is reduced to the much simpler one of 
finding seminvariants. We have found, suppose, a semin- 
variant of degree i and weight w. Take it for Cq in § 110. 
The leading term in the corresponding covariant of the binary 
^ic is CqOi^^~^^ as above, when a^ is a factor of Cq as well as in 
other cases, where w is the weight of Cq and not that of the 
covariant ; and the full expression of the covariant is, by § 110, 

That the order ip'-2w o{ the covariant cannot be negative, 
Cq being a rational integral seminvariant, is dear. For the 
procedure of the last article determined a covariant of 
essentially non-negative order in x and y from the semin- 
variant with which it sta^-ted. Thus there are no rational 
integral seminvariants for which ip ^2 w ia negative. Should 
ip^2w be zero the seminvariant is an invaiiant. For the 
covariant derived from it is of zero order as above and con- 
sequently an invariant, and is in fact the seminvaiiant itself. 
It must clearly be borne in mind, however, that we are 
dealing only with rational integi-al seminvariants. The argu- 
ment does not apply, for instance, to the fractional seminvariant 

-(a^d— 3a6c + 26^). Here, for the cubic, ip — 2tt; = 0, but 

nevertheless the function is 'not an invariant of the cubic. 
does not annihilate it. 

We may, in fact, state succinctly the conclusions arrived at 
as to invai'iants of a binary p-iG, If 12 and annihilate 
a function it is an invariant, and ip— 2tt; = (§ 97). If 12 
annihilate a function for which ip— 2t(; = 0, it is also annihi- 
lated by and is consequently an invariant provided it is 
rational arid integral, but not necessarily if it is fractional. 

113.] Determination of seminvariants. The determina- 
tion of the linearly independent seminvariants of degree 
i and weight w of a, binary ^-ic proceeds as in § 101. If 
ip<2w there are none, as above. If ^p<2^«;, write down all 
the products of weight w oii constituents chosen from among 
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a^ , o^ , a2 , . . . a, , repetitions of factors allowed, and add together 
arbitrary multiples of these. The number of such products 
is (w ; i, p)y this symbol denoting, as in § 101, the number of 
different partitions of the number w into i or fewer numbers, 
none exceeding p. Operate on this sum with X2, thus obtain- 
ing a sum of multiples of the (w— 1 ; i, p) products of degree 
i and weight w—l. It will be proved in the next chapter 
that the (tt;— 1 ;h p) coefficients of these products are linearly 
independent linear functions of the (w ; i, p) arbitrary mul- 
tipliers of the {w ; i, p) products. They have to vanish. Their 
vanishing gives {w—lii,p) relations which have to be satis- 
fied by the (w ; i, p) multipliers. If then {w ; i, p) exceed 
(ty— 1 ; i, p) we can satisfy them and leave 

{w ;i,p)^{w-l ;i,p) 

of the multipliers still arbitrary. Suppose that this excess 
is r. We have as the most general seminvariant of the 
type under consideration a sum of the form 

where A^, Agj-^-^r ^^^ arbitrary, and ^j, 82, ,..8^ are known 
linear functions of the products of type Wy i. We express 
this by saying that there are r linearly independent semin- 

variants 8,,8,,...8r 

of this type belonging to the j9-ic. 

114.] Seminvariants of the second degree. As an ex- 
ample let us discover all the seminvariants of degree 2 of 
a binaiy ^-ic. The condition ip^2w is for this case tt;>p. 
Two cases will arise. 

(1) For an even weight w, not exceeding p, the general form 
to be assumed is 

Expressing that 12 annihilates this, we obtain the conditions 

ty + Aj = 0, (ii;— l)Ai + 2A2= 0, 
('m;-2)A2 + 3A3 = 0,... (^ + l)^i«,-i + 'M;A4«,= 0, 

the coefficient w in the last of these being double what it 
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would be accordiog to the law of all the other second terms. 
Solving these for the X's we have a unique seminvariant of 
weight w^ viz. 

where the law of coefficients is that of the expansion of (1 + zy 
up to its middle coefficient^ which one alone is halved. 

For every even weight not. exceeding p there is then a single 
seminvariant of degree 2. In particular, of course, it is an 
invariant for a weight equal to ^ if ^ is even. 

(2) For an odd weight w, not exceeding j9, the form to be 
assumed is 

and the conditions obtained from the annihilation by X2 ai*e 
ty + Aj = 0, (tc;— l)Ai + 2A2= 0, {w—2)\^-\'Z\^ = 0,... 

of which the last tells us that A^(^«i) vanishes, and the rest, 
taken in order backwards, tells us that all the other A's 
vanish. 

For no odd weight, then, is there a seminvariant of 
degree 2. 

Accordingly the complete series of seminvariants of degree 
2 is 

2 
2 *^ 1 > 

a^a^ — 4 Oiag + 3 a/, 

^o^6~^^^6+ ISaga^— 10a3^ 
ayag — SajO^ + 28 a^a^-^^^a^a^ + SSa^^ 

&;c., &c., 

the series terminating with the weight ^ or ^— 1 according as 
p is even or odd. In the former case the last of the series is 
an invariant. 

The orders of the corresponding covariants are 2^, 2p—^^ 
2p— 8, .... They are the covariants of § 57, Ex. 12, together 
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with the invariant, ii p be even, of § 48. In other words, they 
are the transvectants (§ 61) of the jp-ic and itself. Thus we 
have the theorem that a binary quantic u has no covariants 
of the second degree in the coefficients besides the Oth, second, 
fourth, sixth, &c., transvectants of u and itself. The Oth, led 
by a^^ a^^, is v?. 

Ex. 12. Use § 110 to write down in full the covariants of 
degree 2. 

of the binary quintic. 

Ans, For the last see § 61, Ex. 29. 

Ex. 1 3. A binary quantic of order not less than 4 has one and only 
one semin variant of degree 3 and weight 6. 

Ex. 14, HiBBoe obtain the single covariant of degree 3 and order 3 
of the quintic. 

Ans. (a(?e+26cc?— cwP— Pe— <?)a? 

+ {adf— hcf— ae^ + hde + ch - cd^)xy^ 

Ex. 15. Show that a binary quantic of order not less than 3 
has one and only one seminvariant of degree 3 and weight 3. 

Atis, o^^ttj — 3 a^a^a^ + 2 a^, 

Ex. 16. Hence, and from what has been proved above, prove the 
statement of § 86 that H and G are the only covariants of a binary 
cubic whose degrees are 2, 3 and orders 2, 3 respectively. 

Ex. 17. Show that a binary quartic, or binary quantic of higher 
order, has two and only two seminvariants of degree 4 and 
weight 4. 

Ans, Xa^(a«-4M + 3c'^) + iui{ac-6y, 

which may also be written 

Ex. 18. Find the 8um <r^ of the six fourth powers of differences 
between the roots of the quai-tic (a, 6, c, d, e) (a:, 1)*. 

Ans. o* 0-^ = 720 {ac - h^ - 1 6 {ah - 4 d'hd + 6 ab^c - 3 6*). 

Determine X and /ui' in the second form above by taking two particular 
quartics, e.g. a?" (a?*— 1) and a?* — 1, in both of which 6 = 0, and in one 
of which e = and in the other c = 0. 
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Ex. 19. Show that a binary quintic has two and only two indepen- 
dent seminvariants of degree 5 and weight 5. 

Am. A (ay-.5a»6c+ lOaWc?- 10a6'c + 46*) 

+ fx(ac-6^) (a«i-3a6c + 26»). 

Ex. 20. The sum of the numerical coeflBcients in any seminvariant 
which is not a mere power of a^ vanishes. 

Ex. 21. If (Cq, Cp (7j,... Cjg) (x, y)*^ is a covariant of 

K>«i>«2>--«p)(«>y)' 

prove from § 109 that ao^i~~^i^o ^^ * seminvariant. {M, Roberts,) 

Ex. 22. By application of this result to the first linear covariant 
(§ 57, Ex. 17) of a binary quintic, prove that the quintic has 
a covariant of degree 6 and order 4, and an invariant of degree 18, the 
catalecticant of this covariant. 

115.] Seminvariants and covariants of several binary 
quantics. Referring to § 103 for the notation, we define 
a seminvariant of a system of quantics in the same variables 
x^y BA a, function of the several sets of coefficients — in general 
a rational integral function — which is homogeneous in each 
set separately, and isobaric on the whole, though not neces- 
sarily in the sets separately^ and which has ^Q for an anni- 
hilator. 

The methods which have preceded are applicable to covari- 
ants and seminvariants of systems of quantics. It is left to 
the student to convince himself, as in § 104 or §§ 105, 106, 

that every covariant of the system is annihilated by 2X2— j^-^ 

and 20— a: ^-; and, as in § 108, that conversely a function 
dy 

which is homogeneous in the variables and in every set of 
coefficients separately, and isobaric on the whole, is a covariant 
if these operators annihilate it. He will also see, as in § 107^ 
that if X and y, aQ and a, , a^ and ap _i, ... , 60 and bp , b^ and 

bp^i, ... , Cq and Cp , c^ and Cp _i, ... , ... are interchanged in 

a covariant the effect is only to multiply the covariant by 
(— l)4(^-*p-®), where the index is the total weight of the lead- 
ing coefficient, that of x^, l^at this leading coefficient Cq is* 
a seminvariant, i.e. is annihilated by 2X2, he will see as in 
§ 109, and that all other coefficients can be derived from it 
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by operations with 2 he will see as in § 110. In fact, the 
covariant may be written either as 

X 

-20 

or as y^'e^ C^. 

Once more, as in § 111, he will see that any rational integral 
semin variant whatever may be taken as the leading coefficient 
C^y and determines tr, the order, and the full expression for the 
covariant uniquely. The order «r, the partial degrees i^, i,^, ig, . . . 
in the coefficients of the J^i-ic, the f>2"ic> *^® Ps'ic, &c., and the 
weight w of the seminvariant are seen to be connected by the 
relation 

Thus there is no seminvariant for which H.ip— 2w is 
negative. If 2.ip— 2tt;= the derived covariant and the 
seminvariant are identical The seminvariant is in fact an 
invariant, and is annihilated by 20. 

The method of §§ 98-100 also applies ; and the results of 
§ 100 hold, when we put 2X2, 20, 2.ip—2w in place of 
X2, 0, ip— 2tt; respectively, for operations on functions of any 
or all of the sets of coefficients. 

All the linearly independent semin variants of given weight 
w and partial degrees i^ i.^, %y ... are found, as in § 113, by 
writing down the most general rational integral function of 
the type in question and determining the multipliers in it so 
that it may be annihilated by 212. 

Ex. 23. Find a seminvariant of weight 2 and partial degrees, 1, 1 
of the quadratic and cubic (a^, a^ a^ (a, y)\ (ftg, S^, ftg* ^s) (^> y)^ ^^^ 
show that the covariant to which it leads is linear. 

Ans. The covariant is 

{ajb^ — 2 afi^ + aj!>^ x + {ajb^ — 2 o^ftj + a^) y, 

Ex. 24. Find a linear covariant of partial degrees 2, 1 of the 
quadratic and cubic. 

Am. {a^^—Sa^afi^+a^aJb^ + 2a^\'-a^aj!>^ x 

— Wh ^ 3 afijbj^ + a^ajb^ + 2 a^\ - a^aj>^) y. 

Ex. 25. Remembering that a cubic has a cubicovariant (§ 45, 
Ex. 13) deduce two other linear covariants of a quadratic and cubic. 
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Ex. 26. Two different binary quantics of orders p and p* have 
a single lineo-linear seminvariant of every weight not exceeding the 
smaller of p,p^, and none of higher weight than this. 

Ex. 27. The covariants led by these seminvariants are the mutual 
transvectants (§§ 59, 61) of the two quantics. Hence the mutual 
ti-ansvectants of u and v are the only covariants of u and v which are 
lineo-linear in the coefficients. 
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Ex. 28. Prove that / = 0, / = 0, where /and /are the invariants 
of the quartic u = (a, b, e, d, e) (a?, y)* are two results which can be 
obtained by elimination of x between 

^=^' ^5^="' ^=^- ^^""y^y^ 

Ex. 29. If a, )3, y, b the roots of (a, h, c, d, e) {x, y)* be taken in 
pairs a, P; y, d in any way, the substitution 

y = (y+8-a-^) X-{yh-a^) Y, 

transforms the quartic into the same quartic (a, 6, c, c?, e) (X, F) * 
multiplied by a function of the roots. 

Ans, Consider the quartic in its factorized form. 
Ex. 30. If in any covariaut of (a^^ Op ttj, ...a^) (a?, y)** we put 

for a^, a„ a^, ... a^ respectively, we deduce the covariant with the 
same leading coefficient of 

K* «i» «j> • • • «p> «p+i) («^> y) '"*'^- {Cayley.) 
Ans. Symmetrical and annihilated by i2p+i— y j- • 

Ex. 31. To substitute (a^,, Oj, a^) {x, y)^ (a^, a^, a,) (a?, y)*,.*- 
for a^, a,, a^, ... is to repeat the same process twice, and to deduce 
a covariant of (a^, o^, a^, ... a^, ap^.i, ap^.2) (a?, y)''+^ {Cayley) 

Ex. 32. In any seminvariant or invariant of (a^, a^, Oj, ... a^) (a:, yY 
put A;, A;— 1, A;— 2,..., A: — jp for a^,, Oj, a^,,..ap, and equate to the 
result of putting ^, — 1 for a^, a^ in the one term, if there be any, 
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which involves a^, a^ only, or to zero if no such term occurs (i. e. if 
w > t). The result is an identity for all values of k, 

Ans. Follows from the equality of seminvariants of 

Ex. 33. Hence hy giving k the values 0, 1, 2, ... in succession 
obtain fleicts with regard to the numerical coefficients of terms free 
from a^, terms free from a^, terms free from a^ ... in any seminvariaiit 
or invariant. 

Ex. 34. In this way determine the seminvariants of degree 3 and 
weight 3, and of degree 2 and weight 4. 

Ex. 35. In the same way determine the terms fi'ee from b in 
the discriminant of the cubic (a, 6, c, d) (x, yY, and deduce the 
full expression for the discriminant, by considering the transformation 
of the cubic to a form without a second term. 

Ex. 36. By considei'ation of the special binary quantic 

prove that if in any seminvariant or invariant a^, a„ Oj, a,, a^, ... are 
replaced by k, k, A— 1, A;— 3, k—6, ... , where 1, 3, 6, 10, 16, ... are 
the figurate numbers of the third order, the result is equal to that of 
replacing a^ and a^ by k and —1 in the one term which involves 
a^ and a^ only, or to zero if there be no such term. 

Ex. 37. Generally, if in any seminvariant or invariant of a binary 
p'ic we replace a^, a^ ...a^_j all by k, and a^, a^^.^, ...a,, by k 
diminished respectively by the first, second,... (/>— r+l)th figurate 
numbers of the (r+ l)th order, the result is equal to that of replacing 
a^ and a,, by k and — 1 in the one term which involves a^ and a,, only, 
or to zero if thei'e be no such term. 

Ex. 38. K F(aQf a,, a^, ... a^) is a rational integral homogeneous 
isobaric function, of the coefficients in (a^,, a^ a^, ... Up) (a?, y^, for 
which (p— 2 *e? = 0, prove that 

■^ 1^.2^ 1«.2«.3''"^ ") 
{F{a^ Oj, Oa,... a^) — (— 1)«» ^(S» ^p-v ^p-%> ••• «o)} = ^• 
Ana, Use § 100. 
Ex. 39. In the same case prove that 

is of the form HG^a^, a^, a^, ... a^), where 6r is a rational integral 
homogeneous isobaric function. 

Ex. 40. Prove that the method of § 19 applies to seminvariants, 
irrespective of the orders of quantics to which they belong, so that 
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from covariants with like seminvariant leaders of two qoantics of 
different orders intermediate covariants follow. 

Ex. 41. If J is the Jacobian (a6'-a'6)a?«^''-«+... of two binary 
quantics u, u^ and if H and ZT are their Hessians 

and W the intermediate covariant 

between jET and H\ prove that 

J« = '-u^E'+uu'H''-u'^ff. (Faa de Bruno.) 

Ana, It suffices to prove the relation among the seminvariant 
leaders. 

Ex. 42. Any fisustor of a seminvariant is a seminvariant. {Sylvetier) 

Ana, If X2P» = then P»-^fiP=0, i.e. X2P = 0. If 

Q.P P 

12 . PQ = 0, then -=-^ =s — -^, whence, if Q and jP have no common 

factor, SIP = 0, SIQ = 0. 

Ex. 43. If ii = PB-^-QCi where A, B^ C are seminvariants but 
P and § are not, then there is a relation A = P'B+Q'C in which 
P' and ^' are seminvariants. {Sylvester,) 

Ana, B£lP-^CilQ = 0. .\nP:=z -^CK, ilQ==BK. There- 
fore, if B and (7 have no common factor, (if they have, ase first Ex. 42,) 

P = -C712-^Z+P', Q = Ba-^K^Q'. (Cf. § 100.) 

Ex. 44. If <^ (a, 6, c, cj{, e, /, ^, ...) be a seminvariant, then 

<^(0, a, 2 6, 3c, 4<i, 66, 6/,...), <^(0, 0, a, 36, 6c, lOci, 15e,...), 

<^(0, 0, 0, a, 46, 10c, 20(i,...)j... 

are other seminvariants, the series of numbers being figurate. 



CHAPTER VII. 

FURTHER THEORY OF THE OPERATORS 12 AND 0. RECIPROCITY. 

116.] For brevity of statement we henceforth use, with 
Sylvester, a single word to denote a function of the p quan- 
tities Oq, a,, ttgj •••<*!» which is rational- and integral and of 
the same degree and the same weight throughout. The name 
adopted for such a function is a gradient in a^, a^, ag, ... ap. 

So, too, by a gradient in more sets of quantities a^, a^, . . . ap ; 

&o, \^,,,hp ; c'o, Ci,...rp ; ... than one we mean a rational 

A 3 

integral function of some or all of the quantities which is of 
constant degrees throughout in the sets of quantities separately, 
and of constant weight throughout in the sets collectively. 

For the present we deal with gradients in one set 
tto, a^, a2,...ap only. It is in accordance with what has 
preceded to denote in general the degree of a gradient by 
i and its weight by w. 

We need not always have in view that aQya^^a.;^^,..ap are 
the coefficients in a binary ^-ic, but may specify that a gradient 
involves a^^ but no element with a greater suffix than J9, by 
describing it as of eodent p. 

For instance, 

and aQ ag <^4 + ^ ^i ^2 <*3 + M^o ^3^ + ^^i^ ^4 + ^^2^» 

where the coefficients A, /ut, 1;, w are arbitrary but independent 
of a^, «!, ctg, a^y a^y ag, are gradients of degrees 2, 3, weights 
5, 6, and extents 5, 4 respectively. 

117.] Expressions of homogeneity and isobarism. Any 
gradient whatever, of given degree and weight, satisfies two 
linear differential equations. 

L 
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Take 0^^ ,., p a gradient of weight w^ degi'ee i, and extent p. 
One of the two differential equations is Euler's equation which 
expresses its homogeneity, of degree ?', viz. 

^"orf^o "^"'^ "^"'^ ■^'"■^"'rf^^^"'''" " *^"''''" 

The other expresses that it is isobarie, of constant weight w 
throughout. It is 

This also follows from Euler's theorem of homogeneous func- 
tions, for constancy of weight has been seen to be the same 
thing as homogeneity in magnitudes which are roots of 
(Qq, ai, a^,, ... ap)(a;, y)', in which a^, aj, a2,...ap are homo- 
geneous and of dimensions 0, 1, 2, ,..p respectively. It is, 
however^ at once clear when we notice that, if aj^a^ a^ .., be 
any term in G^, • p, 

= wa^a^a^ .., . 

118.] Seminvariants as particular Gradients. Beferring 
to § 111 we see that, according to the definition there given, 
those gradients 0^ ,., p, of type w^ i, p, whose arbitrary coeffi- 
cients are so chosen that they satisfy the third linear differ- 
ential equation 

where Q = a^--+2a^-r-+3a2-j—+...+pap.i-^> 
are the seminvariants of the ^ic 

and are equally seminvariants, though not all the semin- 
variants, of the (p + g')-ic 

where q is any positive integer. 

It has already been shown, and will be otherwise exhibited 
presently, that gradients which are seminvariants exist only 
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when their weights, degrees, and extents are such as to make 
ip— 2t(;<0. It has also been seen that a gradient which is 
a seminvariant of type te;, i, p is the coefficient of the highest 
power of Xy i.e. x*^~^''y in a covariant of 

and, more generally, the coefficient of the highest power 
^.•(p+ff)-2« of ic in a covariant of the quantic of higher order 

(a^, Oj, a2, ... dp, ctp+\i ... ^p+q)\^i y) 

Thus, for instance, a^ a^—^aQaia^-^^a^, a gradient anni- 
hilated by 12, for which te; = 3, i = 3, ^ = 3, ip^2w = 3 is 
a seminvariant of (a^, a^, a2» •••%+«) (^> Vf^^y where q is 
zero or any positive integer, and is the leading coefficient of 
covaiiants 

(a^^ ttg — 3ao «! ag + 20^^) aj® + . . . 

(«o^«3— 3 aoO^ag + ^a^^) a:® + ... 

&C.9 &c., 

of the cubic (ag, a^, a2, a^) (x, yf^ 

the quartic (o^o' ^ > %> % » ^4) (^> 2/)*> 

the quintic (a^, %, aa, ag, a^, a^) (aj, yf^ 

&c., &c., respectively. 

It has also been seen (§ 112) that a gradient 0„^ ,., p, of type 
Wy iy Pi which satisfies 

and is such that ip — 2 ii; = 0, has the fui-ther property of 
satisfying the fourth linear differential equation 

- ^ d f . d d 
where =pai-7— +(i>— 1)«2T~ +'"+^j» 



ctoo ^^ ' ^doi ' ' dap-i 
so that it is an invariant of the p-ic 

{a^ya^ya^y,..ap){x,yYy 
while still only a seminvariant of the higher binary quantics 

(a^y tti, ag,... Op, Gtp^i,... cr^+fl)(^j y) 

L 2 
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Thus, for inBtance, 



for which ^t; = 4, i = 2, ^ = 4, ip^2w = 0, is an invariant of 
the quartic 

(«o» «i> ^2> ^3> a4)(«> y)\ 

and a seminyariant of the quintic^ sextic, &c., 

(ao, a^,... «4»«6)(«>y)^ 

(a©' «i» ••• «4» «5> a6)(^> y)*» 
&c., 

being the leading coefficient in covariants 

&C., 

of the quintic, sextic, &c., respectively. 

We need not then dissociate invariants from seminvariants 
in searching for them by means of the annihilator X2. A sem- 
invariant found will be in particular an invariant for the 
binaiy ^^-ic, in case the eoocess (to use another word of 
Sylvesters) ip — 2w vanishes. It has already been estab- 
lished, and will again appear, that there is no rational integral 
invariant of a binary ^ic which is not thus given. 

119.] A seminvariant of extent^ involves all of a^ ,ai , ag,. . .a^. 
Suppose if possible that a^, where r < jp, is absent from a semin- 
variant S of extent p. We may write the fact 

flfif=0 
in the form 

^^+')%-^,^+ K^+'^^i +-+^«'-^^ 

d d 



+ ('- + ')«'-5^ + -+^'-d^}'^=*'' 



I^ow, on our supposition, all of the left-hand side but 
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is free from a^. But the sum vanishes. Therefore 

d a 

is free from a^. Therefore -^ 5 = 0, i. e. S is free from a^+j. 

A seminvaxiant free from a^ is thus free from a^^i, and 
therefore from a^+g* fro^i a^+s, &c. Finally it is free from Op, 

Our supposition then that a seminvariant of extent p exists 
which does not contain all of a^^, a^, ag, ... a^ is untenable. 

120.] An invariant of a binary p-ic involves all the 
coefficients. Being a seminvariant, it must by the preceding 
article involve all of a^, a^, a2,...a^ if it extend as far as a^. 
Also being an anti-seminvariant, annihilated by 0, it must by 
the same reasoning involve all of a^, a^.j, ap_2,...ao5 since, 
reckoning extent from a^ back to a^, it extends to a^, 

121.] Bepeated operations with A and 0. We proceed to 
pay attention to the results of operating with H or with 0, 
once or any number of times in succession, on any gradient 
whatever. 

rwxx J. r^ d ^ d d 

The operator 12 = ao3— + ^^i -5— + ••• +i^j»-i 



da^^ * dag dup 

acting on any gradient G„^ ,., p produces another gradient. The 
degree of the produced gradient is i, that of O^^^^p. The 
weight of the produced gradient is ^y— 1, where w is the 
weight of On, UP* The extent of the produced gradient is 
either p^ the extent of 0^^ ,., p, or less. These facts are clear 

when we remai'k that any term of X2, ra^-i -r— for instance, 

operating on a term involving a^ in (?«,,»-, p, on a/ a/ a/... for 
instance, has the effect of replacing that term by another, 
^ra^^-^a^^"^ a^ a^ ...^ of the same degree and weight one less, 
one suffix being diminished by unity and none increased. 

Thus if (? be a gradient of weight w;, degree i, and extent 
not eocceeding p, [16 is Sk gradient of weight w—l, degree i, 
and extent not exceeding p. 

Consequently ii^O = fl . fl (? is a gradient of weight ti;— 2, 
degree % and extent not exceeding p. 
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And generally, by r repetitions of the H process, ft**© is 
a gradient of weight t(;— r, degree i, and extent not ex- 
ceeding p. 

This il process cannot be repeated indefinitely without 
leading to a vanishing result. For » gradient of negative 
weight is an impossibility, the weight of a gradient being 
a sum of numbers chosen from among 0, 1, 2, ... p. Thus when 
we take w + 1 for r, if not sooner, we must have 

and consequently also ft'^+^G^ = 0, ft«'+3(j_, q, &c. 

122.] We may reason in a similar way with regard to the 
operator 

Operation with this produces from a gradient of extent p or 
less another gradient of the same degree, of weight greater 
by one, and of extent not greater than p. The term extent 
is here used in the sense of the definition (§ 116). That 
the extent cannot be raised beyond p by opeitition with 
results from the fact that itself is taken as involving no 
letter a,, with a sufiix (extent) greater than p. Thus, being 
of weight Wy degree i, and extent not exceeding p, 

O'G 

is a gradient of weight w + r, degree i, and extent not ex- 
c 3eding p. 

Here, again, the succession of gradients produced is not 
indefinitely continued. For the greatest possible weight of 
a product of i constituents of weights chosen from among 
0, 1, 2, 3, ...^ is ipy that of a*p. Consequently 

can be nothing more than a (non-vanishing or vanishing) 
multiple of a\, and therefore 

0»i'-«+i(y =0, O'^^-^+^G^ = 0, &c. 

We may also consider the results of successive operations 
with both of fl and in any order on a gradient. The 
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conclusion, drawn readily from the above, is that, being 
any gradient of weight w^ degree i, and extent p or less, 

ll-i 0*i 11"2 0»^ ft~» 0*». . . (?, 

where m^, m2, mg, ...,%, 7125 ''^3» ••• *^® positive numbers, or 
one or more of them zero, is, unless it vanish, a gradient of 
weight 

of degree i, and of extent not exceeding p. 

123.] The alternant of ft and 0. The operators 12, are 
linear: but this is not the case with the operators fl^, 0^, ftO, 
fl, &c. Thus, for instance, 

^ d ^ ^ d /,\ <^ 



Moreover the operators ft, are not commutative ; i. e. the 
compound operators ft and Oft are not identical in meaning. 
Thus while 



+ terms mvolviiig ^^-^ , ^ ^^JI^/ 

<^ 

+ the same terms in 3 — 3—, ... as iii ^0. 

oaQaai . 
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We ihus see, however, that the two compound operators 
differ only in their linear parts. The non-linear parts of both 
are just the algebraical product of il and 0. This leads us 
to consider the difference ilO — On of the two compound 
operators, the alternant, as it is called, of il and 0. It is 
always a fact that the alternant 0<^— <^0 of two linear 
operators 6 and <^ is a linear operator. In the present case 

ilO-OQ=pa,^+{2ip-l)-l.p}a,^^ 

+ {3{p-2)-2{p-l)}a^^ + ... 

+ (p.l-(p-l)2}a,.,^^-Fi,^ 

i d d d d 1 

Now let the operation be on (? a gradient of degree i and 
weight w. satisfies the two linear differential equations of 
§ 117, which express its homogeneity and isobarism. Using 
the two equations, we see that what we are led to is 

124.] An important application of this result has already 
been mentioned in § 97. Let the gradient be an invariant 
I of (a^, tti, a2,...ap) (x, y)*, so that i27 = and 01 = 0, and 
therefore Oft/ = and ftO/ = 0. We have the consequence 
that {ip^2w)I = 0, i.e. that the degree and weight of an 
invariant of a binary ^-ic are connected with p by the relation 

ip — 2w = 0. 

As another application let the gradient G^ be a semin- 
variant S. Then ft^S = 0, and therefore Oft^ = 0, so that 

ftO^=(ip-2t(;)flf, 
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which tells us that the result of operating first with and 
then with X2 on a seminvariant of extent not exceeding p is 
to reproduce that seminvariant multiplied by a numerical 
factor. 

This is in accord with the conclusions of §§ 109, 110. 

125.] Alternant of 12 and O*". Important information is to 
be gathered from the alternants of ft and 0^ 0^,.'.. which, 
though not linear, have simple equivalents when the functions 
on which they operate are gradients. ^ 

It is assumed throughout this article and in what follows, 
except where otherwise stated, that the operation is on a gra- 
dient of weight Wy degree i, and extent not exceeding p. 
For brevity the is not as a rule written. 

The * excess * i/>— 2te;, in which p is always the suffix of the 
highest element which occurs in i2 and 0, and may, it must 
be remembered, be greater than the extent of (?, is, also for 
brevity, denoted by ry. 

Thus instead of writing 

{aO^Oa)G^{ip-2w)0, 

wo write merely ftO — Oft = ?j. •••(!) 

Now notice that 

ft02-02ft = {ao^oa)0'^o{Q.O'-oa), 

and also observe that, G which is operated on being of 
weight w and degree i, 00 is by § 122 of weight w-^-l and 
degree i, so that the excess for 0(?, corresponding to ry for (?, 
is ip — 2(tt;-h 1) = Tj — 2. Thus 

ft02-02ft = (r;-2)0 + 07y 

= 2(1,-1)0, ...(2) 

since r,, being numerical, is commutative with 0. 
Again 

€i0^^o^a=^{a.o-^oa)o^^o{ao^oii)0'^o^{ao-^OQ) 

= (,,-4)02 + 0(1,-2)0 + 0^, 

the excess for 0^0 being ip^2[w-\-2\ i.e. r, — 4, 

= 3(»,-2)02. ...(3) 
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In like manner we notice generally that the excess for 
O^'GiB ip^2{w-hr), i.e. t| — 2r, and that generally 

siO'-O'-n = (no-Ofi)0''-^+o(iio-Oft)0'--2 

+ 02(1,-2. f^)0''-3+...+0'--lT, 

= {riy-2(l + 2 + 3 + ... + r^)}0--i 
\ =r(i,-r+l)0'-i. ...{R) 

Ex. 1. Deduce that 

OOr-'irO = r (— t|-r+ 1) QT'K 

Ex. 2. Prove that 



= (012+ l.ry) {Oa + 2.Tj-l) (OH f 3.i?-2) 



...(012+r.ry-r+l) 
= i20(X20 + r7-2)(I20 + 2.^i^)...(aO + r-l.^^^). 

Ex. 3. In like manner 



0''I2'" = (X20-l.ry)(X20-2.T;+l)(i20-3.t| + 2) 



...(X20— r.iy + r— 1) 
= Oi2(OX2-t|-2)(Oa— 2.T/+3)...(OI2-r^l.^^+r). 
Ex. 4. Prove that 

i2••0'.i2•0• = I2•0•.I2•■0^ 

O•■l2^o•o• = o•f2^0'•l2^ 

X2'-0' . O'Xl* = O'Q*. Qro\ 

Ex. 5. Prove hy mathematical induction that 

0''£f = X2*0''-(Ty— r+«) r^fi'-^O*-^ 
^(^^-^^+^^^ 

{Uilhert) 

126.] The excess non-negative for a seminvariant. Use of 
the results of the preceding article gives a proof (Sylvester s) 
of the fact (§ 112) that for no seminvariant can the * excess' 
ip — 2whQ negative. Since, if iS be a seminvariant of extent 
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jf> or less, H/S = 0, the results give 

00^5=3(1,-2)025, 



fl0*-.5 = r(r,-r+l)0'--'5, 
&c., &c. 

If ?;, or ip— 2te;, be negative, the coefficients on the right in 
these equalities form a numerically increasing series of nega- 
tive numbers. None of them can vanish. Now (§ 122) there 
must 1» s, number r, equal to or less than ip^w+l, for 
which and all fjreater numbers 0*'S = 0, and consequently 
nO'^S = 0. The rth of tlm i^ve equalities gives then 

= r(7-r+l)0'--^5, 

and therefore O^'^^S = 0. This necessitates ft0''-^5=0, and 
this again, by the (r— l)th equality, that 

= (r-l)(i,-r + 2)0*-^'5, 

i.e. 0''~^S =. 0. Proceeding thus backwards step by step, we 
eventually find from the first equality that 

o = ??5, 
i. e. that 5=0, 

since rj is negative and not zero. In other words, the sup- 
position that there is a seminvariant 5 for which rj is negative 
is untenable. 

We repeat that the t; which it is here proved cannot be 
negative is ip—2w where p is the greatest suffix occurring 
in SI and 0. The extent p' of a seminvariant of 

if not p itself, is less than p. In this latter case the semin- 
variant is also one of (ao> ^> ^2>'*-^p')(^' 2/)^> ^^^ ^^ might 
have taken p^ as our p in the above reasoning. Thus, if p' 
be the extent of a seminvariant of weight w and degree i, 
ip''-2w cannot be negative. 
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Ex. 6. Use Uie results of this and the preceding article to prove the 
theorem of § 111, that any semin variant Sy of extent not exceeding p, 
leads a co variant of order r\ of (a,,, a^, a^y..,a^ {x, y/, i.e. that 

x^e' S \b not fractional in x, and is annihilated by H— y — . 

QX 

Ans, 120'»"*'^<S= 0. Therefore O'^^S, whose excess is negative, 
= 0. The coefficients in the result of operating with i2— y ^^^ ^^ 

the form 4" I ^0''-r(ri^r+ 1) O'"* } S, i.e. of the form J- O'^Q.S, 
ri r! 

which vanishes. 

127.] It is clear that the above reasoning, which shows 
there to be no seminvaiiant with a negative 77, has no applica- 
tion to the cases of 77 zero and t] positive. In these cases one 
of the series of multipliers ry, ly — 1, t| — 2, ty — 3,... on the right 
of the equalities of the last article vanishes. Thus from the 
fact that Of+^S = it does not follow that O^'S = 0. It is 
the factor t| — tj on the right of the critical equality which 
vanishes, and not the other factor O^'S, 

For a positive or vanishing ?;, a number 

has been found in §§ 113, 101 which cannot exceed the 
number of linearly independent seminvariants (or invariants) 
of weight lUy degree i, and extent p or less. It is now to be 
proved that we have a means of assuring ourselves that the 
number is precise. 

This famous theorem, stated by Cayley and much used, 
remained long vnihout proof, and was even doubted. The 
first demonstration of it was given by Sylvester, by means of 
the results of § 125. The method to be here given is different 
from his, but is based upon the same results, though, as we 
shall see, an alternative basis is the theorem of § 100. 

128.] Exactness of Cayley's number of linearly inde- 
pendent seminvariants of given type. Let be any gradient 
whatever of degree i, weight w, and extent not exceeding p. 
Let rj he ip'-2w the excess for 0. For ilG, Q^O, il^G, &c. 
the excesses are t| + 2, ty + 4, ry + 6, &c. 

Take the operative equalities (1) to (R) of § 125, and 
operate, not always on G, but on G^ in the first case, on ft (7 in 
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the second, on A^& in the third, and so on, so that 77 has to be 
replaced by 17, 17 + 2, 17 + 4, 77 + 6,... in the successive cases. 
We obtain 

1102fl(?-0^ft«(?= 2(r7 + l)Oft(?, 



&c., &e. 

Multiply the first of these by -, the second by — - — 7 -r, 

^^ -^ V 2.i7()7+l) 

the third by -r— : — 7 rn :r\>«-«, ^^e rth by 

^ 2.3.17(17+1) (17 + 2)' ' ^ 

^ ^ 2.3...r.T7(i7 + l)...(?7 + r-l) 
&c., and add. We thus obtain 

^ ....3.,(,Vl)(,-f2) '"«'-jg=g. 

since for a great value of r the residual multiple of O^il^'O 
does not exist, for iy°'*'^G vanishes, and therefore Cil^G 
vanishes if r be tt; + 1 or more. 

Consequently, if 17 be positive, the result of operating on the 
gradient 

oi-L« ' 

(1.17 1.2.7/(17+1) 

with fl is to produce G, 

The gradient is a finite one, for though the operative series 
is regai'ded as continuing to infinity it produces really only 
a finite number of terms, since O^il^G vanishes when r 
exceeds w if not earlier. 

We have thus proved that any gradient whatever, of weight 
w, degree i, and extent p or less, for which rj = ip^2w is 
positive, can be obtained by operating with X2 on some 



0X1 
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gradient or other of weight ^y+ 1, degree i, and extent p or 
less. The same was otherwise proved in § 100. 

Now for w write tc; — 1. It follows that every gradient- of 
weight w^\^ degree i^ and extent p or less, can be obtained 
by operation with 12 on some gradient of weight ^t;, degree i, 
and extent p or less, provided that ip^2{w—i) is positive, 
i.e. that ip— 2tt;< — 1. 

This tells us that if we write down the most general 
gradient of weight and degree w^ i, and of extent p or 
less, where ip — 2ty< — 1 and operate on it with H, the 
result must be the most general gradient of weight and 
degree tt;— 1, i, and of extent p or less. For the arbitrary 
coefficients in the first gradient may be so chosen that the 
derived gi*adient may be any one of its type we choose, and 
so in particular may be any single product of its type we 
choose. 

In other words, if the general gradient (?' be such that 
i/>— 2tt;< — 1 the coefficients in the derived gradient Q,G' aj*e 
all linearly independent. 

Now, in the notation of §§ 101, 113, (?' contains 

{w',%p) 
terms, and fl 0^ contains 

{w-\ ]ip) 

terms. If (?' be a seminvariant fl G^' = 0, and conversely, 
i.e. the coefficients of these (ty— 1 ; i, p) terms have separately 
to vanish. These are all independent, by the above, if 
ip — 2 ti; < — 1 , and are linear functions of the {w ; i, p) arbitrary 
coefficients in 0\ Their vanishing determines then (tt;— 1 ; %p) 
of the coefficients in Q' in terms of the rest. In other words, 
exactly ^^ . i^p)^{yj^ 1 ; i^p) 

are left arbitrary. This, then, is the exact number of linearly 
independent seminvariants of weight fWy degree i, and extent 
not greater than p. 

Ex. 7. It may be proved by aid of § 125, Ex. 5 that, when the 
operation is on a gradient for which 7/ = t)>— 2«?> 0, the operator of 

1 1^ + V72^'^v~¥7z^'^''' 
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and that of the pi^eBent ai-ticle, 

i20 ao^Q. acpg^ 

l.ry ■*■ 1.2.17(7/4 1) 1.2.3.77(77 + 1)(t7 + 2) "^ "' 

are identical. (Proc, Lond, Math, Soc. Vol. XXIV. p. 23.) 
Ex. 8. If ^ be a gradient for which 77 is negative prove that 
/ 012 0*12« G'Q,^ \r ^ n 

and 

. 0X2 0Q?0 0I2»0^ \r-^n 

V + l.ij"*" 1.2.T,(T7-1)"'' 1.2.3.17(77-1) (t,-2) +••• j^-^- 

129.] Arithmetical conclusions. Some arithmetical con- 
clusions of interest with regard to numbers of partitions may 
be drawn from results at which we have arrived. 

Since the most general gradient of type w—l^i^p can 
when ip— 2tt;< — 1 be derived by operation with X2 from the 
most general gradient of type w, i, p, the former cannot con- 
tain more arbitraries than the latter, i.e. more terms than the 
latter. Hence if tp — 2 ^(; < — 1 

{w',ip)<{w-lii,p). 

Again, we have shown in § 126 and elsewhere that if 
ip — 2w<0 there is no seminvariant, and in § 128 that if 
ijp— 2 i(;< — 1 there are exactly (w ;i,p) — {w—l;i, p) semin- 
vaiiants. The case ip—2w= — l is included in both cate- 
gories. The conclusion from this case of ijo— 2t(; = — 1, i.e. 
of It; = i (ip+ 1), where i and p must clearly both be odd, 
is that if i and p be any odd numbers 



C^i-l i^p) = C^^r-'' ^yP)' 



This is only a particular case of the fact that, for any w not 
exceeding ip, whatever numbers i and p be, 

{wiip) = {ip^w;i,p), 

which is immediately seen by noticing that the products of 
weight w and those of weight ip—w are conjugate in pairs. 
If, in fact, ao"oai*i...ap"* is one of the first type, the conjugate 
one of the second type is a/»apl*i ... aQ"'. 
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130.] Beoiprooal partitions. The number (w ; i, p) is, it 
will be remembered, the number of ways in which the number 
w may be written as a sum of i or fewer numbers, none 
exceeding p. It is an important fact that this number is also 
the number of ways in which tu may be written as a sum of 
p or fewer numbers, none exceeding i ; in other words, that 

(w;i,p)-{w;pyi). 

The following proof is due to Ferrers. Another will present 
itself in the next chapter. 

Let any partition of w into i or fewer parts, none exceeding 
p, be the partition into ti^ + % + %+...+ 'W'j , where no part is 
greater than p nor than the preceding part, and where one or 
more at the end may be zero. Write down n^ dots in a row. 
Next write n^ dots under the first n^ of these dots in a second 
row. Then write in a third row n^ dots under the first % of 
the 7I2 dots: and so on, till in all rij + 712 + 713+... + 71,. = t(; dots 
have been written. We have thus visibly aiTanged a partition 
of w into i or fewer parts, none exceeding p. 

Now read the arrangement by columns instead of rows. 
We have in the first column a number, tMi, of dots not greater 
than i. In the second column we have, say, Tn^ dots where 
^23>'»h and so >i. In the third we have m^ dots where 
m.^>m2 and therefore >i : and so on. Finally, in the ^th 
column we have either no dot or a number rtip of dots 
not greater than any previous m, and so not greater than i. 
We have thus visibly arranged a pai-tition of w into 

i7ii+m2 + wi3+...+mp 

a sum of ^ or fewer numbers, none greater than i. 

Thus to every one of the {w;i,p) partitions we have 
a conjugate one of the (w ; p, i) partitions. Similai'ly, con- 
sidering columns first and then rows, to every one of the 
(w;p,i) partitions there is a conjugate one of the (w]i,p) 
partitions. And no two of the one set of partitions have the 
same conjugate in the other set, for a definite arrangement in 
the one way is also definite in the other. Consequently the 
numbers (w ; iyp) and (w ;py i) are equal. 

181.] Hermite's law of reciprocity. Hence we obtain 
a famous and most prolific theorem due to Hermite. 



i3i] heemite's law of reciprocity. i6i 

Since {w ;i,p) = [w; p, i) 

for all numbers w it follows that 

{w ; i^p)-{w- 1 ; i,p) = {w ',p^i)-{w- 1 \p,i). 

Accordingly: — The nurtiber of rational integral senfiin- 
variants of weight w, degree i, and extent not exceeding p^ is 
equal to the number of rationed integral seminvarianta of 
weight w^ degree p, and extent not exceeding i. 

In particular take ip = 2w, We are told that: — The 
number of invariants (i.e. linearly independent rational 
integral invariants) of degree i of a binai^ p-ic is equal 
to the number of invariants of degree p of a binary i-ic. 

Again take ip—2w>0, and denote ip — 2w hy nr. Then, 
since when i, p, w are known cr is known, we may enunciate: — 
The number of covariants of degree i (in the coefUcients) and 
order m (in the variables) of a binary p-ic is equal to the 
number of covariants of degree p and order m of a 
binary i-ic. 

There are, of course, other ways of arriving at this law of 
reciprocity. For instance, we may take it in connexion with 
the one to one correspondence which clearly exists between 
the hyperdeterminant symbols (§ 60) 

where the number of figures 1, 2, 3, ... is i, and where 

"^^12 + %3 + '^23 + • • • ^^ i{iP'-'^)i for covariants of a binary ^-ic, 
and the root expressions (§ 111) 

where i is the number of roots, and where 

'^i2 + '^i3 + '«'23+ •••= '^'=i {W—'^)y 

for the seminvariant leaders, divided by powers of ao> ^^ 
covariants of a binary i-ic. 

This is, however, probably best regarded as a proof from the 
law of reciprocity that hyperdeterminants form a complete 
system of covaiiants, rather than as a proof of the law of 
reciprocity from this fact. The idea has been developed by 
Sylvester. 

M 
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Ex. 9. A binary 4»i-ic has one invariant of degree 3, and a binary 
quantic whose order is not a multiple of 4 has none, ifiayley) 

An8, Since all invariants of a cubic are powers of the discrimi- 
nant whose degree is 4. 

2n 2» 2n 

Ex. 10. The symbol of this invariant is 12 23 31 . Prove that 
if u, Vy w all denote the quantic the invariant may be written 

d^%i cPu cPu 



__2n-l 2n-l 2n-l 

12 23 31 






dxdy 

dxdy 
d^fjo 



d^ 
d^ 

d'w 



da^ dxdy dy^ 

where u, v, tc? are not to be made identical till all the operations are 
performed ; and hence that the iovariant is a linear function of the 
determinants 



«o» ^l> ^8» **»' 



a 



1» ^» ^8» ^4» 



**4»-« 
«4«-l 



«»» «8> ^4> *6» 



a 



411 



(CayUy,) 



Ex. 11. A binary 2>-ic has as many invariants of degree 4 as there 
are ways of choosiog positive integral or zero values of m and n to 
satisfy 2 m + 3 n = jp. {Cayley.) 

Ans, Assume, as will be shown later, that / and J are the only 
irreducible invariants of the quartic. 

Ex. 12. A binary p-ic has a single or no p-ic covariant of the 
second degree in the coefficients according as i? is or is not a multiple 
of 4. {Cayley.) 

Arts, Since covariants of equal order and degree of a quadratic 
must have the form (ac— 6')" (aa5' + 26a?y + cy*)**. 

Ex. 13. The one invariant (Ex. 9) of degree 3 of a 4n-ic is the 
lineo-linear invariant of the 4n-ic and the covariant of Ex. 12. 
{CayUy.) 

Ex. 1 4. A binary |>-ic has as many covarianis of degree 2 in the 
coefficients as there are solutions of 2m4-n =jp in positive integers 
(and zeros); and 2n is the order of any such covariant in the 
variables. {Hermite.) 

Ex. 15. A binary quantic of odd order has a covariant of the 
second order and the second degree. {Hermite,) 

Ex. 16. A binary quantic of order 4n + 2, where n is any number, 
has a covariant of the second order and third degree. (Hermite.) 

Ans, Use Ex. 15 for the case of the cubic. 
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Ex. 17. By the two preceding examples binary quantics whose 
orders are of the forms 4n-hl, 4n+2, 4n4-3 have quadratic 
covariants. Use the facts that a quintic has a quadratic covariant of 
degree 8, the Jacobian of the cubic covariant of § 17, Ex. 20 and the 
linear covariant of § 57, Exx. 16, 17, and an invariant of degree 
4 (§ 61, Ex. 30) to complete the proof that every binary quantic 
except the quartic has a quadratic covariant whose degree in the 
coefficients does not exceed 5. {Hermite,) 

Ex. 18. No covariant or invariant of the second degree in the 
coefficients can have an odd weight. In particular, no invariant of the 
second degree can be skew. 

Ex. 1 9. No invariant of the third degree can be skew. 

Ex. 20. A binary quantic of any odd order greater than 3 has 
a linear covariant of degree 5. {Hermite,) 

Ana, Use the fact that a quintic has linear covariants of 
degrees 5 and 7 (§ 67, Ex. 17) and an invaiiant of degree 4 (§ 61, 
Ex. 30). 

132.] Gradients in more sets than one. Just as we have 
dealt with gradients, in one set of quantities a^, a^, ag, ... Op 
in the present chapter, we may deal with gradients in more 
sets than one ao,ai,a2,...ap^; \,h^y\y...hp^\ eo>^i>^2>«-^P85 •••• 
We have merely throughout to insert 212, 2 0, and 

for 12, O, and ip—2w. As in § 119 a seminvariant which 
involves one letter of any set involves all the previous letters 
of that set. As in § 120 an invariant of the quantics whose 
coeflBcients are the sets involves aU the coefficients of any one 
if it involve one of them. As in § 126 

212 (20)*-(20)'-212 = r (7y-r+ 1) (2 0)*-^ 

where t| = 2 {ip) — 2 it?. 

As in § 126 there can be no seminvariant for which 2 (ip) — 2w 
is negative. As in § 128 any gradient for which 2 {ip) — 2w 
is positive can be written as the result of operating with 2X2 
on another gradient, and hence if 2(ip) — 2te?< — 1 the exact 
number of linearly independent seminvariants of weight w 
and partial degrees tj, {2, ^3,... is 

(w; ii,Pi; i2,P2l ^s^^^a* •••)-('^-l 5 h^Pi^ HyPi^ HyPzl***)y 

where {w; inPi'y H^P^y HiPz'y*) denotes the number of 

M % 
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ways in which w may be written as the sum of \ or fewer 
numbers not greater than p^ , of i^ or fewer not greater than 
Pzi ^f ^3 ^r fewer not greater than jjg, &c. Finally we have 
arithmetical conclusions corresponding to those of § 129. 

The generalization of § 130 is also immediate. It will 
readily be seen, by considering as many Ferrers' diagrams 
as there are sets of a's, 6's, c's, &c., containing altogether 
w dots^ that in 

i, and ^1, or i^ and p^^ or % and p^^ ... , or more than one or all 
of these pairs, may be interchanged without altering the 
number of partitions. Hence a generalization of the law of 
reciprocity is easy. 

Ex. 21. The number of covariants of any degree i and of order jp of 
a binary jp-ic, i.e. of invariants of partial degrees i, jp of a p-ic and 
a linear form, is equal to the number of invariants of partial degrees 
t, 1 of two binary />-ic8. , 

Ex. 22. Prove that 

(w; *i,l?i; t2.i>2; ivPz)-") = 222. ..(i7i; tj, pj) {v^\s,p^ K; Ws)--» 

where the summations indicate that to Vj, v.^^ Vg, . . . are to be given all 
positive integral and zero values which make 

v^ 4- 1?2 4- ^s + ... = «7. {Franfdin^ 
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138.] Unfortunately no practically convenient algebraical 
formula ^ is known which gives in all cases the number of 
partitions denoted by {w ; i,p), i.e. the number of ways in 
which the number w may be formed by adding together i or 
fewer numbers, every one of which is one of 1, 2, 3, ,,.,2?, or, 
which is the same thing, of i parts, every one of which is one 
of 0, 1, 2, 3, .,,, p. For tabulation of such numbers of parti- 
tions recourse must be had to a method known as that of 
Generating Functions. 

The origin of the theory of numbers of partitions is due to 
Euler. The theory in its application to invariants, &c., was 
first studied by Cayley with a view to and in. his second 
memoir on quantics (Collected Works, Vol. II). The subse- 
quent writings on the subject are very numerous. Cayley 
himself, Sylvester, Franklin, MacMahon and Hammond as well 
as others have devoted themselves to it with remarkable 
success. 

The investigation of the number (w ; i, j?)— (tt;— 1 ; i, p) of 
linearly independent or ' asyzygetic ' seminvariants of given 
weight, degree, and extent by means of generating functions 
is only a preliminary object of the researches. The ulterior 
aims are the discovery of the number and types of the irre^ 
ducihle concomitants of a binary quantic, and of the relations 
or syzygies which connect those irreducible concomitants. 

The subject being a vast one only an introduction to it 
can be given here. We consider only quantics of the first 
few orders. In passing from order to order the complexity 
of the investigations necessary enormously increases. 

^ For a formula due to Brioschi see Faa de Bruno's Formes Binaires, § 89. 
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134] Gtenerating function for (w ; i, p). By a Generating 
Function we mean a function of one or more variables which, 
when it is expanded in powers of that variable, or powers 
and products of powers of those variables, has for the general 
coefficient of a power or product of powers the number of an 
assigned class which is determined by the index of that power, 
or the indices of those powers. It may be that only a limited 
range of the coefficients is relevant. For instance, the expan- 
sion may be an infinite one, but the class of numbers a finite 
one given by the coefficients of a limited range of terms, the 
indices of other terms being parameters irrelevant to the 
matter we have in hand. 

We proceed to see that a generating function can be formed 
whose expansion is 

(0 ;hp) + {l 'yiyP)z + (2 ',i,p)z^ + ,,, 

+ {w ; i, p)z'°'\- ... + {ip ; i, p)z*^y 

and which accordingly, when i and p are known, gives the 
number of partitions {w ; i, ^) as the coefficient of z*" in its 
developement. 

It is at once clear that, by definition of (w ; i, p\ this number 
of partitions is the number of ways in which positive integral, 
or vanishing, values of r^, r^, r^,,..rp can be found which 
satisfy the two equations 

rj^ + 2r2+...+prp = w. 
Now this number is the coefficient of z^x^ in the product 

{I +z^x + z^x^-]- ...'\-Z^'^X''^+ ...)... 

{l-\'Z''x + z^''x^ + ...+z'^'af'+...), 

where the series forming any factor may if we please be 
extended to infinity. This product may be written 

{{l-x){l-zx){l-z'x)...{l-z^jx)}'\ 

It can also be multiplied out and arranged according to 
ascending powers of x. Suppose that, thus arranged, it is 
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then Uq = 1, and %, U2, ... u,, ... are functions of z. In fact, 

u^ = (0;i,^) + (l ;ip)z + {2 ; i,p)z^-\- ... 

+ {w ;i,p)z'^ + ... + {ip ; i,p)z*^. 

Notice that (0 ; i, p) denotes 1. This is reasonable, for there 
is one partition of zero into i parts not exceeding jo, namely, 
into i zeros, a^ is the one corresponding term when we are 
thinking of gradients. In particular, by convention, we may 
think of (0 ; 0, p) as denoting 1. 
Now in 

= {(1 -X){1 --ZX)(\ -02^) ... (1 •^z''x)}-\ 

put zx for ic, getting 

1 4- u^zx + U2 z^x^ 4- ... 4- u^z^x* 4- . . . 

= {{\'-zx){l'-s^x){\-s^x)...{\^z^-^^x)\-^ 

= Y^— p^3- { 1 4- UiaJ4-i^2^ + ••• + 'W'i^* + ••• }• 

Here multiply through by 1 —z^'^'^x^ and equate the coefficients 
of a?*, the equality being identical. We obtain 

UiSf — U^^'^Z^'^* = U^ — tt^_i, 

so that Ui = tt._i r- 

\—z* 



= Ui^ 



••-2 1_;2<-1 • 1_;^< 



= u, 






(l-0)(l-0^)...(l-0*) 

Consequently ('m; ; i, p) is the coefficient of z^ in the expansion 
of this function in ascending powers of z. Notice that it is 
incidentally proved that this expansion is a terminating one 
of degree ip, i. e. that the numerator of the generating function 
u^ is divisible by the denominator whatever numbers i and 
p be. 

Notice also that u^ is exactly z^^ times the result of replacing 
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in it by - • Coefficients equidistant from the beginning and 

the end in the developement are then equal. We have thus 
a proof of one of the facts of § 129, i.e. that 

(ip-w ;i,p) = (w ; ?, p). 

135.] .Generating function for number of seminvariants 
of given tjrpe. It is easy to deduce a generating function in 
which the coefficient of z^ is the diffisrence of numbers of 
partitions {w ; i, p)—{w—\ ; i, p). This difference is the 
number of linearly independent seminvariants of 

whose weight and degree are w and t, if ip>2Wy and the 
number of invariants of the type if ip = 2\v. For values 
of Wy such that ip— 2tt;<0, or rather <— 1, we are not 
really concerned with the difference in connexion with semin- 
variants. 
Since 

Ui = (0 ;i, p) + (l \i,p)z^{2 \i,p)z^ ■{■... 

-f (ii; ; i, p)z''-\- ... + {ip ; i, p)2f^, 

the value of {w ; i, ^)— (te;— 1 ; i, p\ for values of w from 
1 to ip inclusive, is the coefficient oiz^ in (1 — «)Ui, i.e. in the 
developement of 

{\-z''^^){l--z^-'^){\-z^^^)...{\^z^^') 
{l^z')(\^z')...{\^z') 

This developement is a terminating one of degree tp+ 1. 

Notice that from the last remark of the preceding article 
the middle coefficient in the developement, if there be one, 
i.e. if ip is odd, vanishes ; and that coefficients equidistant 
from the beginning and end are equal but of opposite signs. 
Now (§ 129) we know that when ip--2tt;< — 1, i.e. when 
t<;>|(ip + 1), the difference {w ; i, ^)— (k»— 1 ; i, p) is never 
negative. The developement of the generating function con- 
sists then of a series of terms with positive coefficients followed 
by a series with the same coefficients taken negatively in 
reversed order. 

A word as to the first coefficient (0 ; i, jo) = 1, which is not 
presented as a difference. It is correctly the*number of semin- 
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variants of degree i and zero weight. The one is a^*. We 
may if we like regard it as a difference {0 ; i, p)—{—l ; iy p) 
like the rest. For ( — 1 ;i,p)ia of course zero. 

136.] Reciprocity. The generating function of § 134 may, 
upon multiplication of numerator and denominator by 

be written 

(l-2)(l-g^)(l-g8)...(l-g''-^<) 
(1 _2)(1 -z'') ... (1 ^z") . (1 _ z}{l -Z^) ... (1 -Z*) ' 

-which ia unaltered by interchange of i and p. It may, in fact, 
be written 

(l-g<-»)(l-g<-t-2)...(l_g«-t-i') 

■{i-z){l-z'^)...{l-zn 

The coeflBcient of z" in its expansion is then (w ; p, i) for 
exactly the same reason that it is {w ; i, p). Thus we have 
another proof of the theorem of § 130 that 

{w;i,p) = {w;p,i), 

and of Hermite's law of reciprocity (§ 131). 

The generating function of § 135 may also be written 

Ex. 1. Prove by aid of generating j^ctions that 

(w?;e,p)-(w;; t-1,2?) = {w-i ; i, p-l). 
Ex. 2. Prove that 
{w ; i, p) = (wiO, jp-1) + {w-l ;1, p-l)+ {w-2 ; 2, p -l)-^ ... 

137.] The whole number of seminvariants and invariants 
of given degree. The whole number of linearly indepen- 
dent seminvariants, including invariants if there be any, 
of degree i which a binary ^-ic possesses may be found as 
follows. 

We have seen (§§ 111, 126) that there are none for which 
ip — 2 w is negative. Thus the greatest weight of any is iip 
or i(ip— 1), according as i and p are not or are both odd. 
Call this maximum weight W. 
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The number of seminvariants (or invariants if TT be i ip) 
of weight W is 

the number (all seminvariants necessarily) of weight TT— 1 is 

(TT-l ;i,^)-(Tr-2;i,^); 

the number of weight TF — 2 is 

(Tr-2;i,^)-(Tr-.3;i,p); 

and so on. Finally the number of weight zero is unity or 

(0 ; i, p). 

Upon addition we have then for the whole number 

{W;i,p). 

We restore to W its value, and have the two following results. 

(1) Unless i and p are both odd, the whole number of 
linearly independent seminvariants and invariants (i.e. of 
covariants and invariants) of degree i in the coefficients of 

the binary ^-ic is (W - \ 

and these consist of 

(i.«,p)-(i-Mi.j.) 

invariants, and ( 9 ~ ^ ^ ^i P) 

seminvariants (covariants). 

(2) If i and p are both odd the whole number of linearly 
independent seminvariants, i.e. of covariants, of degree i in 
the coefficients is it>—\ 

none of them being invariants. 

By § 134 the whole number of degree i is thus seen to be 
the coefficient of 2**' or 0*'*'-^) as the case may be in the 
developement of 

(1 -g^+l) (1 -2"+') ... (1 -Z'-*-*) 

{l-z)(l-z')..,(l-z') ' 
or its equivalent 

(1-Z){l-!^)...{1~Z') 
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We can now illustrate by a few simple cases the way in 
which generating functions give information as to the number 
and nature of irreducible concomitants. 

138.] Has a linear form invariants or covariants? For 
the linear form ax + by,p = 1, The whole number of linearly 
independent seminvariants (including invariants) of degree i is 
by the preceding article 

CO. z^ in developement of > 

where TT = ii or i(i— 1) according as i is even or odd, 

= CO. ^''^in l-{-z + z^+ .,,-hz* 
= 1. 

Thus of each degree there is a single seminvariant. What 
it is is clear. S'ot degree 1 it is a, and for degree i it is a*. 
It is a seminvariant and not an invariant, for ip—2w = i>Q. 
The CO variant which it leads is {ax + by)*, the i-th power of the 
linear form itself. 

Thus a linear form has no invariant, and its only covariants 
are powers of itself. 

139.] Irreducible concomitants of a quadratic. For the 
quadratic ax^'i-2bxy-\'Cy^, p = 2. Here W = \2i ^i. The 
whole number of linearly independent seminvariants and 
invariants of degree i is then 

CO. z* in developement of ^—r. r^^ 2\ 

= „ „ (l-^)-^(l-^r' 

= „ „ (14-0 + 2^ + ^^+...) 

(1+02 + 2^ + ^6+^^ ) 

= CO. 0*' in l+z+2z^ + 2z^+Sz^ + 3z^+...., 

There is, then, one of degree 1, viz. a ; and there are two of 
degree 2, viz. the square a^ of the one of degree 1 and another 
distinct from it, which we know otherwise to be the discriminant 
ac — b^. Of any higher degree i we see, by considering the 
product (1+0 + 02 + 0^4-. ..)(l+0^+0* + 0®4-... ), that there are 
just as many as there are ways of making up the number i as 
a sum of multiples, including zero multiples, of 1 and 2 ; and 
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these are of course the products of powers of the two indepen- 
dent ones a, ac—b^ of degrees 1, 2. For instance, if r 4- 2s is 
one of the partitions of i in question, a^{ac — b^' is a semin- 
variant of degree i. All seminvariants of the quadratic are 
then rationally and integrally expressible in terms of the two 
a and oc— fc^, without the necessity of introducing any other. 
The binary quadratic has therefore no irreducible seminvariant 
besides a and ac—h^. 

The second of these is an invariant. The first leads the 
quadratic aa:^4-26aj2/ + ci/^ itself. Consequently the complete 
system of irreducible concomitants of the binary quadratic 
consists of the quadratic itself and its discriminant. (Cf. § 85.) 

Had we been looking for the irreducible invariants only 
we might have taken the generating function of § 135. For 
the quadratic the weight of an invariant of degree i is i 2i = i. 
Thus the number of invariants of degree i 

^' A ^ . .(l-0»+^) (!-;?*+«) 
= CO. 0* m developement of ^ 12 



» n 



= CO. «• in l-\-z^-\^z^+z^'i-,,. . 

There is then no invariant of any odd degree, and a single one 
of every even degree. Thus there is one, the discriminant 
ac— 6*, of the second degree, and no other which is irreducible, 
all others being powers of this. (Cf. § 78.) 

140.] Invariants of a cubic. Take je> = 3, the case of the 
binary cubic (a, fc, c, d) («, y)^ ; and first consider the question 

of invariants onlv- 

. . . U 

An invariant of degree i is of weight — . For there to be 

one then i must be even. 

The number of degree i is, by § 135, 

CO. 0^ in developement of ^^ // ov/. \x 

^ (1— ;S2)(1— 03j 

_ l-g*(g + g^4-;g^) 

1 2<+i 



)) 99 



" « 



(1_22)(1_«S) (l_2)(l_;j:Sj 



= CO. z^^ 
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5i 1 

= CO. 2;2 in developement of . ^^v 3x 

—CO. z^ in developement of , w ^. 

= CO. z^ in developement of (^^^2^(1.^.) " (i_;,3)(i_^6) 

1 ^ 

(l-;54)(l-0«) (l-;S«)(l-;5l2J 

since the terms 2^ and 2;® in the numerator cannot when 
multiplied by powers of ^ and 0^^ produce terms of form 2;^*, 

. z^^ in developement of ^^ 



» >» 



>j j> 



= CO. is;^* i 

1- 

1 



= CO. 2;* 



1 -0* 
= CO. is*in 1 -\-s^ + 2^ + z^^-\- ... . 

Thus for a degree not divisible by 4 there is no invariant ; 
and for a degree divisible by 4 there is a single one, which 
must accordingly be a power of the one of degree 4, i.e. the 
discriminant {ad—bcy—4:(ac — b^){bd — c^). This then is the 
only irreducible invariant of the cubic. (Cf. § 78.) 

141.] Irreducible concomitants and syzygy for a cubic. 
We seek now the complete system of serninvariants and in- 
variants of the cubic. 

Here, by § 137, the number that are linearly independent of 

3t 3t-l 

degree i is the coefficient ot z^ or z 2 , according as i is even 
or odd, in the developement of 

The two cases may be combined by saying that it is the 
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coefficient of 0* in the developement of 

I.e. in that of z — ^^ — 

y. 1 

= CO. «2 in developement of rrr: ttz r, 

'^ (1 —z^) (1 — «*) (1 — s^) 

i z 

—CO. 2^ in developement of 



L' 1 

= CO. z^ in developement of (i_^i^(i_^)(i_^) 

^8 

~(l-«^)(l-S»)(l-2«) 
1 



= CO. 2** 



» 



/y6 



J> » 



» » 



1+g^ 

in the numerator of which all powers of z with indices not 
divisible by 3 have been omitted as incapable of producing 
7?^ when multiplied into powers of z arising from the de- 
nominator, where all indices are multiples of 3, 

= CO. 0* in developement of 7- y-n ^>rr. t\ 

_ l-g« 

of which the first few terms are 
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We have then the following conclusions, gathered from the 
form before multiplying out. 

(1) There is one seminvariant of degree 1, arising from the 
factor (1—0)"^ in the reduced generating function. This is 
the seminvariant a, 

(2) Besides the square of this there is another seminvariant 
of degree 2, arising from the factor (1 -^^j-i^ tj^Js is ac-b^ 
the seminvariant which leads the covariant which in § 86 has 
been called H. Denote it by E\ 

(3) Besides a^ and a(ac— 6^) there is another of degree 3. 
This is a^cd— 3a6c4-26^ the leader of the covariant which in 
§ 86 we have called G. Denote it by 0\ This arises from 
the factor (l—0^)~^. 

(4) Besides the four seminvariants of degree 4 which can 
be formed by compounding a, H' and G' rationally, there 
is an additional one arising from the factor (1— a;^)~^. This 
is the discriminant (acd— 6c)^— 4(ac — 6^)(6cil— c^) which we 
have called A. It is an invariant. 

(5) There is no other irreducible seminvariant. For all the 
factors of the denominator of the prepared generating function 
are now exhausted, and there are no positive terms in the 
numerator except 1 ; and this tells us that there is nothing 
which in the developement can increase the coefficient of a;*, 
whatever i be, beyond the number of ways in which i can be 
made up of sums of multiples of 1, 2, 3, 4 the indices of the 
z, 2^, z^y 0* in the denominator. 

There are then four, and only four, irreducible seminvariants, 
including the one invariant A. All of degree higher than 4 
can be expressed rationally and integrally in terms of these 
four a, H.\ Q\ A. 

(6) But there is one fact more, given by the existence of 
the negative term —sfi in the numerator of the reduced 
generating function. The four a, Il\ 0\ A, though irre- 
ducible are not independent. A relation, or ^ syzygy ' as it is 
called, connects them. And this syzygy is of the sixth degree. 
The presence of the —s^ reduces the coefficient of 5^ in the 
developement from 9, which would be its value were the 
numerator 1 only, to 8. The number of linearly independent 
seminvariants of degree 6 is then one less than the number of 
products of degree 6 of powers of a, H\ (?' and A. These 
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products are consequently connected by a linear relation which 
reduces the most general linear function of them to one with 
8 arbitrary coefficients instead of 9. The products are 

a\ a^H\ o?G\ am'\ a^A, aWQ\ H'\ H'A, &^. 

The syzygy which connects them must of course connect 

a number of them which are T)f the same weight. Now their 

weights are 

0, 2, 3, 4, 6, 5, 6, 8, 6, 

the only three of which are the same are those of a^A, H'^ 
and (?'^. The syzygy then connects these. It is found to be 

which is of course the same relation as the 

of § 87. For a, H\ G' are the seminvariants which lead the 
covariants u, -ff, (?; and a syzygy connecting the semin- 
variant leaders of covariants connects also the covariants led, 
as otherwise by means of the syzygy we could form a co- 
variant whose semin variant leader vanishes, i.e. a covariant 
with y for a factor, which is impossible. 

The complete system of irreducible concomitants of a binary 
cubic consists then of itself, its quadratic and cubic covariants 
H and (?, and its discriminant A. The four are connected by 
a syzygy of the sixth degree in the coefficients, and, it may be 
noticed, of the sixth order in the variables. 

142] Irreducible invariants of the quartic. For the case 
^ = 4, that of the quartic, we confine attention to the in- 
vestigation of the number of irreducible invariants. 

Since here iip = 2i, the number of linearly independent 
invariants of degree i is, by § 135, 

CO. z^^ in developement of 

(1 -z'^^) (1 ^z'+^){l -0^+3) (1 ^z'+4) 

= CO. z^ * in developement of jz 0-7:; ^r-yz r\ 

^ {l—sr){l—z^)(l—z*) 



{l-z^){l-z^){l-z) 
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= co.2^* in developement of 7- ^r-r: ^rr: Tv 

^ (1 —z^) (1 —sr) (1 — ;5*) 

— CO. 0** in developement of 7- ttt; srr: tv 

^ (1— 2;)(1— 2;'^)(l--03) 

= CO. z^* in developement of 7- ^rr. ^rr. tx 

^ (l^^r) (1—03) (1—0*) 



(l__^2)(l-04j(i_^6) 



» « 



» » 



(l-02j(l-;54)(l-^6) 

1-0^ 

(1-_02^(1_;24)(1.0«)' 

for z^ in the numerator can be a factor only of odd powers in 
the developement, 

= CO. 0^* in developement of 7- jr^i 6\ 

1 



= CO. z* „ 



Hence there are two, and only two, irreducible invariants, 
one of degree 2 and one of degree 3, since there are just as 
many linearly independent invariants of any higher degree 
as there are combinations of that degree of these two. The 
two are (§ 80) 

I=a€—4:bd'{-3c% 

J= ace'\-2hcd—ad?—h^e-'C^. 

There is no invariant of higher degree which cannot be 
expressed rationally and integrally in terms of them. 

143.] Invariants of the quintic and sextic. The applica- 
tion of these methods has been continued a good many stages 
further. The labour and ingenuity required increase con- 
siderably as we advance. 

For the case of the quintic, jp = 5, the result is that the 
number of linearly independent invariants of degree i is the 
coeflScient of z* in the developement of 

l-0^« 

N 
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There are then four irreducible invariants of the quintic, of 
degrees 4, 8, 12, 18. They are not, however, independent, as 
the presence of — ar*® in the numerator implies. This presence 
diminishes the number of linearly independent invariants of 
degree 36 to one below the number of ways of making up 36 
by means of repetitions of 4, 8, 12, 18. In other words, there 
is a * syzygy,' of degree 36 in a, 6, c, d, «, /, the coefficients 
of the quintic, which connects the irreducible invariants of 
degrees 4, 8, 12, 18. This syzygy will be exhibited in a 
later chapter. It expresses the square of /jg in terms of 

/^j/gjand J,2. 

For the sextic the number of linearly independent invariants 
of degree i is the coefficient of «* in the developement of 

1-0^ 



(l«^)(l-;24)(l-;2«)(l-.0lO)(l_^16) 

There are^re irreducible invariants, of degrees 2, 4, 6, 10, 15 ; 
and these are connected by a syzygy of degree 30, which 
expresses the square of /15 rationally and integrally in terms 

of /2» ^4^ /6,and /iQ. 

For the full investigation of these facts reference should be 
made to Cay ley *s second memoir on quantics. 

144.] Generating fkinction for concomitants of given 
degree and order. A new departure in the use of generating 
functions dates from Cayley's ninth memoir on quantics 
{Collected Works, Vol. VII). The earlier use of them had not 
succeeded in exhibiting complete systems of irreducible co- 
variants for higher quantics than the quartic^ and indeed 
mistaken inferences from it had indicated the erroneous 
conclusion that there were not complete systems of finite 
number. That there were had meanwhile been conclusively 
established by Gordan's method of transvectants. The two 
theories have now been completely reconciled, and verify 
one another's conclusions. The error arose from considering 
all syzygies independent, whereas there are syzygies of 
the second order connecting syzygies, for values of p ex- 
ceeding 4. 

Let us return to § 134, where it was shown that the number 
of linearly independent partitions of w into i or fewer parts, 
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none exceeding p, is the coefficient of z^^* (notice that we 
have changed the notation) in the developement of 

1 

in ascending powers of f , and therefore of z ; and consequently 
that the number of linearly independent seminvariants of 
weight w and degree i of a binary p-ic, 

i.e. {'^;ip)-{'i^-'^',ip), 

is the coefficient of z^^* in the developement of 

l-£ 

{l^i){l^zi){l-z^i)...{l^z'^y 

Here put x"^ for z and aaf for ^. The number of the 

seminvariants is therefore the coefficient of a^ocf'^^^ in the 

developement of 
l-x-^ 

(1 -aaj') (1 -oo)'^^) (1 -oaj*'-*) ... (1 -aaj-''+*) (1 -aaj-'+2) (1 -oaj-'*) 

in ascending powers of a, and powers of x ascending and 
descending as they present themselves. 

Now ip'-2w is the order w of that co variant of the ^-ic 
which any semin variant of weight w and degree i leads. Con- 
sequently the number of linearly independent covariants of 
degree i and order m, where w is essentially non-negative, is 
the coefficient of a*x^ in the developement of this last written 
generating function. In particular, the number of linearly 
independent invariants of degree i is the coefficient of a* in 
the part of the developement which is free from x. 

For the quadratic, the cubic, and the quartic the generating 
functions are 

(l-aa:^)(l-a)(l-a«-^)' 

1-a;-^ 

(1 ~aaj3) (1 -aa;) (1 -aari) (1 ~aaj-») ' 

l-aj-« 



(l-aa:*)(l-aar^) (l-a) (l-ax''^) (l-ax^) 

145.] Reduced generating ftmctions. We need only those 
terms in the developement which involve positive powers of 

N 2 



1 
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X as well as of a. Now it proves to be possible to separate 
those parts of the geneititing function, for a given value 
of p, which give rise to positive powers of x from those 
which give negative powers. It will be verified without 
difficulty that the three last written generating functions, 
for the cases of the quadratic^ the cubic, and the quartic, may 
respectively be written 

. A{x)^x-^A{x'^\ 

B(x)^x-^B(x'^), 

G{x)-x-^C{x-^\ 
where 

^(^) = (l-aa:2)(i-a2)' 

.^V^^ - (l-aa;3) {l^a^a?) {l^a^x') (1-a*)' 

^, X 1-aV^ 

^ ^^/ - (1 -aa;*) (1 -a2) (1 -a^^zj*) (1 -a^) (1 ^d^af^) * 

Hence the numbers of linearly independent covariants of 
degree i and order gt for the quadratic, cubic, and quartic are 
respectively the coefficients of a^x^ in the developements in 
ascending powers of a of -4 {x), B (a:), and C{x), 

From A {x) and B {x) we at once gather the information of 
§§ 139, 141 with regard to the irreducible concomitants of the 
quadratic and cubic respectively. 

From C{x) we gather in like manner the full information 
as to the quartic. It has five irreducible concomitants whose 
degrees and orders are given by oo;*, a*, a^aj*, a^, a'ic*. The 
fii'st is the quartic itself 

u = (a, 6, c, d, e) (x, y)^ ; 
the second is its invariant of the second degree 

the third is its Hessian 

F= (ac-62)a;* + ... = a;*e * {ac-}^) ; 

the fourth is its invariant of the third degree 

/ = ace + 2 6cd— od^— ft^e—c^ ; 
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and the fifth is its covariant of degree 3 and order 6 

The second term ~a^x^^ in the numerator tells us that the 
five are connected by a syzygy of degree 6 and order 12, which 
reduces the number of linearly independent covariants of this 
degree and order to one below that of the number of products 
of the degree and order in question of t6, 7, 5, J", G. This is 
readily found to be 

As to invariants alone, the terms in A (oj), B (x), and C (x) 
which are free from x are the developements of 



1 


-a^' 




1 


1 


-a*' 




1 



whence the information that the discriminant is the only 
invariant of a quadratic, and that of §§ 140, 142 for the cubic 
and quartic, is at once gathered. 

146.] Beduced and representative generating functions. 
The Quintic. To methods and results for quantics above the 
fourth order we have only space to allude. Most of the 
investigations are due to Sylvester who, with the collaboration 
of Franklin, has obtained for quantics of the first ten and the 
twelfth orders the numbers and types of complete systems of 
concomitants, or rather, as he himself points out, the types 
and numbers of systems which must, if they err from com- 
pleteness in the higher cases, err by defect and not by excess; 
the possibility of there being more arising from the fact that 
the labour of discovery has been reduced to tractable dimen- 
sions by the adoption as a fundamental postulate for all cases 
of a fact observed for the first six orders, viz. that new 
syzygies and irreducible concomitants do not exist for the 
same degree and order. To this postulate Hammond has shown 
that there is an exception in the case of the septimic, for 



/ 



l82 REPRESENTATIVE GENERATING FUNCTIONS. [146 

which the investigations had previously indicated a speciality 
not occuriing in other cases so far as examined. 

The fii'st step in the process is general for all cases, and 
consists in showing that, when, as in § 145, the 'crude' 
generating function of § 144 is written as the difference of 
two parts, one of which gives all the terms in the develope- 
ment which proceed by positive and zero powers of x, and 
the other those which proceed by negative powers, the former 
part may be written in the form 

(1-aa^) {\-^aaf-'') (l~aar^-*)...(l-a*) (l-a*')T7. ' 

where the order of the numerator in x is less than that of the 
denominator, and where (7^, C^, C2,...are finite rational and 
integral functions of a. This is called the reduced generating 
function. 

The second step is one which has to be performed for the 
cases of quantics of successive orders separately. The 
numerator and denominator have to be multiplied by such 
factors as to reduce the latter to a product of 1 — aa;' and such 
factors as l^a'x^, l~a^, 

where i and m are recognized as the degree and order of an 
irreducible covariant, and j as the degree of a known irre- 
ducible invariant. In all cases examined but that of the 
septimic this has proved to be so possible as to keep the 
numerator a finite expression. In the case of the septimic, 
however, there is a factor 1 —a^^ in the denominator, and no 
irreducible invariant exists whose degree is 1 or a multiple 
of 10. In this case then the denominator can only be given 
the required foim by multiplying by the infinite series 

so that for this case the multiplied numerator does not 
terminate. 

The reduced generating function thus prepared is called the 
representative generating function. For orders of quantics 
which have been examined the denominators of the repre- 
sentative generating functions are products of 1— aa;** and 
of factors of the simple forms 
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For the quintic (/> = 6) the numerator of the representative 
generating function proves to be 

+ a^{x^ + a^) + a'^{x'{-a^--'X^)'^a^{a^-\-x^) + a^a^ + x^ - x'^) 
+ a^o (iK2 + aj* - x^^) + a^i {x'{-x^-- x'') + a^^ (x^ - x"^ - x^^) 

and the denominator 

(l-aajs) (l-a^a^) (1-aV) (l~a*) (1-a*) (l-a^^j^ 

The third step in the process is one of sifting, or ' tamisage * 
as it is called. We have certain irreducible concomitants, or 
say ' ground forms/ to use a common designation, represented 
in the denominator. The earlier terms, after the first 1, in 
the numerator are positive, and indicate the existence of other 
ground forms. Proceed onwards from term to term in the 
numerator. As long as the degree and order of a 'term a*x^ 
in the numerator cannot be made up as a sum of the degrees 
and orders of previously occurring terms, we have revealed 
the existence of as many new ground forms of that degree 
and order as there are positive units in its coefficient. When 
we have reached a term whose degree and order can be made 
up as a sum of degrees and orders of ground forms whose 
existence has been previously revealed by the numerator, not 
also those represented in the denominator, the excess of the 
coefficient of that term above the number of ways in which 
this can be done is the number of ground forms of the degree 
and order of the term in question, diminished by the number 
of syzygies of the degree and order which connect ground 
forms that have previously occurred, in the denominator as 
well as in the numerator, but increased, as will presently 
happen, by the number of syzygies of the second order which 
connect previous syzygies and are of the degree and order in 
question. 

For instance, regarding the representative generating 
function for the quintic above, the eight terms in the 
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numerator which immediately follow the first have all the 
coefficient + 1, and the degree-orders of these terms, a^a?, a*«*, 
a^ic*, a*ic*, a*iC*, a^x, a^x^, a^aP, are such as to make it clear 
that none of the terms can be written as a product of powers 
of the preceding terms. They indicate, then, that besides the 
ground forms of degree-orders (1, 5), (2, 2), (2, 6), (4, O), (8, 0), 
(12, 0) given by factors of the denominator, there are others of 
degree-orders (3, 3), (3, 5), (3, 9), (4, 4), (4, 6), (6, 1), (6, 3), (6, 7). 

Again, the coefficient of the next term a^x^^ in the numei*ator 
is —1. This indicates that there must be one syzygy of 
degree 5 and order 11 connecting some of the fourteen 
ground forms of degree-orders less than (5, 11). It is found 
to connect the products C^^^C^^^^ ^2. 2^3,9* ^2.6 ^3. 6> where 
(7,.,, is the ground form of degree r and order «. In particular 
(7j^5 is the quintic itself. 

As soon as the degree-order (i, «r) of each new ground form 
in succession is found, we may, if we please, alter the form of 
the representative generating function by multiplying its 
numerator and denominator by 1— a'oj*, and so put that 
ground form in the same position as those whose represen- 
tatives were before in the denominator, thus narrowing the 
further search by means of the numerator. In particular, 
when we know all the ground forms, we may write the 
generating function with the product of all their representative 
factors 1— a'a?*, 1— a-^, &c. in the denominator. The sifting 
of the numerator is then a process of search for syzygies only. 
This idea has been developed by Hammond. The A{x\ B(x), 
C{x) of § 145 for the quadratic cubic and quartic are generating 
functions thus written. 

Notice that the terms free from x in the developement of 

the representative generating function for the quintic above 

are the terms in the developement of the result of putting 

a: = in it, i. e. of 

l+g^^ 

(l-a*)(l-a»)(l-ai2)* 

This then is the representative generating function for in- 
variants of the quintic. It leads to the conclusions already 
stated in § 143. 

There prove to be twenty-three ground forms of the quintic, 
of which four, /4, ig, /12, /m, ar© invariants. 
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147.] Sylvester and Franklin have also exhibited gene- 
rating functions for the whole number of seminvarianta of 
any degree for the quanties they have studied. 

Moreover, they have obtained representative generating 
functions of two or more quanties of low degrees, and studied 
their indications as to systems of ground forms. 

For these researches, and for the full theories above illus- 
trated, reference should: be made to the first four volumes 
of the American Journal of Mathematics. A few exercises 
are here left to the student. 

Ex. 3. By § 137 the whole number of seminyariants (including 
invariants) of degree i of a binary ^>-ic is (—• ; t,jpj or(^-^-— — ; t,pj9 

according as tp is even or odd. Show by the method of § 144 that 
this number is the coefficient of a* in the part of the developement of 



1+a: 



—i 



in ascending powers of a, which is free from x. 

Ex. 4. Prove that the number of linearly independent seminvariants 
of weight w and partial degrees i, i' of a p-ic and a jt?'-ic is the 
coefficient of sfi'^*^*' in the expansion of 

V-z 

(i-f)(i-^O-.(i-^0 • (i-a(i-«0...(i-^''0" 

Ex. 5. Show, as in § 144, that the number of co variants of order m 
and partial degrees i, i' of a p-io, and a jp'-ic is the coefficient of 
a^a'^'x^ in the developement of 

l~x-^ 

Ex. 6. Show that for two linear forms the reduced generating 
function for numbers of concomitants is 



(1 —ax) (1—ax) (1 —aaf) 

where a refers to one form and a' to the other. 

Ex. 7. Show that for a linear form and a quadratic it is 

l + a&v 
(l-oa?) (l-.6»*) (l-6«) (l-a«6)' 

where a refers to the linear form and h to the quadratic. 
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Ex. 8. Show that for two quadratics it is 

1 + 66V 



(1 -&c') (1-6V) (1 -b^) (1 -6'2) [1 -hV) 

148.] Beal ganerating fdnctions. From representative 
generating functions Cayley has passed to what he calls Real 
Oenerating Functions, 

Let us return to § 145. The generating function 

for the quadratic has told us that there are two ground forms, 
the quadratic u and the discriminant A = oc ~- 6^, and that 
there are just as many concomitants of any type as there are 
products of that type of powers of u and A. This tells 
us that all concomitants of the quadratic are terms which 
actually occur in the expansion of 



(1-U)(1-A) 



This is the real generating function for the quadratic. 
Again, for the cubic, that B (x), which write in the form 

1 + a^x^ 
(l-aaj»)(l-aV)(l-a*)' 

is the generating function, has told us that there are as 
many concomitants of any type as there are such products of 
Uy //, A and of that type as do *not involve G to a higher 
power than the first. And this information is exactly ex- 
pressed by saying that concomitants of the cubic are linear 
functions of those products of the four ground forms which 
occur in the developement of 

l + O 
(l-u)(l-^j(l-A)' 

which is the real generating function of the cubic. 
Once more, for the quartic, C (x), or 

1 -h a^x^ 

(1 -ax^) (I -a') (1 -aVj (1 -a") ' 
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tells U3 in like manner that there is a reaJ generating function 

l + G 

{i-u){i-i){i-H)ii-jy 

such that all concomitants of the quartic are linear functions 
of terms which actually occur in its developement, i.e. of the 
products into which G^ does not enter. 

For the quintic, and beyond, the form of a real generating 
function derived from the representative generating function 
of § 146 is not unique, owing to the number of different ways 
in which we may replace the many terms in the numerator 
by products of ground forms. Cayley has shown in his 
tenth memoir that the most useful form into which a real 
generating function of the quintic can be thrown is 

sf(i-Q) 

{i-u}{i-c,,,){i-G,,,){i-i^{i-i,){i-i,,y 

where every P and Q, in the products whose sum is the 
numerator^ are products of ground forms and powers of 
ground forms chosen from among the complete system of 23 
whose forms will be exhibited in a later chapter. All the 23 
occur in the numerator and denominator together. 
For invariants alone, real generating functions are 

(1) for the quadratic - — — ; 

(2) for the cubic :j — - ? not the same A of course as in (1) ; 

(3) for the quartic /^_jw^_ n ; 

(4) for the quintic (i^jj (j!/;] (i^/j ' 



CHAPTER IX. 

hilbert's proof of gordan's theorem. 

149.] An irreducible invariant has, it will be remembered, 
been defined as one which cannot be expressed rationally and 
integrally in terms of invariants of lower degree than its own 
belonging to the same quantic or quantics. 

Similarly, an irreducible covariant is one which cannot be 
expressed rationally and integrally in terms of covariants and 
invariants of degree in the coefficients lower than its own. 

In the cases of binary quantics of low orders, it has been 
seen in the last chapter that the number of irreducible in- 
variants and covariants is limited. 

And in § 61 it has been stated that Gordan, using the 
symbolic method of the German investigators, has proved 
that a complete system of transvectants is coextensive with 
a complete system of covariants and invariants, and does not 
comprise an unending series of irreducible forms ; thus 
showing that any binary quantic, or system of binary 
quantics, has only a finite number of irreducible covariants 
and invariants. 

That the same is true for ternary and higher quantics has 
been arrived at by Hilbert {MatheTnatiache Annalen^ Vol 
XXXYI) as a consequence of a far-reaching argument as to 
the finiteness of systems obeying exact laws« ti. 

To Hilbert is also due {Math. Ann. XXX!) the simplest 
existing proof of Gordan's theorem of the finiteness of the 
concomitant system for the case of binary quantics. This 
proof will be here exhibited. 

150.] Diophantine Equations. Some lemmas as to the 
solutions in positive integers of a system of linear indeter- 
minate, or Diophantine, equations are necessary. 
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(i) An equation 

where a^, ajj, ... a„ are given positive integers, is not satisfied 
by any set of positive values of x^^x^^,.,x^. In fact, the 
only values, none negative, which satisfy the equation are 

J^'l "-" Xa ^~ ... ~-" X^ — V. 

(ii) An equation 

where i, as well as 0^9 ^2> ••• ^n) ^^ ^ positive integer, has, if 
any, only a finite number of positive integral solutions, zero 
being counted for the purpose a positive integer. For the 
whole number of ways in which the number k can be ex- 
pressed as a sum of n or fewer positive integral parts is finite, 
and the limitation that the parts be integral multiples of 
some or all of (Xj, ttg, ... a„ imposes a further restriction. 

(iii) An equation of the form in (i), except that some of 
the coefiicients are positive and some negative integers, is 
satisfied by an infinite number of positive integral, or some 
vanishing, values of aj^, a:^, ... jr„. But of this infinite number 
of positive integi'al sets of solutions only a finite number are 
what may be called simple sets, i.e. sets which cannot be 
obtained by adding together other sets of positive integral 
solutions. 

Let the terms with negative coefficients be transposed to 
the other side of the equation, so that this may be written 

where every a and every 6 is a positive integer. 

That there are positive integral solutions is clear. For 
instance, 

•^1 = ^m+l> ^m+l ^ ^1 J aJg = aj3 ^ ... ^ X^ 

^^ ^m+2 ^^ ^m+3^^ •••^^^n ^ ^> 

and x^ = o«i4.2j ^m-t-2 ^^ %» ajg = 353 =...= 3?^+! 

^^ ^m+3 ^^ ^m+4 =•••== 3?^ = 0, 

are sets of solutions. Moreover, we may take for a;,, ojg, ... a;» 
any positive integral multiples, or any sums of positive 
integral multiples of the values of x^^x^^ ...x^y in one or 
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a number, respectively, of these particular sets, and thus 
obtain another set of solutions. The number of sets is thus 
infinite. Not all sets are as a rule obtained in this manner, 
for there will as a rule be other sets in considerable number, 
for which some or all of a^jiCg, .>.. x^ have smaller non- vanish- 
ing values, than in sets of solutions comprised in the above 
aggregate. 

We have, however, to establish that the number of simple 
sets of solutions is in all cases finite. 

No set of solutions in which x^ > 6«,+i, and Xf^^^xii, where 
a^Xi and &m^i^»^i <^® <^y terms on the left and right re- 
spectively, can be simple. For any such set of solutions is 
the sum of the first set of solutions written above and another 
set. 

Thus in a simple set of solutions, if an a; on the left, x^ say, 
exceed the greatest coefficient on the right, none of the x's 
on the right can exceed a^ ; and if an x on the right, x^^^ 
say, exceed the greatest coefficient on the left, none of the 
xs on the left can exceed b^^i . 

Simple sets of solutions can then occur only in one or both 
of two overlapping classes, the class in which no x on the 
right exceeds the greatest coefficient on the left, and the class 
in which no x on the left exceeds the greatest coefficient 
on the right. 

In the first class we have 

where a^ denotes the greatest of a^, a^, ... a^. Now by (ii) 
the number of sets of positive integral, and vanishing, sets of 
values of ^,a;2,...^m for which this is the case, is finite; 
and each set gives for the determination of a;«+i, i»«i+2> ••• ^n 
an equation like 

of which the number of sets of solutions is, again by (ii), 
finite. 

And quite similarly in the second class there is only a finite 
number of sets of solutions. 

Of these sets some will be simple ; but the vast majority^ 
as a rule, not so. 
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It is, however, completely established that the number of 
simple sets of solutions, being part of a finite number of sets 
of solutions, is itself finite. 

(iv) If a^, ttg,... a^; 0i, j^s. ••• ^n; Vu 72* ...yn;... be all the 
simple sets of solutions of the equation in (iii), now proved 
to be finite in number, all sets of positive integral, including 
zero, values of x^yX^y ... x^ which satisfy the equation are 
comprised in the system 

X2 = a2<i + ^2^2 + y2^3+«»M 

• •••••••• 

^ii=a»^l+'3„*2 + yn*3+---> 

where t^, t2, ^39 ••., a known finite number of letters, have 
positive integral, including zero, values which may be assigned 
at wilL 

For the set o^^ , 0^2, ... ^«, if not simple, can be expressed as 
a sum of other sets. These, if not simple, can be expressed 
as sums of other sets ; and so on. Proceeding in this way, 
we eventually get the set x^, X2, ...x^ expressed as a sum of 
sums of sums of &c. of sets which can no longer be written 
as sums of sets, i.e. as a sum of multiples of the simple sets 

oj, oj, ... o^; ^j, ^2> ...^»; yi, y2>«*« y*; •••• 

(v) What has been proved as to the finite number of simple 
sets of positive integral and zero solutions of a single Dio- 
phantine equation may now be extended to the case of 
a number of such equations. Suppose that we have r such 
equations in o^^, 0^2, 0^3, ... a?,, these variables not all necessarily 
occurring in every one of the equations. By (iv) the variables 
0^1 , 0^2, ... ^M which occur in the first equation must in virtue 
of that equation have the forms 

02 ^1 + ^2 ^2 "^ y2 ^3 ■*■ ' • • > 



««*i+^«*2+y*^3+--M 

where a, , )3j, yj ,..., oj, jSj* y2> •••>•••» ^'•j i3»> y** •• • have definite 
positive integral or zero values, and ^1, <2> ^3> ••• ^^^ * finite 
number of variables to which zero and positive integral 
values alone are open. Substitute these expressions for 
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XifX2,...x^ in the remaining r— 1 equations. These become 

r— 1 equations in ic»+i,a?,»+2, •••^p and ^1, ^2> ^3» •••> * finite 
number of variables whose generality as positive integers or 
zeros is only limited by the r— 1 equations. 

The first of these r— 1 equations may now be treated 
exactly as the first of the r equations was, and substitution 
may then be made in the remaining r— 2 equations ; and so 
on continually till we get to a single equation only. To this 
the results of (iii) and (iv) apply. Thus we find eventually, 
on successive substitution backwards, that all the p variables 
Xi,X2j,..Xp can have no more general values than are in- 
cluded in ^ ^ 4 r j-H 'T j.n T M 

X^ = -A2ri + 52T2 + (72''3 ■*"••• J 

• •.•••... 

Xp =-4pT, + 5pT2 + CpT3+..., 

where Ai, B^, C^ ,.,, A^^ B^^ Cg, ..., ..., Ap^ Bpy Cp, ... are 
definite positive integers, or some of them zeros, and where 
r^, Tg, 73,... are a finite number of arbitraries to which any 
positive integral and zero values can be assigned at will. 

In other words, a system of any number r of lineai* Dio- 
phantine equations can, if soluble at all in positive integers, 
have only a finite number of simple sets of solutions 

-"1> -"2» "^SJ ••• » -^l* ■^2> -^3' ••• > ^l9 ^2> ^3> ••• > *fcC., 

iall other sets of positive integral solutions being sums of 
multiples of some or all of this finite number of sets. 

Ex. 1. The only simple set of solutions, excluding the all zero set, 
of the equations ^ ^y^^^^^^^ ^^y 

is the set a? = 1, y = 1, « = 1, t = 2. 

Ex. 2. The simple sets of solutions, besides the all zero set, of 

are those of the table rg,^ y^ <g^ ^^ ^^ ^^ { 

1, 0, 0, 1, 0, 0, 1 ^ 

0, 1, 0, 0, 1, 0, 1 \ 

0,0,1,0,0, 1, 1 

Ans. It is easy to reduce the given set to 

X =^ u, y = V, z ^ w, t =^ u + v + w. 
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Ex. 3. The only not all vanishing simple sets of solutions of 

^{x + z+u + v) = 2 (2«H-3w+4«7), 

from which ;s; disappears, leaving the equation 2x = w+ 2v, are given 
by the table 

X, z, u, V 

0, 1, 0, * 

1, 0, 0, 1 
1, 0, 2, 

This proves that any product of powers of a^, a^, aj, a^ for which 
4i = 2 1(7 is a product of powers of ttj, a^a^ ao^%* 

151.] Application to invariants of one binary quantic. 
Now it has been seen in chapter v that if a^, Og, ... a, be the 
roots of the equation in.x\y 

and if 

e = a\ (tti - og)"" (ai - a^''^^ {a^ - a^''^\ . . 

be a*Q times a product of differences between its roots, such 
that 71^23 n^s, n^s, .*. are aU positive integers or some of them 
zero, and that all roots occur in the same number i of 
factors, so that 

= '3^l2+'^23 + •••+'^2P» 



then 2 e, 

where the 2 means that the roots are permuted in all possible 
ways and the sum taken, is, if it do not vanish identically, 
an invariant of 

(a^, ai, a2,...ap)(aj,2/)*; 

and, conversely, that any invariant can be expressed as such 
a sum 2€, or at any rate as a sum of numerical multiples 
of such sums for which i is the same though the individual 
ns may be different. 

We have to prove that any such sum 2 c can be expressed 
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rationally and integrally in terms of a finite number of ele- 
mentary sums of the kind. This will show that any invariant 
is a rational integral function of a finite number of elementary 
invariants. It will not show that these elementary invariants 
are irreducible, but it will that all irreducible invariants occur 
among them. 

It will be observed that the system of equations above 
in i and %2> ''^la* ^23 > ••• is a system of Diopbantine equations 
such as that contemplated in § 150 (v). Bringing to bear 
then on the system the theorem which has been proved, we 
learn that every such product e as above is a product of 
powers of a finite number of elemental products e^, €3, €3, ... e^ 
which obey the same laws, one elemental product being given 
by every simple set of solutions of the system of Diophantine 
equations, so that generally 

for some set of positive integral, including zero, values of the 
indices r,, rg, ... r^. 

Every invariant is then of the form 

for some such set of indices, or a linear function of such 
sums ; and no such sum which does not vanish identically 
can fail to be an invariant. 

The student must bear very clearly in mind the exact 
meaning of the summation denoted by the 2. The summa- 
tion is that of the 1 ,2 .3 ... p terms, obtained by putting 
for the roots as they occur in the fully written expression 
of e/ieg*"* ... €/** the corresponding roots in every one of the 
1 . 2 . 3 ... jt> permutations of the p roots a^, Og, 03, ... Op of the 
quantic under consideration. The number of terms in the 
summation is in the first place, and is to be regarded as, 
the full number J9 1 of these permutations, though among theixr 
in any particular case there may of course, and will, be repe- 
titions or cancellings or both. Other meanings might, but 
must not, be attached to the S. For instance, the meaning 
might be attached that to each of €1, Cg, ... c^ separately be 
given every one of its p I permutational values. We should 
then get it is true an invariant or an identical zero, but we 
should have no security that every invariant is thus obtained. 
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An instance of the need for this caution will occur in an 
example on the quartic to be given presently. 

152.] We now bring in an idea from the theory of equations 
which will enable us to complete ffilbert*s proof of Gordan s 
theorem. 

Consider €1, one of the elemental products fj, €2,...6^. It 
is one of 'p ! similar products of which the rest are obtained 
from it by permuting the p roots a^, 02,... a, in all possible 
ways. These p \ products are the roots of an equation 

of whose coefficients some will frequently vanish identically. 
Those which do not will be rational integral invariants. This 
is clear from § 75, but another exhibition of the fact is on the 
whole preferable here. 

By Newton's theorem on the sums of powers of roots 
(Bumside and Panton's Theory of Equations, § 1 26) ii , ij , . . . ^ i 
can be expressed rationally and integrally in terms of y ^ , jg » • • • ^p i » 
the sums of the first, second,...^! th powers of the^! values 
of €1 which are the roots of the equation. Now ^i, y2;««'^i>!> 
or rather such of them as do not vanish identically, are in- 
variants exhibited in a form which is a case of the general 
form of § 151. 

Thus the equation (1) expresses 6^^' as a linear function of 
the first ^l — 1 powers €i^--\ 6/'"'^...fl of e^ with an absolute 
term, the coefficients and absolute term being invariants 
expressible as rational integral functions of Sj, ygj-'^pi- I^ 
we multiply through by e^ we obtain an expression for eiP'"*"^, 
which upon insertion in it of the already obtained expression 
for €^^\ becomes a linear function of ^^p'^^ €iP'~^...6j, whose 
coefficients and absolute term are rational integral functions 
of Sj, S2»««'5pi- Multiply again by e^, and again replace fi*^' 
by the expression for it; and repeat the same process any 
number of times that may be desired. We thus obtain the 
fact that, the index r^ being any number not less than p !, 

where Qj, Q2,»*'Qp] ai'e invariants capable of expression as 
rational integral functions of the p\ invariants and zeros 

2 
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Proceed now in like manner with €2, a second of the 
elemental products ej, tg,...*^. This again is a root of an 
equation of degree pi whose first coefficient is unity and 
whose other non-vanishing coefficients are invariants ex- 
pressible rationally and integrally in terms of p I sums of 
which those which do not vanish are invariants, viz. 
2e^, 262^,... 2 62'' '• Consequently, if rg be not less than p!, 
we have 

where iZ^, 1^2, ... i^p, are invariants expressible as rational 
integral functions of 2^2, ^€^^...'^^€2^^. 

In like manner we have like expressions for powers not less 
than the ^ ! th of Cg, f^, . . . €^, the remaining elemental products 
of powers of a^ and differences between roots. 

153.] The number of irreducible invariants of a binary 
quantic is finite. We now return to the general expression 
of §151 

There is, in the first place, only a finite number of these 
expressions for which none of the exponents r^ , rg, . . . rjl exceeds 
pl — l ; viz. (jo 1)^—1. 

Take, however, any one in which one or more of r^ , r2, . . . r^ 
exceeds p\ — l,and express such higher rth powers of elemental 
factors in terms under the 2 by the expressions obtained in 
the last article in terms of powers less than the p I th. Having 
done so, multiply out the expression obtained. The result is 
an identity like 

2Ci'''€/2.,.e/M=:2{Zi€i''»€2'*^..€/Ai+/?2fl''V---^A+--} 

=:Zi2€i%''»...6/'^ + J5r22€i'^C2'^..C/M +..., 

where none of the indices on the right exceeds ^! — 1, and 
where K^, K2,.., are rational integral functions of the fx times 
p\ sums 

2€i,2€i2,...2€/', 
262, 262^...2€2'>^ 



2 ^/»> 2 €^ , . . . 2 €fj^ •, 



which are all rational integral invariants, and are themselves 
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all included in the form 2 « i^i^g^a . . . €/ti for values of the indices 
not exceeding p I . 

Thus every sum 2€^'*^62'^*•••^/^ *^^ therefore (§151) every 
rational integral invariant, is a rational integral function of 
a finite number of rational integral invariants ; viz. of those 
included in the form \^vi^vo ^ v 

for values of the indices none of which exceeds p I, and which 
are indeed all less than p ! except that one of them may be 
equal to p 1 when all the rest are zero. 

It is well to repeat that the summation is to be taken as 
including ^1 terms, one corresponding to every permutation of 
the p roots. 

As already pointed out in § 151, it must not be supposed 
that we have here the exact number of irreducible invariants, 
of which all other invariants are rational integral functions, or 
the forms of invariants which are irreducible. The number of 
the invariants in terms of which all invariants are here shown 
to be capable of rational integral expression is, for quantics of 
low orders to which Gordan's method of transvectants and the 
arithmetical method of the last chapter have been applied, 
vastly in excess of the necessities. Moreover, no precise 
number is really assigned at all by the above reasoning, for 
even when the elemental products 6^, €^^...€^ are known for 
any quantic we have still no information as to how many of 
the sums ^e-^^^*,,.^,^^- vanish identically. 

But a finite number of expressions has been definitely 
specified, all non-vanishing individuals among which are 
invariants, and in terms of which all other invariants can 
be rationally and integrally expressed. That some of these 
only axe strictly irreducible invaiiants, while the rest are 
rational integral functions of them, does not affect the argu- 
ment that all invariants are rational integral functions of 
a finite irreducible system. A selection from a finite system 
is itself finite. 

A modification of Hilbert's method has been proposed by 
Kempe. He succeeds in using a more readily exhibited system 
of products of differences in place of the elemental products 
contemplated in this chapter. See his paper *0n Regular 
Difference Terms/ Proc. Lond. Math. 80c. Vol XXV. p. 343. 
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154.] The cubic and quartio. Little is taught us ae to the 
invariants of particular quantics by exhibiting the method in 
their particular cases, but for the light thrown on the method 
itself we exemplify it in the cases of the cubic and quartic. 

For the cubic (a, b, c, d) (ar, y)^, whose roots are a, /3, y, any 
invariant is a numerical multiple of 

2a*(i3-yr(y-a)'(a-^y, 

where i=« + ^=f + r=r + 8. Of these equations (§ 150, Ex. 1) 
the only simple set of solutions isr=8=^=l,i=2. Thus the 
only elemental product is 

The 3 ! permutations of a, j3, y in this give three products 
each equal to c and three equal to — f. Thus the equation 
with invariant coefficients satisfied by € is 

{€2-a*(^-y)My-«)'(«-^)'}' = o. 

All irreducible invariants are then included among 

of which the first, third and fifth vanish, while the second, 
fourth and sixth are 

Of these the second and third are numerical multiples of 
powers of the first. Thus Bt^, or, say, 

is the only in*educible invariant of the cubic. 

For the quartic (a, 6, c, d, e) {x, 2/)*, whose roots are a, )3, y, 6, 
invariants have the form 

2a»(/3-yr(y-a)'(a-/3y(a-5r(^-6r(y-a)^, 
where i = 8 + ^+/ = t-\-r+8^ = r + s + f =: r'+8' + ^, 

of which the simple sets of solutions are given in § 150, Ex. 2, 
and tell us that the elemental products are 

€i = aO-y)(a-8), 

e3 = a(a-^)(y-s), 



154] EXAMPLE OF QUARTIC. I99 

These are, it will be noticed, as is not the case in general for 
the c's corresponding to higher quantics, of one type, and are 
the aUy av, aw of § 80. 

The 4 ! permutational values of €^ are 

aWy av, aw, —an, —av, —aw 

each four times repeated ; and the values of Cg ^^^ H ^^® ^^^ 
same in different orders. 

The equation with invariant coefficients whose roots are the 
24 values of either e^ or Cg or €3 is (§ 81, Ex. 4) 

{{e^-\2l€-{-a^wvw){e^-l2U-a^uvw))^ = 0. ...(1) 

The irreducible invariants are included in the finite number 

where neither of A, /x, v exceeds 24, and where if either one 
is 24 the other two vanish. 

This example, then, affords an instance of the great excess 
over the number of irreducible invariants of the finite number 
of invariants among which they are included according to the 
present investigation. For we know from previous chapters 
that the only really irreducible invariants are 

Sc/ = Se/ = 2632 = 8a2(u2 + i;2 + 'M;2) 
and 

26,2,, = 26/63 = 263^6^ = -26,6/ = -262.3^ = -2636^ 

= ^a^{u^{v—w)'\-v^{w-'U) + w^{u—v)}. 

It also affords an illustration of the care which must be 
taken to attach the right meaning (see § 151) to the summa- 
tion 2. If in 2 6^2 62 > iiistead of taking this as meaning the 
sum of 24 teims' obtained by permuting the roots as they 
occur in 6^62 in all possible ways, we had wrongly taken 
it as meaning that 6^ is to be given its 24 (or its 6 essentially 
different) values, and 63 similarly, we should have had a sum 
of 2 42 (or 6^) terms which vanishes identically, and should 
not have obtained the, in fact irreducible, invariant 

a^{u^(v—w)-\-i^{w—u)-\'W^{u—v)\ 

at all. Or, if we had taken it as meaning the sum of the 
6 . 5 terms e^e', where 6 and € are two different roots of the 
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equation (I) for Cj or for eg, the same failure would have 
resulted. 

155.] To secure clearness we have in the last four articles 
restricted our field of investigation as much as possible, and 
have confined attention to invariants^ and to invariants of 
a single binary quantic only. Neither Gordan*s theorem, 
however, nor Hilbert*s line of argument is of such restricted 
application. 

Equal fulness of treatment is unnecessary in the next two 
articles, which deal respectively with the case of covariants of 
a single binaiy quantic and the general case of covariants 
and invariants of more binary quantics than one. 

156.] The number of irreducible covariants and invariants 
of a binary quantic is finite. Let us use the word covariant 
as including invariant as a particular case, and also as in- 
cluding the quantic itself. 

Any covariant of the binary p-ic 

{aQ,a^,a^,...ap){x,yY 
whose roots are a^, Og, Og, . . . Oj, is, by chapter v, of the form 

2.<(aj-a,2/)'*i(aj-a22/)"^...(a;-a,2/)~^. 

(ai^a2)*i2(aj-a3)*^s(a2-a3)"» ..., 

where the positive integers, or some of them zeros, 

^l> ^^^2' ••• ^JP> ^^2i ^13> ^23» ••• 

satisfy the Diophantine equations 

= m2 + 7li2 + 'W.23+...+7l2p 

= m3 + 7ii3 + %3+...+'n.3p 



or is a linear function of such sums for the same values of 
i and cr ; and aU sums of this form are covariants. In par- 
ticular, those for which the m*s are all zero are invariants, 
and those for which the n^ are all zero are powers of the ^-ic 
itself. 
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Now by § 150 (v) the number of simple sets of solutions of 
these Diophantine equations for ^, or and the m's and n's is 
finite. Every product, such as that under the 2 above, is then 
a product of powers of elemental products of the same form 
and with the same properties. 

If these elemental products be called ly^, i^g* •••^/«i»then, exactly 
as in § 152, these severally are roots of equations of degree p I , 
in each of which the coefficient of the first term is unity, 
and the other coefficients are covariants which are rational 
integral functions, in the first case of 2t]i, 2t]i^ ... Sry^p', in 

the second case of Sr/g, ^fiii ••• 2^2** '> ^^-j ^^' Hence, as in 
§ 153, all covariants can be expressed rationally and integrally 
in terms of covariants included in the limited class 

where neither of the indices exceeds p I, and none is in fact so 
great as p ! unless all the qthers vanish. 

Remark that, the number of irreducible covariants (in- 
cluding invariants) being finite, the number of iri'educible 
seminvariants (including invariants) is aLso finite. For, if 
any covariant is a rational integral function of other co- 
variants, the coefficient of the highest power of x in it is that 
same rational integral function of those of them which are 
free from x (i.e. the invariants among them) and the co- 
efficients of the highest powers of aj in the rest. 

Ex. 4. In the case of the cubic the elemental products are 

a {x-^ay) (x—fiy) (a?— yy), 
a'(/3-?)(y-a)(a-^), 
and a {x-ay) (/3— y), a {x-fiy) (y— a), a {x-yy) (a— /3). 

157.] Several binary quantics. The proof that all co- 
variants and invariants of a finite number of binary quantics 
are rational integral functions of a finite number of covariants 
and invariants of the system is similar. 

For a system of a finite number of binaiy quantics whose 
leading coefficients are a^^ g^q, •••> ^^^ whose roots are 
a^, ag, ... Op in the case of the first, a/, ag', ... a'y in the case of 
the second, and so on, the general expression for covariants 
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of which all other covariants are linear functions of one 
degi'ee and order is of the form 

2 {%'aQ^. . . n (a; - aj/) . n(a; - ay). . . 

n(a^ — a,). n(o/ — a/)...n(a^ — a/)...}, 

where n(a:— ay) denotes a product of a number of the differ- 
ences x—a^y, X'-a2yj...x—apy and their powers, U{x—ay) 
a product of a number of the differences aj— a/y, oc-^a^y^ ... 
x—aj/y and their powers, n(ar — a,), n(<v'— o/), &c., products of 
numbers of differences between two roots of the first, second, 
&c., quantics and powers of such differences, and n(a^— a/), &c., 
products of differences and powers of differences between roots 
belonging to different quantics of the system. Also, in a 
product under the 2, all roots ai, a2, ... a^ of the first quantic 
occur in the same number i of factors, all roots a/, ag', ... ay 
of the second quantic occur in the same number i' of factora, 
and so on. The summation 2 consists of ^1 p'\ ...terms at 
most, obtained by permuting the p roots a^, Og, ... a^, the p' 
roots a/, a^^ ... a'y, &c., in all possible ways. 

The conditions as to degrees in the various a's, a''s, &c., are 
expressed by p +y + . . . linear Diophantine equations in i, i', . . . 
and the exponents of powers of differences ; and cr, the order in 
Xy y, is determined by another sum of the exponents. Now 
the whole system of ^ +^' + . . . H- 1 equations in i, i', . . . , w and 
the exponents has, by § 150 (v), only a finite number of simple 
sets of solutions. To each simple set of solutions corre- 
sponds an elemental product. If these elemental products be 
coj, 6)2, 0)3,..., the general 2 above is, as before, capable of 
expression in the form 2a)/»a)2'"2a)3''8... . 

Also, precisely as before, every elemental product Wj satisfies 
an equation of finite degree, in no case exceeding p\ ^'!..., 
whose coefficients, after the first which is unity, are rational 
integral functions of a finite number of sums of powers of 
0)1 and the results of permuting among themselves the various 
roots in w^. Hence, as in earlier cases, the sum 

2 0)/"^ toga's COg'"'.., 

can be expressed rationally and integrally in terms of the 
finite number of like sums in which ^1, ^2> ^3>«" ^^ ^^^ exceed 
definite numbers ; and these like sums are all rational integral 
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covariants and invariants. All rational integral covariants 
and invariants of a system of binary quantics are then 
rational integral functions of a finite number of such con- 
comitants of the system. 

In particular, all invariants of the system are rational 
integral functions of a finite number of invariants. For if 
an invariant, free from the variables, be a rational integral 
function of invariants and covariants, we obtain, upon putting 
the variables equal to zero in the identity of the invariant 
and the function, an identity in which all the covariants are 
replaced by zeros while the invariants alone remain. 



CHAPTER X. 

PROTOMORPHS, ETC. 

158.] Recapitulation. We have seen in chapter vi that 
the leading coefficient, that of the highest power of x, in any 
covariant of 

u = (a^, a,, a^, ... ap){x, yf 

is a seminvariant, i.e. is annihilated by 

^ d ^ d d 



and consequently possesses the half invariant property of 
being invariantic for such linear substitutions as 

ic = X + mF, y = Y, 
It has also been seen that conversely 

any gradient of extent not exceeding p which is such as to 
satisfy the differential equation 

X2/S = 0, 

and which is consequently a seminvariant, is the leading 
coefficient of a covariant whose order tsr in x, y is given in 
terms of p and i and w, the degree and weight of S, by the 
relation 

in fact, that the covariant in question may be written 
where „ d , ,, d d 
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If ^ = 0^ the seminyariant is an invariant. 

Thus covariants, including invariants as a particular case, 
and semin variants, also including invariants as a particular 
case, are equally numerous, and correspond one to another. 
If any relation or syzygy connects certain covariants, the same 
syzygy connects their seminvariant leaders, and vice versa. 

Another expression for the same covariant, whose leader is 
the seminvariant ^(a^, %, ag, ... a,), is 

where S{ap, a^-i, (ip-.2i ... a^,) is the anti-semin variant obtained 
by interchanging a^ and a,, a^ and a^.,, &c. in the semin- 
variant ^(^o, a^, ctg, ... a^). 

159.] Elimination of x between u and its sucoessive deriva- 
tives with regard to x. Two interesting conclusions at once 
follow from the results of chapter vi. 

Of these the first is that if in any seminvariant 

of u we replace 

ttp by u, i.e. by (a„, a,, ag, ... a,) {x, yY^ which call a^, 

which call a^-j, 



which call a^^ 
which call a^, 

'^o ^y p{p-i)\..z.2A % '•'■ '^y *<" ^^""^ •'"" "- 

no aj appears in the result, which is merely the seminvariant 
itself multiplied by 3/*^, where w is its weight. 
The result of substitution is annihilated by 

d ^ d ^ ^ d ^ ^ d 



'odai ^ ^"^'da, ^^'^^daa ^••' " ^'^^-^a 



i> 
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Now, writing u^ for -7— , for every value of r from 1 to ^ in- 
clusive, we see that this is 

d d d d 

which, when it operates on a function o{ u^ v^y U2,...Up, is 

merely j- • The annihilation tells us then that the result of 

substitution is free from x. What does not vanish when the 
substitution is made in a seminvariant is clearly y"" into that 
seminvariant, for weight is degree ia x, y ia the result, and 
the form of result independent of x is the form we should get 
by putting a; = first and then making the substitutions. 

The intimate connexion of the theory of seminvariants 
with that of elimination between u and its aj-derivatives is 
now apparent. For instance, from § 137 we conclude that, 
if u be any rational integral function of order p in x, the 
number of linearly independent rational integral functions 
of u and its successive derivatives with regard to x, which 

are of degree i in the coefficients and free from a;, is ( -^^ ; i, p^ 

or ( -^ — ; i, p\ according as ^p is even or odd. And again, 

from known facts as to numbers of irreducible seminvariants 
of binajy quantics of the first few orders we obtain that the 
numbers of rational integi*al functions, of rational integral 
expressions of orders 1, 2, 3, 4, 6 respectively in x and their 
successive derivatives with regard to x, which are free from 
X and none of which, in the five cases respectively, can be 
rationally and integrally expressed in terms of the rest, are, 
in the five cases respectively, 1, 2, 4, 5, 23. 

Once more, from § 128 or from § 100, we gather that any 
rational integral function of u, a p-ia in x, and its derivatives, 
which is throughout of degree i in u and the derivatives, and 
in every term of which the sum of the indices r for factors 

like 1— is constant and equal to ip — w, can be written as the 

derivative with regard to a? of a rational integral function 
of u and its successive derivatives i{ip^2w>0. 
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Ex. 1. Integrate the dififerential equation 

Am. t^ = aaj* + 46a^ + 6ca;2 4-4da? + «, where ae— 4ftc^+3c^ = 0. 

Ex. 2. If u = aoi^+Sba^+Scx+dy express ju(—2^dx rationally 

, . . n . ^ « ^w d^u d^u 

and integrally in terms 01 w, — > -^5 -j-i* 

CuX CKcJ CvHC 

Ans. Here tp— 2w = 1. Assume the most general form and 
determine the arbitrary coefficients by operating with — • 

160.] Covariants obtained by substitution of a;-derivatives. 
The second important conclusion referred to at the outset of 
the preceding article appears to be due to Faa de Bruno 
(-4m. J, III). It is that if we make the same substitutions 
as in the preceding article for a^, a^, ag, ... a^ in 

the anti-semin variant obtained by interchanging a^, and a^, 
tti and a^,-!, &c., in a semin variant 8{aQ, a-^^a^y.^.a^ of weight 
w and degree i, the result obtained will be the covariant of 
which that seminvariant is the leader multiplied by (— 2/)**« 
Noticing that the substitution of a^ for a^ is that oiy^'A^, 

OS 

where A% is the A^ of § 92 with - put for m, we see by § 93, 

if 

bearing in mind the isobarism of weight ip—woi 
that the result of the substitution is 

X 

y 6 o(Clp, dp-i, (lp-2> ••• <^o/* 

Now by § 109, since (— l)'^fif(ap, ap_i,..,ao) is the last coef- 
iicient in the covariant which S(aQ, %, ag, ...a^) leads, the 
covariant going with 8 is 



^o 



(-^IfyiP-^-e' S{ap, ap^,, ap.^, ... a,). 

Of these two expressions the former is (—y)^ times the latter. 
Thus from any seminvariant a mere substitution derives 
the corresponding covariant. 
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If the seminvariant be an invariant, the substitution has 
the eflTect only of multiplying it by ( - lyy*^^"", i.e. by (-y^, 
since ip—2w =^ for an invariant. This accords with the 
result of § 159. 

161.] A seminvariant is given by certain of its terms. In 

the substitution of § 159 put ^ for aj, and 1 for y, i.e. for 

<^Q> (h,y ^2' *** ^p substitute 

a/ = a^y 
< = 0, 



«o 



"^0 



a. = a. — 4 — ao + 6-i,a2— 3-4» 



1 

"0 



Up = (ap, a^_i, a,_2, ... a^) (l, — -i) 

The result of § 159 tells us that 

^(oto* «i> «2> %> ••• ^p) = ^(V> 0, ttg', a^y ... a/), 

where ^ denotes any seminvariant, or, in particular, invariant. 

Thus all rational integral semin variants are rational integral 
functions of the p expressions a/ (i. e. a^), a^, a^, . . . a^. These 
expressions are all integral in a^, ag, ... ap, but, after the first, 
are fractional in a^. They are semin variants, fractional after 
the first, for it is easy to see that they are all annihilated by 
12. This will appear in another light presently. 

It follows that if we know the terms free from % in any 
seminvariant or invariant, we know the whole expression of 
that seminvariant or invariant. To find this whole expression 
we have merely to write the values of a/, a^, ... a^' instead of 
ttg, as, ... «i» in the given terms. We shall see presently that 
this substitution may be efiected by differential operation. 

We shall also notice later a means of obtaining the terma 
free from a^ in invariants. 
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The search for rational integral seminvariants and invari- 
ants may be regarded as the search for rational integral 
homogeneous isobaric functions of a^, a^, a{,.,,a^, which, 
when the full values of a,^^ a^, . . . «/ are substituted in them, 
are integral in a^. 

Ex. 3. Given a'(r+ 4ao*, the terms free from h in the discriminant 
of the cubic (a, 6, e, d) (a;, y)' (cf. chap, vi, Ex. 35), obtain the full 
expression for the discriminant. 

Ex. 4. Verify that a^a^a{ — a^a^^—a^^ 

Ex. 5. No seminvariant has a, for a factor. 

Ex. 6. The number of linearly independent seminvariants of type 
W7, i of a ^ic, whose terms free from a^ are integral, and whose other 
terms are integral in a^, a„ a,,... a^ though not necessarily in a^, is 

(w ; i, ;>)-(«?- 1 ; t— 1, 79). 

Ans. Since (w— 1 ; t — 1, />) is the number of products of type 
M7, i which involve a,, this difiPerence is the number of products of the 
type of a^, a/, a,', ... ap\ 

162.] Coeffioients of quantio deprived of its second term 
are seminvariants. If we inspect the expressions for 

in the last article, we notice that they are the coefficients of 
jf p XP-^Y^^ X^-^Y\ ... F' in the result of depriving the jo-ic 

of its second term by the substitution 

of which the modulus is unity. 

Now this substitution is one after which a seminvariant as 
well as an invariant persists in fonn, for it has the eflfect of 

altering all roots by the same addition — > and leaves the 

leading coefficient a^ or a/ unaltered. 

We thus see clearly the meaning of the identity of the last 
article 

S{aQ, a^, Og, ag, ... a,) = S{aQy 0, a^\ a^\ ... a/). 

p 
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We also see dearly the reason of the fact that a^^ a^\ ... a/ 
are themselves (fractional) seminvariants. For the roots of 
the transformed p-ic are 

where a^^ Og, ...a, are the roots of the untransformed p-ie; 
and 

ttj H = ai 

_ («i--«2) + («i~°8)+--+(«i~Q|>) 

so that every root of the transformed is a function of the 
differences between roots of the untransformed ; which neces« 

sitates that — » — , -^ , being symmetric functions of the 

^0 % «o 
roots of the transformed j9-ic, are functions of differences of 

the roots of the untransformed, of course symmetric in these 
roots from their rationality. They are then (fractional) semin- 
variants of the _p-ic. 

163.] Completion of the theorem of § 42. Consider the 
results of making a^^ ag', . . . a^' integral by powers of a^ as 
factors ; and write 

A^ = a^a( = a^a^-Za^a^a.j,'\'2a^y 

A^ = a^^a^^ = ao^a4 — 4aQ2aia3 + 6aQai^a2 — 3ai*, 



^p = V""^< = V'M^p, ap-1, a^_2, ... tto) (1, - -^) • 

The degree of every one of these integral expressions is equal 
to its weight. They are aU seminvariants, being annihilated 
by 12. 

The equality 

8(aQ, aj, ttg, ag, ... a^) = S{aQ, 0, a^, a^, ... cip) 

may now be written 
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Let ^be as usual of weight iv and degree i. Notice that evieiy 
non- vanishing argument on the right involves a^ explicitly to 
the degree 1— r, where r is its weight. Every product of 
i arguments on the right involves then a^ to the power i—tt% 
where w is its whole weight. Consequently, upon multiply- 
ing through by a^^-* we obtain that 

^o"'~ ^(<^0> ^l» ^2> ^3» ••• ^p) = ^(1> ^J -^2» "^35 ••• -^JJ/J 

which is a rational integral function o{ A^, A^^.Ap only. 

We have here the completion of the theorem of § 42. It 
was there proved that a binary ^-ic cannot have more than 
p algebraically independent covariants and invariants includ- 
ing itself, but that if 2?— 1 distinct from the ^-ic itself and 
independent of it and one another can be found, then all others 
must be capable of expression in terms of it and them. We 
have now proved that there are certainly j9— 1 covariants 
distinct from the jo-ic, namely, those whose leading coefficients 
are the seminvariants A^, Ao,,.,Ap,. These are certainly 
independent of one another and the p-ic ; for in the series 
aQ, ilg, -4-3, ... Ap each involves one of the coefficients 
a^, ttg, tts, ... dp which is absent from all those which precede 
it. We have also shown that the expression for any rational 
integral seminvariant or invariant ^(a^, a^, ag, ... a^) in terms 
of a^j, -4-2, Aq^ ,,,ApiB rational, and is integral in all but the 
first a^, which it involves only in the form of the factor 

The expression of the covariant (or invariant) whose leading 
coefficient is S in terms of those whose leading coefficients are 
a^, A^y A^y ... Ap, of which the first is the ^-ic itself, follows. 
The covariant whose leading coefficient is a seminvariant is 
unique (cf. §§ 111, 112). Now, if u be the ^-ic, and K the 
covariant whose leading coefficient is S{aQ, a^, ag, ...a^), the 
covariant whose leading coefficient is ao**"* >S(aQ, Oj, ag, ... a^) 

is u'^-'K. 

Also, if Og, a3,...ap be the covariants whose leading coefficients 

are ^2» -"-aj ••• -^pt 

S(l, 0, Og, a3, ... Op) 

is a covariant. For it is a rational integral function of co- 
variants, and is of constant degree and weight throughout, 

P 2 
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and therefore of constant order in x, y, since the degree and 
weight of A^ the leading coeflScient of o^ are both r, and 
consequently the order ip—2wota^i& r(/)— 2) so that the 
order of any product of a's which occurs is t(;(/)— 2) where w 
is the constant weight. This covariant is the one whose 
leading coefficient is jS(1, 0, -Ag, -43, ... -4^). Hence the identity 
of seminvariants 

necessitates the identity of covariants 

u'''*K = 8(1, 0, Og, ug, ... a,). 

In other words, any covariant or invariant can be expressed 
as the result of dividing a rational integral function of 
Og, 03, ... a, by the power u"~* of u, where w and i are the 
weight and degree of the leading coefficient of the covariant 
in question. 

In particular, any invariant /(ao» aj, ag, ... a,) is equivalent 

for, in the case when if is an invariant^ ip = 2iv. 

We have here reasoned for cases when w^i. The student 
can supply the slight modification of reasoning necessary 
when w<i. In such a case the result is best written 

Any covariant, then, whose leading coefficient is of smaller 
weight than degree, has a power of the quantic for a factor. 

164.] A complete system of protomorphs is not unique. 
The seminvariants a^, ilg, -43,..,^^, or 

do not stand alone among rational integral seminvariants as 
being a set o{ p in terms of which all others can be expressed 
rationally and integrally but for a power of the first, which 
when ^y > i is a negative power, as factor. 

A system of p seminvariants possessing this property is 
called a set of protomorphic seminvariants or protonwrphs. 

We proceed to see that an allowable system of protomoi'phs 
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is composed of a^ and any set of ^—1 rational integral sem- 
invariants B2, JS^,..,Bp^ which are such that 

B2 is of weight 2 and involves ag, 

^3 j> 3 « ^hy 



•^P » P n ^p 5 

necessities which require that no coefficient a^ of the quantic 
occurs in a £ with a lower suffix than r, and that a^ occurs 
in B^ multiplied by a power of a^ only. 

To see this, take any seminvariant, and, if Gp occur in it, 
take the expression for Bp, 

Bp = aQ^ap-\'f{aQ, a^, a^j-'-S-i)' 
which gives 

and substitute in the seminvariant this value for ap. The 
seminvariant is then expressed as a rational function of Bp 
and %, a^, ag* •••^p-i> integral in all of them but a^. 

Again, for ap_i substitute in like manner in terms of Bp^^ 
and tto, a^, a2,...ap_2; and continue this process as long as 
possible. We thus obtain an expression for the seminvariant 

8{aQ, a^, ag, •.. a^) = aQ-f'F{aQ, a^, B^, £3, ... Bp). 

Eut a| cannot, as a matter of fact, enter in F. To see this 
operate on both sides with 12, which annihilates S and 
%i -Sg, Bq, ... Bp. We obtain 

= «o"'*«o^ -^Kj «i» ^2» ^31 ••• ^i') = <>» 

i.e. J — = 0, 

aai 

the differentiation being partial with regard to a^ as it occurs 
explicitly in F, The conclusion is that it cannot so occur. 
It is proved then that 

S{aQy ttj, ttg, ... ap) = aQ~'*-P(aQ, -Bg' •^3> ••• -^p)? 

for some rational integral form of F and for some integral or 
zero value of fx. 

Notice the two special conveniences of the protomorphs 
A2, -^3, ... -4p of § 163. One is that the form of F for them 
is at once written down from the form of 8; and the other 
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that F does not involve a^ explicitly. For these protomorphs 
weight extent and degree are all equal. For others weight 
and extent only. 

Protomorphs must not be confused with irreducible sem- 
invariants. A complete system of in-educible seminvariants 
and invariants, proved to exist in the preceding chapter, is 
a system in terms of which all rational integral seminvariants 
can be rationally and integrally expressed, without the oc- 
currence in any of them of a negative power of % as factor. 

165.] FrotomorphB of lowest degrees. The system of proto- 
morphs which has been most used is a system 

^0» ^2> ^8> W» ••• ^P 

in which each is of the lowest possible degree. 

Those of even weights 2, 4, 6, ... are of the second degree ; 
viz. the system of § 114 

Cq =aQag — 6aia5 + 15a2a4— lOttg^ 



where ( j denotes the number of combinations of 2n things 

r together. 

For odd weights there are (§ 114) no seminvariants of the 
second degree. In each case, however, there is a protomorph 
of degree 3. These can be found by the method of § 114, by 
detei*mining gradients of degree 3 and the requisite odd 
weights which 12 annihilates. 

A readier way of calculating them is afforded by the 
theorem of Cayley's that, if /S be a seminvariant of degree i 
which does not involve a^, then 

{aQ^—ttiilS, 
where ^ denotes the operator 

d d d 

^daQ da^ ^^da^^^ 
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is another seminvariant whose degree weight and extent are 
each one greater than those of 8. The facts as to degree 
weight and extent are clear. That the gradient educed from 
S is annihilated by X2, and is therefore a seminvariant, may be 
seen as follows. 

By the method of § 123 we have the equality of operators 

/> d d d \ 

/ d d d \ 

/ d ^ d d X 

d ^ d d 



®c?aQ da^ dap^i 

/ d , ^ d d \ 

Hence, when the operation is on S, a seminvariant (annihi- 
lated by X2) of degree i, and by supposition free fi'om ap, 

a^S = iS, 
whence X2{ao3'— aii}/S = aQiS—aQiS—aiiQ^S 

= 0. 

Consequently (a^S^— aii)/S, being annihilated by 12, is a sem- 
invariant. 

Use of this theorem gives us, from the even weighted or 
quadratic protomorphs Cg, C*, Cg, ... in succession, the odd 
weighted or cubic protomorphs C3, Cg, C^, ... in succession; viz. 

= «o^«3 - 3 aoaiaa + 2 a^^ = A^, 

&c., &c. 
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Ex. 7. The operator a^S^— a,t may be written 

in which the last term is — a, a- -^— • 
Ex. 8. Prove that 



«. {o,^ + 2«. ^^ + ... + (p-l)«, ^} - 2«.«.. 



or 



is another operator which educes from seminvariants of a j9-ic which 
do not involve a, other seminvariants, and by means of it educe the 
same series of cubic protomorphs C„ C^ Cj^...from. the quadratic 
protomorphs. {Cayley.) 

Ex. 9. Prove that a^O— aj(t/>— 2tiy) educes seminvariants from all 
seminvariants of a p-ic, and derives C„ C^ Gp.,. from (7,, C^, C^^,,... 

166.] If 72, 73, ... yp be the covanants whose leaders are the 
protomorphs C2, Cq,..,Cp, then the expression for a sem- 
invariant S in terms of them and a^, 

where the function F is rational and integral for a rational 
integral 8, leads to the expression for the covariant K whose 
leader is ^5 

ir=u-'*.F(u, 72,73,... y,). 

This follows by the same argument as in § 163. In fact, in 
general the expression for a seminvariant or invariant in 
terms of any system of protomorphs leads to exactly the same 
expression for the corresponding covariant or the invaiiant in 
terms of the covariants led by the protomorphs. 

167.] Senunvariants as integrals of QS = 0. Another 
aspect of the reason for the expressibility of any seminvariant 
or invariant in terms ofp independent ones should be noticed. 
A seminvariant is an integral of the differential equation 

dS ^ dS ^ dS dS 
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which is properly regarded as beginning with a vanishing 
multiple of -r— • 

Now Lagrange's theory of linear partial differential equa- 
tions {Foraytkf § 184) tells us that when we have p indepen- 
dent functions fi^ of a^, o^, ag, . . . a^ which satisfy this equation, 
any other 8 which satisfies the equation is a function of 
those p. 

Now in §§ 161, 163, 164, 165 we have sets of p independent 
solutions, viz. 

^0 > ^2 > ^3 > • • • ^p I 

^0> "^2» "^3* ••• "^PJ 
^0 > •^2> -^3> • • • -^P 5 
^0» ^a> 3> ••• ^P* 

We thus have it clearly exhibited that any seminvariant or 
invariant, even though fractional or irrational, is capable of 
expression in terms of a set of protomorphs. 

168.] ProtomorphB for systems of quantios. A semin- 
variant of the system consisting of two binary quantics 

{aQ,a^,a2,...ap){x,yY, 

is (§ 115) a solution of the differential equation 
. dS ^ dS dS. 

/» dS ^, dS ,, dS\ 

in the p+p^ +2 variables %, Oj, a2>«"^p5^o> ^i» ^2»'»* V* ^^ 
need ^+^'+1 independent solutions of this equation: and 
these are afforded by a set of p protomorphs of the p-ic, 
a set of p^ protomorphs of the p^-ic, and the one additional 
aQ^—dibQ. All seminvariants of the system can then be 
expressed in terms of these 2>+i?'+ 1 seminvariants. 

Moreover, we can easily prove a theorem due to Clebsch, 
that the expression for any rational integral seminvariant of 
the system can be expressed in terms of ao^i""^^o ^^^ ^^^® 
of protomorphs a^, B^, £3, ... B^ ; 6^, B^, -Bg', ... ff^t in a form 
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which is rational, and is integral except as regards a^ and b^ . 
As in § 164, we reduce it to the form 

where F is rational and integral in its arguments. We also, 
upon expressing the annihilation by 212, obtain that 

and this tells us that F involves a^, b^ in the connexion 
aQb^ — a^b^onlj. 

And, quite generally, rational integral seminvariants (in- 
cluding, of course, invariants) of any number of binary 
quantics are rational functions of sets of protomorphs of 
those quantics Feverally, and of the leaders 

of the Jacobians of one of the quantics and the rest, which are 
integral except as to powers of a^^, 6^, c^,..., the protomorphs 
that are the leaders of the quantics themselves. 

169.] Protomorph« applied to the analysis of irreduoible 
systems. The Cubic. There is a method due to Cayley for 
finding the complete system of irreducible seminvariants and 
invariants of a binary quantic, and therefore the system of 
irreducible covanants and invariants, from a system of proto- 
morphs, which is simple for the cases of the cubic and the 
quartic. 

It is of very little consequence whether we stait from the 
system of protomorphs a^, -^.g, A^,,..Ap of § 163, or the 
system aQ, C2, C3, ... Cp of § 165. For the cubic these systems 
are the same, since A2 = Cg and ^13 = 03. 

By § 163 any seminvariant of degree i and weight w of the 
cubic (a, b, c, d) (a?, yY is of the form 

a'^^*F(A,, A,l 

where ^(^2> ^s) ^^ rational and integral 

Here, i[i>w, the seminvariant is integrally expressed, and 
has the positive power a*"""' of a as a factor. It is then 
a rational integral function of a, A^, A^, and is not irre- 
ducible, unless it be only a itself. 
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If ^ = ^(; the semin variant is a rational integral function 
F{A^, Aq) of A2 and -4^, and is not irreducible unless it be 
either A^or A^ itself. 

Any irreducible semin variant, other than a, A.^^ A^, must 
then be the result of dividing some rational integral function 
of ^2 ^^^ -^3 hy a power of a. Such a function, being divisible 
by a, must vanish when a = 0, i.e. when we put for A^, A^ 
the values ^,' = -6^ A^' = 2b\ 

Now the one rational integral function of these which 
vanishes is A^^-hi^A '^ 

Any other can only vanish in consequence of having this for 
a factor. We are thus led to form 

A^^ + iA^^ = a^{a^d^'-6abcd + 4ac^ + ib^d'-3bH^} 

and to conclude that A is a seminvariant — it is of course the 
discriminant, a full invariant. It is found as one whose 
weight exceeds its degree, so that it is not a rational integral 
function of a^ A^, A^. 

We are also led to conclude that any other seminvariant 
whose weight exceeds its degree is given by the rejection of 
an a factor from a function F(A2, A^) of which 

is a factor, and consequently that it has A for a factor, and is 
not irreducible, but a rational integral function of a, ilg, -^3, A. 
Thus all rational integral seminvariants of the cubic ai'e 
rational integral functions of some or all of a, .42, -4 3, A, 
which alone aie irreducible, and are connected by the syzygy 

il32 + 4il/=a^A. 

These are the results of § 141. 

170.] Irreducible system for the quartic. Consider now 
the quartic (a, b, c, d, e) (aj, t/)* ; and take the protomorphs of 
§165, 

a, C^^ac-'-b^y C^ = a^d'^3abc-\-2b^, C^ = ae — ibd-\-Sc^, 

the terms free from a in which are 



220 IRREDUCIBLE SYSTEM FOR QUARTIC. [170 

As in the last article we are led to a semin variant (not now 
an invariant) 

D = a«(/2 - 6 abed + 4 ac^ + 4 b\l - 3 b^c^, 

which may, so far as we know at present, turn out to be 
irreducible, though that it was irreducible in the case of the 
cubic, for which there were three protomorphs only, aflFords 
no reason why it should be now that there are four. The 
terms free from a in D are 

Any seminvariant not a rational integral function of these 
five will, by § 165, be the result of rejecting a factor which 
is a power of a from a rational integral function of a, C.2, C3, C^ ; 
and such a rational integral function may present itself in the 

^«™ F(a, C^, C„ C„ D), 

where F is rational and integral in its arguments. The result 
of putting a = in this is 

^(0, C/. C3', C/, 2/), 

and must vanish identically, since F, expressed in terms of 
a, 6, c, dy e, has a for a factor. 

Now a result, distinct from Cj'* + 4 Cg'* which led to D, of 
eUminating 6, c, d from 

C^=:^b\ (7/ =263, C/ = -4M + 3c«, iy = 46«d-36V, 

is cici-'iy = 0, 

and this leads to 

(72C4-i) = a(ac6 + 26cd-ad2-6*6-c») 
= a J", 

which shows two things : (l) that there is a new seminvariant 
J", an invariant, in fact, which may prove to be irreducible ; 
and (2) that D is not irreducible, but is equal to C^C^—aJ. 

We have now further to look for rational integral functions 
of a, C2, C^i C^y J which have a for a factor, so that the same 
functions of 

0, C^^-^b\ C^' = 2b\ C/ = -46cZ + 3c2, 

J' = 2bcd-Ve''C^ 
vanish identically. 
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But there are no such new functions. For G^ involves 
a letter c which does not occur in G^ or C3', so that no 
relation connects it with them ; and J' involves e which does 
not occur in either C^^ G^^ or C/, so that it again is indepen- 
dent of the preceding. 

Consequently a, C2, C^, C^, J is the complete system of 
irreducible seminvariants and invaiiants of the quartic. Of 
these G^ is what in previous chapters we have called /. The 
result is that of § 145. 

The one syzygy which connects members of the irreducible 
system (cf. § 145) is also exhibited. We have, as above, 

and G^G^ — D = aJ, 

from which, after elimination of the reducible D, there results 

a^J^a^G^G^-hG^^-h^G^^ = 0. 

171.] The method is not suited for extended application to 
higher binary quantics. It may be pursued in dealing with 
the quintic and the sextic, but the labour is enormous owing 
to the number of eliminations and the length and complexity 
of the functions dealt with. Moreover serious theoretical 
difficulties present themselves, and without guidance by a 
knowledge of the results to be obtained those results could 
hardly be thus arrived at with certainty. 

One general fact should be mentioned. The protomorphs 
%9 Cg, C3, G^,,,,Gp are in all cases irreducible; for each 
involves its most advanced letter from among a^, a,, a^, ...a^ 
in the first degree only, and is the seminvariant of lowest 
degree which exists for its own weight. The same cannot be 
said of the other system of protomorphs a^, A^, -^g,...-^^, 
which after the third are of higher degrees than the lowest 
possible. 

172.] A seminvariant arranged by powers of a^. When in 
a seminvariant, or, in particular, invariant, the terms free from 
«! are known, the whole is known. 

This has been proved in § 161. We have only to replace 
in the given terms cZg, a3,...ap by the aa', a^\,,.a/ of that 
ai*ticle. 
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Any gradient in Oq, a^^ a^\ ... a/ is a seminvariant, but not 
necessarily an integral seminvariant. 

A seminvariant which is integral may be expressed in its 
integral form, when its terms free from aj are known, by aid 
of differentiations only in virtue of the following. 

Let Q{ be tbe^ given terms free from 04, and suppose the 
whole seminvariant to be 

where Q^, Q^_i, 0,-.2»'" Qi-m a^© aU fre® from a^, and where 
m is some number not exceeding ^, the degree of S. 
If we write 

d ^ d 

where o) does not involve either a, or ^— , then 

Hence, arranging the seminvariant condition 12^ = by 
powers of a^, and expressing that the parts of X2£^ with 
different powers of a^ for factors must vanish separately, we 
have the succession of facts 

2a<,Q<_8 + «Q<_i + 2^Q, =0, 

2b 



3 %Qi-z + » Qj^a + 2 ^ Qi_i = 0, 



d 



'*<?- + '^^'-'-^^ = '' 



of which all but the last two suffice to determine from 
Q^ the expressions for Q<_i, Q»-2, ... 0»-m i^ succession by 
operations with o)^ i.e. by differentiations. 
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The last equation tells us that the terms multiplying the 
highest power of a^ which occurs in a seminvariant are free 
from ag. 

Ex. 10. State the corresponding facts with regard to anti-semin- 
variants, derived from their annihilator 0. 

173.] A simpler method of determining the whole semin- 
variant St when its terms Q^ free from a^ are known, is given 
as follows. 

If G be any gradient whatever, the following is an identity, 

* Qq l'^% 1.2.3 0^^ ^ 

For the left-hand member is 



% 



^ '^hQ?G+'^Q?Q 



1 .2 a^ a^ 



1 . 2 . 3 a^^ 1 . 2 tto^ 
+ , 

of which the terms cancel against one another up to a certain 
point, and after that point vanish. 

Now take Q^ for the gradient G. We obtain that 

is annihilated by 12, and is consequently a seminvariant if it 
do not vanish. But it does not vanish since its terms Q^ free 
from a^ do not. 

Its form is apparently fractional, but cannot be really so. 
It must, in fact^ be exactly 

for otherwise the difference of the two would be divisible by 
a^ and annihilated by A. Now this is impossible, since no 
seminvariant can have 0^ for a factor, seminvariants being 
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. a,' ^a, _ a,* 



functions of a^, a,— — > a, — 3 -^ a2+2 -^ » ... , which are the 

non-vanishing and independent a^, aj, 03, ... when a^ = 0. 

The full expression for a seminvariant is then found by 
operating on its terms free from a, with 

a^ 1.2 a^; 1 . 2 . 3 a^^ 

Ex. 11. Prove that this operator annihilates any gradient with 
a, for a factor, and ))roc1aces from any other gradient a seminvariant, 
not necessarily integral, which is also produced from the terms in it 
which are free from a,. 

Ex. 12. liG 1)6 any gradient, Q.{a^G) involves as many arbitraries 
as G. 

174.] Annihilator of terms free from a, in invariants. 
There does not seem to be a simple general method for find- 
ing the terms free from a^ in integral seminvariants of given 
type. The case is different, however, with regard to invari- 
ante, which are at once seminvariants and anti-seminvariants. 
The terms free from a^ in an invariant have an annihilator, 
which suffices to determine them. The fact is due to Cayley. 

Consider the two annihiIatoi*s, 

of invariants of a binary p-ic. Eliminating -=— we have 

+ «o{(P-2)a3^^+(p-3)a,^ + ... + a,^j 

= ai<^ + >/r, say, 
where ^ and 1/^ do not involve a^ or -7— • 
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Now let an invariant, arranged by powers of a^ as in the 
last two articles, be written 

We find that, since 12 and 0, and therefore aoO — (^— l)aal2, 
annihilate /, ^j^^ ^ ^^ 

V^JB<«i + <^JS< =0, 



Of these the first is the result important for our purpose ; 
but before examining it we notice that the last, viz. 

tells us that, since -^ JB^-.„ = by § 172, we must also have 
^— Iti-.m = 0, I.e. that the terms which multiply the highest 

power of aj which occurs in any invariant are free from both 
c&Q and a2. 

The more important conclusion, gathered from the first of 
the above equalities, is that the terms free from a^ in an 
invariant of a binary p-ic have the annihilator 



-(p-l)a,{3a,A+4a3^+...+^,_,^j 



We need to know conversely that all gradients in a^ , a2 , ag , . . . a^, 
for which ip=:2w, and which have i/^ for an annihilator, 
are the terms free from a^ in invariants. When this is known 
we are sure that we have a means, by expressing the annihila- 
tion by yjf, of finding the numerical multipliers in those terms 
of invariants of a given degree, and thence, in either of the 
ways of §§ 161, 172, 173, the complete expressions of the 
invariants. 

We shall encounter a proof of this converse proposition in 
the next chapter (cf. § 186). It amounts to proving that all 
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gradients for which ip = 2te; in a^, a^^ a^\...ap, the coef- 
ficients in the quantic deprived of its second term as in § 162, 
which are annihilated by ^^ the result of accenting the letters 
ag, 03, ... a^ in yjf, are invariants, i.e. are annihilated by as 
well as by X2, which latter must annihilate them since it 
annihilates a^, a2^ a^\ a,\ Note that no expression fractional 
in a^ can be annihilated by 0. 

It is for the present left to the student to arrive at the 
proposition for himself by the sequence of theorems of the 
following four examples. He will see from Ex. 16 that if 
G' satisfy yj/^O' =z it must certainly satisfy OG' = 0, provided 
ip'-'2w = 0, as is the case. 

Ex. 13. Prove that, if by the substitution a; = X+mF, ^= Y the 
quantic (a^ o^, a,,... Op) {x, y)'' be ti-ansfoiTiied into 

(ao, a,, Sj, ... ap) (X, F)', so that (§ 92) 

ft© ^^ ^o» 



then 



»! = «! + «©*'*> 

aj = a2 + 2aim+aom', &c. &c., 



d d d , <f ^ d 

aa^ a&Q ask^ aa^ a&p 



and, generally, 

-— = _il.2.3...r-r— +2.3...(r+l)w 
dur r\ I d&r ^ 



+ ... 



the last case of which is 

d 



dAr+i 

+ (i>-r+l)(p-r+2)...i>m''--^ 



dup d&p 

the operations on the left being all upon a function of a^, 64, a,, ...a^, 
and those on the right all on the function of a^, a,, &^,.,.Ap to which it 
is equal. 

Ex. 14. Hence show that the operators 

. d d d 
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d^ d d d 

a^ da^ *da^ ^ '^dup 



€L ^ d d d 1 



9 



0_fl(^_2w)-?lja = p«,— +(p-l)a,T- +...+«, 



«.^-^ ' a,« '■"'da,'* ' 'da, • ■••^-"da,., 

-a^l^'i, +<^-2)«,|- + (l'-4)a,^^ + ... -^,^| 

a,' id d d 1 

transform into operators of like forms. 

Ex. 15. Show that the only necessary modification of the above 
when the operation is on a seminvariant, and when m is the non- 
constant i and a^, a,, a^, ... ftp are consequently the a^, 0, a/, a/, a/ 

^0 d 

of § 162, is that the undetermined -3—, is to be taken as defined by 

the persistence in form of 12. 

Ex. 16. By this and the fourth of Ex. 14 prove that the effect of 
operating with \j/, i. e. 

«.{(p-2)«.'^, + (P-3)«/^. + ••• +<5^} 

- (P-IX {30,' ^, + W^ + ... +pa%_,^^, 

on a gradient in a^, o,^, a/,.,, a^ is the same as that of operating on 
the equivalent function of a^, a^^a^y,,,ap with aoO— aj(»jp— 2w;), 
since £L annihilates it. 

175.] Taking ^ = 6, i. e. the case of the quintic 

(a, 6, c, d, ej) (oj, yf, 

the annihilator ^ is 

3adJc + (2a6— 12c2)^d + (a/— 16cd)J^— 20C62>/. 

An invariant of the quintic of degree t, and consequently of 

5i 
weight —J if such exist, can then be found as follows. Write 

down the most general gradient of the type in a, c, rf, 6, /. 
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Operate on it with the annihilator above, and equate to zero 
the coefficients of the various terms in the result. If the 
equations can be satisfied by values of the arbitrary co- 
efficients in the assumed gradient which are not all zero, we 
obtain as many linearly independent invariants of the type as 
there are coefficients left arbitrary. I£ they cannot be so 
satisfied there is no invariant of the type. 

The terms free from b in the invariant are thus found. If 
Ri be the said terms, the whole expression for the invariant of 
which Bi is part is by § 173 

where, after the operations are performed, /3 is to be replaced 
by -• 

In this way the invariants of degrees 4, 8, 12, 18 of the 
quintic may, with much labour in the last two cases, be cal- 
culated. 

For the sextic (a, 6, c, d, e, /, g) (a;, y)^ the annihilator yff of 
terms free from b in invariants is 

4ad^e + (3ae-15c2)^d + (2a/^-20ccZ)J^ + (agr-25ce)^/-30c/d^, 

by means of which the invariants of degrees 2, 4, 6, 10, 15 may 
be found. 

And similarly for higher quantics in succession. 

Ex. 17. Integrate by Lagrange's method the diflferential equation 
for the case of the cubic 

yl^G = (ad\'-6c'}^d)G = 0, 

and thus show, remembering 3i=2w, that an invariant of the cubic 
is necessarily a power of a^d^-i-^ac^, where 

y _ , ^' ^. ^ 36c ^ 26» 

c = c — — , a = a h —3-. 

a a a* 

Ex. 18. Integrate the differential equation for the case of the 
quartic 

ylfG = {2adh^^{ae-9c')}^a- I2cd\} 9 = 0, 
and show that invariants of the quartic are functions of the invariants 



r 



i 
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176.] Seminvariants arranged by powers of their most 
advanced letter. The present is a convenient place for 
a theorem or two not directly connected with the rest of 
the chapter. 

Take a seminvariant S of extent p. We are not necessarily 
regarding it as a seminvariant of a ^-ic in particular. It is 
equally one of course of any binary quantic of order not less 
than p, whose first ^+1 coefficients (after rejection of their 
binomial factors) are the a^, a^,a2f,..ap involved in 8. 

Arrange S according to powers of ap, its most advanced 
letter, and write it 

where suffixes of P's do not of course, as they did in § 172, 
&c., indicate degree. 

Express the annihilation of 8 by X2, i. e. by 

The terms involving different powers of a^ in X2iS must vanish 
separately, for the vanishing is identical. Hence 

^Po =0, 

X2iJ + 7ipap_iig =0, 

12i^ + (n-l)^p_iiJ = 0, 



12^+^p.ii2_i =0. 



From these identities we draw, among others, the following 
conclusions. 

(1) JJ, the function of a^, a^, ag, ...ap_i which is the co- 
efficient of the highest power of a^, the most advanced letter 
which occurs, in a seminvariant 8, is itself a seminvariant. 

(2) When Pn, which consists of the terms free from a^, the 
most advanced letter in a seminvariant, is known^ the rest of 
the seminvariant can be found by aid of a succession of 
operations with X2 and divisions by multiples of a^-i, i. e. by 
aid of differentiations and elementary algebraical processes 
only. 
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Ex. 19. In the case of an invariant, prove that also when the 
terms free from a^ are known the whole invariant can he written 
down hj aid of differentiations and elementary algehraical processes 
only. 

An8. Consider the annihilation hy as we have that hy 12. 

177.] SemiiiTariaiits as Beminvariants of Beminvariants. 
Another interesting conclusion which can be drawn from the 
identities of the preceding article is that any seminvariant of 
a seminvariant of a binary quantic, regarded as itself a binary 
quantic in a^: I, where a, is the most advanced letter in- 
volved, is a seminvariant of the original quantic. 

be any function of the P's, 

by the identities proved. 

Now the seminvaiiant 8 of the last article is 

and if we write this 

(Po,P/,P/,...P.)(a„l)«, 
we have generally 

*" rl *" 

Now, with this change of notation^ 

.Po^^4.(.-1)p4^+(.^2)p4^ + ...+P._4^ 

which is of the form of £t, and annihilates only functions of the 
P's which are semin variants of S looked upon as a quantic in 
a^: 1. 
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Such seminvariants are then also annihilated by 12, i.e. 
they ai*e seminvariants of the quantic whose coefficients are 

QfQ, Ctj, tt2) ^3» ••• • 

This includes as a very particulai* case the result (l) of the 
preceding article. 

178.] Seminvariants derived by difildrentiation of semin- 
variants. One more fact with regard to any seminvariant 
and its most advanced letter a^ may be mentioned. 

We immediately prove the alternant identity 



dap dap ' ^^ dap^-^* 

according as X2 does or does not extend beyond a^. 

If then iS is a seminvariant which does not extend beyond a, 

dap 

dS . • • . 

I.e. -J — IS a semm variant. 
cUip 

d^S d^S 
By repetition it follows that -^ — ^ » ^ — 3 > • • • *^® seminvariants. 

This again includes as a particular case the result (1) of § 176. 
If a^ be a letter short of the last a, which occurs in a sem- 
invariant, 



da^ ^ da^ 



r-l 



The theorems of these last articles are partly Cayley's and 
pafrtly Sylvester's. 

179.] Passage from discriminant to discriminant. To 
Cayley is due an application of § 176 (2) to the determina- 
tion of the discriminant of a binary ^-ic from that of a binary 
(^— l)-ic. Let us apply it to find the discriminant of a cubic 
from that of a quadratic. 

The discriminant of (a, 6, c, d) (a;, yf is an invariant which, 
when we put (2 = in it^ becomes the discriminant of 

which is a numerical multiple of the product of the squares 
of differences between 0, a, /3, where a, p are the roots of 
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ojji?' + 36an/ + 3 cy*, with the factor a* necessitated by its known 
degree. Now this is a numerical multiple of a^(a)3)^(a— )S)^, 

^•^•^^ c«(4ac-36«). 

These then are the terms free from the most advanced 
coefficient d in the discriminant of the cubic. The other 
terms are determined from them as an example of § 176. 

180.] Operators which generate seminTariants. Semin- 
variants and invariants can be derived from gradients which 
are not seminvariants by operations involving differentiation 
and elementary algebraical processes only. In fact, oR sem- 
invariants can be thus obtained. The idea is Hilbert's. 

It was proved in § 128 that^ if G be any gradient in 
ttQ, Oj, a^, ...ap, or some of them, for which iy = ip— 2t«; is 
positive, 



i'-i^ 



1, 1.2.Tj(l7+l) 



^ nosn2+,. ?(y = o, 



1.2.3.iy(Tj + l)(iy + 2) 

and in § 100 was proved the really equivalent theorem that in 
the same case 

( 1^ "*■ 12.22 ^1».22. 32 ■^'••) 

Now for Q put X2jP, where F is any gradient of degree i and 
weight ty+l in a^, a^, a^^^.,a^ or some of them. The two 
theorems tell us that 

X2{l--J-Qn+ , ^ \ -J)^a? 

X l.TJ 1.2.Tj(iy+l) 



1.2.3.iy(iy + l)(ij + 2) ^ J 



, ^c, on no^n n^o^n )„ 

and i2ji«_+-^_^--^_^_^+...J^=0. 

Now write tt; instead of tt; + 1, so that ^is any gradient of 
weight w and degree i in a^, %, ag, ... a,, or some of them, for 



I 



I 
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which T] = ip^2w is greater than —2, i.e. < — 1. We have 
to put 17 + 2 for T], and deduce that 



^ - l.(n + 2) ^" + 1.2.(t, + 2)(, + 3) ^'"' 



I 

1.2.3.(T, + 2)(r, + 3)(r, + 4)'^'' -r' 
or its equivalent 

(Oft no^n n^o^n ) 
I 1' '*' p.2« 12. 22. 32 ■^••'r' 

is annihilated by X2, so that it is either zero or a seminvariant. 
In particular, taking ry = ip— 2tt; = 0, so that the first 
expression is 

(1.2 •*" 1.22. 3 ~ 172^3^4 "*"-T' 

this or the second expression is either zero or an invariant. 
If Tj = ip—2w = — 1 for Fy the first expression is 

c on om^ om^ i„ 

\ 1' "^12.22 l2.22.32'*'-r' 

and this, or its equivalent the second expression, is necessarily 
zero, for there are no seminvariants (cf, § 112) for which 
tp— 2tt;= —1. 

For the sake of unity of statement let us adopt the second 
general form, though the former is in most cases the one best 
adapted for actual calculation. The general conclusion arrived 
at is that if we write down any gradient or sum of gradients 
whatever, with arbitrary multipliers, and arbitrary degrees 
and weights subject to ip— 2tt;< — 1, the result of operating 
on that sum with 

Oft ftO'ft ft^O^ft 
12 "^ 12.22 12. 22. 32 "*■••• 

is a sum of seminvariants and invariants, except for cases 
when it vanishes, as it must in particular for degree weights 
subject to ip—2w = — 1. 

181.] We thus obtain all seminvariants and invariants 
whatever. To see this it suffices to observe that the result of 
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g on *Dy semioTaruuit iS is to produce 8 itself, for 

, so that Oils = 0, no*n>s = O, &c. 

!□, we operate on the most general gradient of weight 
M i, and extent in no term exceeding p, which ac- 
■j contains (w ; i, p) arbitraries, we obtain a result 
; i, p)~[w—l ; i, p) arbitraries, which is the most 
Beminvariant of the type in question. There is always 
irement rp — 2 w < — 1 . 

ay diBtinguish between those gradients of type w, i, p 
ich the operator 

OQ O'tl' 

.{n+2) ''■ 1.2.(i, + 2)(t + 3) 

1.2.3.{, + 2}(t + 3)(^ + 4)'^-' 

[uivalent, produces seminvariants, and those which it 
tes. The latter are those gradients F of the type 
re of the form Of. (Note that it ip~2{ip-w),i.e. 
were positiTe, all gradients F would be of the form 
the duality of il and and the fact that when 
is positive all gradients are of the form Q.F". But 
attending to cases in which ip — 2wi^-~l, for which, 
a the one case where < is replaced by =, there is no 
^ression in general possible.) 

ye can see as follows. First, if the result of operation 
I, J* is of the form OF, for the expression of the 
ig may be written 

w-oi—J^ Q"' , If 

(1.(1 + 2) 1.2.(, + 2){>, + 3)'^-r' 

3 of the form in question. Secondly, t^e operator 
nihilate an OF. For 



I 

I 



l.(, + 2)^ i.a.(, + 2)(, + 3) 



"l.(i| + 2)'' 1.2.(, + 2)(, + 3)" 

no cio'a 

"l.(, + 2)* l.2.(, + 2)(, + 3)" 



.K 
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since 011.110 = 120.011, 02X12.110 = 110.02X12^... by 
§ 125, Ex. 4. Now this must vanish, for r; + 2 is the rj of F^ 
and is positive, so that the expression is operating on 
a vanishing result, by the first relation of § 180. 

The same conclusions may be drawn from the second form 
of the operator. 

182.] To determine seminvariants and invariants by this 
method we naturally operate on the simplest gradients we 
can choose, i.e. on single products of letters chosen from 
among a^, a^ , ag, . . . a^. Unfortunately no simple rule presents 
itself as to what products can and what cannot be written in 
the form 0F\ i.e. what products lead to seminvariants or 
invariants and what to zeroes. 

In the next chapter we shall, however, see that when we are 
not limited to a particular extent p a like method can be 
employed with perfect definiteness, and we can assign an 
exact system of products to which there is a one to one 
correspondence of seminvariants. 

Ex. 20. Obtain the invariant ace + 2&cc?— a<i^— 6'«— c' of a quartic 
by operating on a single term of it with 

0X1 O^Q? r)«Q« 

1.2 "^ 1.2«.3 1.22.3^4 ■*" •••• 

Ex. 21. If F=zOF^, where F is of the type Wy iy p and 
ip— 2 te; -«{: — 1 , prove that 

CI go 0.^0' I 
" (v 1^2^ ■*■ p.2^32 •*•) ^' 

Hence if jP' be genei-al of type w— 1, », p, so as to involve 
(m7--1 ; iy p) arbitrary coefficients, F or OF' must also be a sum of 
iw—1; i,p) independent multiples of linearly independent gradients. 

Ex. 22. The gradients of type w, i, p, ip— 210^—1, which are of 
the form OF^ are linear functions of the coefficients of a*'"'*' in pro- 
ducts of order tp-— 10+ 1 in a; of t quantics chosen from 

Hp-,^ + 2 ap^jfl? + Op, 



a^^ '^•pa^^'^ -h . . . + «p. 
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Ex. 23. If /, any invariant of a binary p-ic, can be expressed in the 
form 

where /,, I^, I^y- are invariants, prove that it may be expressed in 

^1/2 + 213/2 + 213/3+ ..., 

where A^, A^, -4 3',... are also invariants. {Jlilbert.) 

Ana, Operate with either form of generator of invariants, 
remembering that 12 and annihilate /, I^, /,, I^, 



CHAPTER XL 

PUKTHEK THEOBT OF SEMINV ART ANTS. THE BINARY 
QUANTIC OF INFINITE ORDER. 

183.] Q, expressed by means of roots. We commence this 
chapter by a consideration of the expression of seminvariants 
by means of the roots of a quantic, and more particularly by 
means of the sums of like powers of the roots, which might 
well have been given at a much earlier stage. 

It was seen in § 91 that a seminvariant of 

in virtue of its having 

for an annihilator, is a function of Uq and the differences 
between roots. It is accordingly annihilated by 

^da^ doi dog '" dttp •••\ / 

where aiya2,,..ap are the roots. Moreover, any function of the 
roots which has this last for an annihilator is a function of 
their differences, by the ordinary theory of linear partial 
differential equations. 

We can see as follows, what is thus suggested, that the 
effects on any function of the coefficients, which is therefore 
a function of Gq and the roots, of the operators (1) and (2) are 
identical, but for sign. 

If 

f{x) = (ao,ai,a2,...ap)(aj, 1^''= ao(ic-ai)(a;--Q2)... {x-a^), 
Therefore 2(|.)/(a.) = -2{^^ = -/». 
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Now in this identity equate coefficients of the same powers 
of X on the left and right. It follows that 

Consequently, when operating on any function of 

^0' ^l> ^> '•' ^p* 

d\ ^ d\ d 

h 

d\ d -/'dx d 



^(r.) = ^(#>-a 



^ d d d 

184.] X2 expressed by means of soms of powers of roots. 

Now by Newton's formulae for symmetric functions (Bumside 
and Panton, § 126), o^, ag,... a, can be expressed, rationally 
and integrally, in terms of a^ and 81, 829 ••• ^p> ^^® sums of the 
first, second,.., 2>th powers of the roots. Thus any rational 
integral function t)f a^, Oj, a29...ap may be expressed as 
a rational integral function of a^ and 8^, 82, ... dp. Let us find 

the expression for 2 (-r-) which is suitable for operating with 

on functions so expressed. 

We have at once -^ — s^ = Ta/""^, 

da^ * 



d 



so that 2 (-T- ) Sr = 



T8, 



-!• 



In particular 2 (-^ ) g^ = j? = «o, say. 
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Also 2 {jj- ) a^ = • Thus, the operation being on a function 
of a^ and 8^, s^y* s^y 



^(.4)^^(r.)««-s/<K-5; 



_,/ cZ N d ^z d\ d 



d ^ d d 

where 8q = p. 
We conclude that 

^ d! ^ d -. d! 

i2 = ao;r- +2ai;^ +...+^,_T 



= 5 A 



i.e. that the 12 operator is identical in form, but for sign, 
when expressed in form for opei'ation on a function of a^ and 
the 8% as when expressed in form for operation on the equi- 
valent Ainction of a^, o^, ag, ... a^. Note however the absence 
of a^ from the s-form of 12. 

We gather then that, when a function of a^, 0^, ag, ... a^ is 
a seminvariant, so is the same function of Sq, i.e. p, and 
8i,82,...«p. The latter function when expressed in terms of 
the a& will of course have a negative power of a^ as factor, 
since the s's ai'e functions of the ratios of the a*s to a^. 

The idea of this duality appears to be due to M. Roberts. 

Ex. 1. If a homogeneous isobaric function of degree i, in the 
coefficients, and weight w, be called (/>j when expressed in terms of 
«o» ^> «2> ••• ^P' *^^ ^2 when expressed in terms of a^ and the roots, <f>^ 
when expressed in terms of a^ and «„«2, ...«p, and when no 
particular expression is necessarily implied, prove that 

Ex. 2. With the same notation 



d . d d ^ 
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Ex. 3. With the same notation 

{<'->Sl*=}['«.i+(^-'K^*-+-4r.] 

a^r d d d "1) , 



which by Ex. 1 may also be written 






( d d d a ) . 

Ans, Prove the ^j, ^, equality by considering that, as in § 183, 
the effect of — is that of 2( ,1 ) on the function expressed in terms 



a 



of ttp and Q^y a^y . . . a^. 



Ex. 4. By means of the expressions for the operators in terms 
of a^ and roots prove the known equivalence of an operator and 
a multiplier 

Ex. 6. By Leibnitz' theorem prove (§ 125, Ex. 1) that 

a-o-<,a'=(-.)'{(2^)'[x(..^^) - s(.)^^J 

-[.(..,4)-x(.kA](x^J} 

Ex. 6. By means of the equivalence of 

•^/d\^d^d d 

prove that, if «p^j, «p^.j, ... be regarded as functions of ^p «2> ••• *i>> 
- X2«p+^ = (i,^ _ + 2^j — + ... +jpsp_, ^) «p+r = (!>+»•) «p+r-i. 
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Ex. 7. By means of Ex. 3 prove that, whether m be less than equal 
to or greater than jp, 

«««« = (*,^ + 2*b ^^ + . . . +l>s^^ ^) *.. = Os^. 
Ex. 8. Also, even when m exceeds pj 

/7 #7 /7 



185.] It must be borne in mind that two distinct things 
may be meant by the expression of a function of a^ , a^ , ag, . . . a^ 
in t^rms of a^ and the sums of the powei-s of the roots. We 
may mean the expression in terms of a^ and Sj, ^2' ^3> •••^p 
only. This expression is in all cases unique, and, when the 
function of a^, a^, ag, ...(Xp is rational and integral and of 
weight not greater than p^ is the only expression. When, how- 
ever, the weight exceeds p, there will be, as a rule, also other 
expressions involving s^^-^ , «p+2 5 ... or some of them as well as 
lower sums. The above articles contemplate the unique 
expression obtained from any correct expression by giving in 
it to 8p+i, 8p+a, ... their values in terms of Sj, Sgj ... Sp. 

We shall have occasion presently to consider the binary 
quantic of infinite order, in which the series a^, a^, ttg, aa, ... of 
coefficients is unending. In its case the distinction does not 
arise. 



Ex. 9. Prove that, if a homogeneous isobaric function <^ of 
«o> ^i> «2»---*p he expressed in any manner in terms of a^ and 
«i, «.2»... 8p, «p+i,-.., aJid when so expressed be called <^^, 



(l)i2.^=-|«.|- + 2,,^+...tooo|,^,, 



d 

(2) i^ = o.T-<^„ 



do. 



(3) u><f> = |,,_+2,,^+ ...to oo|,^„ 

(4) {o-.i,fl|<^ = {,,|+2,,^ + ...tooo},^,. 



B 
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186.] Completion of § 174. It is interesting to gather 
from § 188, and the examples which follow § 184, the following 
oonclasions t 

which, if we put (j! for a+ — and similarly as to all the roots, 



«o 



i. e. if we transform (a^,, Oj, a^^ ... a^) (a?, 1)* into 



(a^, 0, a/, ... a/) («+ ^ > l) 







a form without its second term, may be written 

the remainders of the right-hand sides vanishing since a^' = 0. 

We must not lose sight here of the tacit assumption made that 

the function operated on can be expressed in terms of a^, and 

Cj + — , ag + — 3 ... aj,+ — > which we have called a/, Og', ...a/. 

The functions which can be so expressed are, we know, semin- 
variants. The second equation really exhibits the fact anew. 
The weights iv and w^ are equal. Consequently that equation 
gives X2 = 0, i.e. that the function operated on is a semin- 
variant 

In these equalities Qf, 0' and vf (regarded as an operator) 
are the same operators in a^, %' (= 0), a^^ ... a/ as X2, and w 

are in a^, Oi, ag, ,.. a^. They contain the symbol ^—, whose 
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meaning is not obvious, but is really defined by the first of the 
equalities. 

This symbol may be eliminated by subtracting {p — 1 )a2^ times 

Of from a^ times 0'. We have, in fact, since Og' = aj — --^ > 
a^jO' — (^— 1) a2Df = afi^a^ (ip— 2w) 

We may take this in connexion -with § 174. The operator 
on the left is the yj/^ of that article. We have, in fact, here 
before us the materials for the proof of the converse propo- 
sition there stated, that every gradient in a^, ag', a^\... a/ for 
which ip—2w=:0 and which has yf/^ for an annihilator is an 
invariant, i.e. is annihilated by as well as by 12, which last 
must annihilate it as it does any function of a^, ag', a^\ ... a^'. 
We remember that the facts of being annihilated by 12, and 
being of properly connected degree and weight, were not 
sufficient to assure us of its invariancy in default of evidence 
either that it had for an annihilator or that it was integral 
in Uq. We now see that as 12 and \l/^ annihilate it, and as the 
relation ip=: 2w holds, the annihilation by a^O, and therefore 
by 0, follows. 

Ex. 10. Prove that a^O— a,(tp— 2w?)cannot annihilate any fdnction 
which is fractional in a^ and for which ip-'2w is zero or positive. 

Aim, The terms of highest degree in a^^ in the expression of 
the annihilation of Pa^'"'* + Qa^"('*~'^+ ... -{•T must vanish. This 
gives P = 0. So Q = 0, &c. 

Ex. 11. Any gradient in a^, a^, a^y,,,ap for which ip—2w is 
positive and which is annihilated by aQ0'-a^(ip—2fv), is the product 
of a power of Uq and a gradient which it annihilates and for which 

ijp— 2w = 0. 

Ex. 12. Hence ^' only annihilates gradients in a^, a/, a/, ,,,a^ 
which are invariants or invariants multiplied by powers of a^. 

187.] Partial differentiation with regard to 81, Sg'***^^.- 
Let us replace a^, P^ht ! o ^ 2> ••• > ^p ^7 ^oj ^i> ^2> ••• > ^p» 

1 . A 

and also replace x: 1 by 1 : j/, thus considering the ^-ic with- 
out binomial coefficients 

^o + ^iy + ^2y^+ — +^i>y' = ^o(l-«l2/)(l-«22/)•••(l-«p^/)• 
B 2 
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Taking logarithms we have at once 

y^ y^ yP yP+l 

= logeo-8,y-«,|--«3^~...-8^^-«,^,|-j-y-.... 

Now regard Cj, Cg,...^^, and also fip+i,»p+2> • ^ functions 
of Cq and Si, Sg* ••• *p- Partial differentiation with regard to 8^, 
where r<l and >j9, gives us the identity 

which holds for all values of y. Equating corresponding co- 
efficients on the two sides we have 

^ = 0, if m < r, and 

dc 1 , , 

-J— = Cn-ry if ^ li® between r and p inclusive. 

The other equations, given by the terms in y**"*"^, y**"*"^, ... , 
determine for us J"^^ y —p^ > ... • 

Hence, if the operations on the right be on a function of 
^o» ^i» ^2> •••^pj and that on the left be on the equivalent of 
that function in terms of c^ and s^, dg, ...ap, 

d _ dcQ d dci d dc^ d_ dc^ d 

dsr ~ ds^ dcQ da^ dci ds^ dc^ '** da^ dcp 

_ If d d d ) 

In particular, taking « = 1, we have 

d _ { d d d^ d\ 

Let us here revert to our first notation, replacing 
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SO that 81, &c., are the sums of the powers of the roots of 

(ao,ai,a2,...a,)(iC, 1)' = 0. 

The result obtained is that 
_^ _ f 1 d 2 d 

^^1 "" \p ^dcLi p—^ ^da^L 

3d P d I 

^^2'''d^,'^-'^-i''-'^d^J' 

188.] 12 as an annihilator of non-unitary symmetric 
ftmctions. A more instructive conclusion is, however, derived 

by replacing c^, Cj, c^, ••• ^p ^7 ^o> T] » ^ ' oi ' ••• > so that the 

equation of which «i , ^2 > • • • ^p ^^ *^^ fi^t p sums of the powers 
of the roots is 

II 21 pi 



bo^-^ ?. af-'+^.a^'^-^ ... + ^ = 0. 



With this notation we obtain that 

d J d ^r d ^r d , d 

whose right-hand side is of the well-known form of 12. 
Our conclusion hence is that the seminvariants of 

%x^+pa^a^-^y^-^^^^~^ 

are identical, but for the factor aQ where i is the degree in 
each case, with those symmetric functions of the roots of 

which when expressed in terms of 8^, Sgj ••• ^p ^^ fr®^ from Sj. 
Reference is made to works on the Theory of Equations for 
the fact that a symmetric function 

of which i-f-m + 'W.-h... is the weight, and the greatest of 
2, m, n, ... is the least number which can be taken for i that 
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upon multiplication by a^ it may become integral in the co- 
efficients, may be written as a rational integral function of 

*/ > ^« I ^« > • • • > 

^/+«i ^l-k-n^ *«!+»> "^ > 



SO that, if none of 2, m, 71, ... is unity, and if the weight 
Z-f-m + ')i+... does not exceed p^ ^ does not occur, and 
a seminvariant is thus obtained. 

If, however, either of Z, m, ti, ... is unity no seminvariant is 
given. 

If, even though this be not the case, the weight 2 + m + ^ + ••• 
exceeds p^ then, though the expression in terms of a^ and 

^i> *2> *8» '••>*'+«+•+... ^^®s ^^* involve «i, the same cannot 
be said necessarily or as a rule of the expression in terms of a^ 
and «i, «2> ••• «pj for Sp^^, &c., expressed in terms of Sj, 8^, .•.Sp, 
are not free from Sj by § 187. 

When p is infinite the case of Z + m + n + . . . exceeding^ does 
not arise. Thus in this limiting case 8^ does not occur in the 
symmetric function S. a^'ag"* 03*... unless one or more of 
l^m^n,,., is unity, and does otherwise. 

The seminvariants of (a^, o^, a2>**')(^»y)'» when j? is in- 
finite, are then what are called the ' non-unitary ' symmetric 
functions of o^, a^, Og, ... , where 

ao+ Yiy+|i2/^ + - tooo=ao(l-aiy) (l-a^y) {l-a^y)..., 

each multiplied by a^*, where i is the degree, i.e. is the 
greatest of the indices Z, m, 71, ... in the typical product of 
roots summed, or any greater number. 

It is fr*om this point of view that MacMahon has discussed 
the concomitants of the binary quantic of infinite order. 

It will of course be remembered that a seminvariant, of 
a quantic of any order (a^, %, ag, ... CLpy{Xf yY^ which is only 
of extent r, i. e. which involves only a^, a,, ag, ... a,, is equally 
a seminvariant of each of the lower quantics 

(tto, ai, ag, ... a^){x, yf, {a^, Oi, ag,... a,., a,.+i)(a?, y/"*-^ ... . 
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Thus, in particular, when we have a seminvariant of a binary 
quantic of infinite order, we have in it a seminvariant of 
a binary quantic whose order is the extent of the seminvariant 
and one of every order higher than this extent. If, in fact, 

annihilates iS(a^, a^, Og, ... a J, then equally do 

d ^ d ^ d d 

Sec, &c. 

Ex. 13. Prove that, for any positive integral value of ^, 
(ao,ai,aa, ...ap)(fB, 1)" 

Ex. 14. Prove that all the coefficients but that of t in the expansion 
in powers of t of 

log («. + 1 «+ ^ «*+ ^''+ •••) - 1°««» 
are Eeminvariante in the letters a^, a^, a,, a,, ... , fractional in a^. 

189.] Gtenerating Functions. Ferpetuants. Complete 
tables of symmetric functions have been calculated up to the 
weight 14 : for weights 1 to 10 by Meyer Hirsch (cf. Notes to 
Salmon's Higher Algebra) : for weight 1 1 by Faa de Bruno 
(cf. his Formes Binaires): for weights 12 and 14 by Durfee 
(Am. Jourrud, Vols. V, IX) ; and for weight 13 by MacMahon 
(Am. Journal, Vol. VI). Thus a complete set of seminvariants 
up to weight 14, of which all seminvariants whatever up to 
that weight are linear functions, is known. 

It has been seen (§ 135) that the number of linearly inde- 
pendent seminvariants of weight w degree i and extent p or 
less is the coeiEcient of x^ in the developement of 

(l,a;P+l)(l,a.|>-^2)...(l,g^-K) 

(l-a.2)(l-.ar*)...(l-a:*) 
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Here make ^ = qd. It follows that the whole number of 
linearly independent seminvariantB of weight w and degree i 
of the quantic of infinite order, or of a quantic of order not 
less than the weight w, is 

CO. «• in developement of ^^_^,^^^_l^y^^^^_^^ ' 

We may want also the number of linearly independent 
(or asyzygetic) seminvariants of degree- weight i, w which are 
asyzygetic with seminvariants of the same weight and lower 
degi*ees multiplied by powers of a^. This number may be 
found by subtracting from the number of weight w and 
degree i the number of weight w and degree i— 1. Thus it is 

CO. X- in developement of ^^^^^^,^^sy'^,^^^i^,^^j 

1 

X* 



n » 



{l^x^){l-a?)...{l-x') 

The same generating function is given by MacMahon's 
theory of non-unitary symmetric functions. The non-unitary 
symmetric functions which give such seminvariants are of the 
form 2 . tti'a^'** Og" . . . , where one at least of the indices L/niyTi,.,. 
is i, and where, as in general, none of them is unity or greater 
than i, and their sum is the weight. Now the type-products 
of weight w, whose summations give such symmetric functions, 
are in number equal to the number of ways in which tt;—i 
may be made up of i— 1 or fewer numbers chosen from 
2, 3, ...i, i.e. to the coefficient of a?"'"* in the expansion of the 
product 

i. e. to the coefficient of x^ in x* times this product, which is 
the developement of 

0^ 

The problem of the enumeration of the irreducible semin- 
variants of the binary quantic of infinite order is one which 
admits of solution. Lideed it has been solved by MacMahon 
by an analysis of non- unitary partitions, and his conclusions 
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have been fully confirmed symbolically by Stroh. Irreducible 
seminvariants of the quantic of infinite order are called 
perpetuants, the name being Sylvester's. A perpetuant is 
a seminvariant which cannot be expressed rationally and 
integrally in terms of other perpetuants of lower degree. Of 
the first degree there is one perpetuant a^. Of the second 
degree there is one perpetuant of each even weight, viz. 

ctoag— <*i^ cLq^a^^ ^1^3 + ^^2^ <^o^6~- ^ ^1% + 15 a2a4 — 10a3^... • 
For any higher degree i the number of perpetuants of weight 
w is the coefficient of x^ in the developement of the generating 
function ^ 1 

The mistaken idea must not be entertained that when we 
know the perpetuants of extent p or less, i. e. the irreducible 
seminvariants of extent p or less of the quantic of infinite 
order, we know the irreducible seminvariants or ground forms 
of a pAc. This is not the case. There may be seminvariants 
of extent p or less, which are not capable of rational integral 
expression in terms of lower seminvariants of extent p or less, 
but which are in terms of seminvaiiants of lower degree and 
extents some of which exceed p. One instance which we have 
met with will suffice to illustrate this. We have found (§ 169) 
that the seminvariant (acZ — 6c)^— 4(ac— 6^)(6d— c^) is irre- 
ducible when we are confined to extent 3, being an irreducible 
invariant of the cubic. But (§ 170) when we proceed to extent 
4 it is no longer irreducible, being capable oif being written 

(ac-¥){ae-^bd + S(y^)-a(ace-\-2bcd'-'a(jP^h^e-c^). 

It is an irreducible invariant of the cubic, but is reducible for 
quantics of higher order, and so is not a perpetuant. 

For a synopsis of Stroh's method of investigation (Mathe- 
matiache Annalen, Vol. XXXVI), see Exx. 35 to 42 at the end 
of the present chapter. 

The theory of perpetuants has been recently completed by 
MacMahon, who has investigated expressions for them in the 
notation of partitions. {Proc. Lond. Math, Soc, 1895.) 

190.] Beciprocity. By Hermite's law of reciprocity there 
must be a strictly correlative theory to much of the above in 



^ 
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» 

which the ideas of degree and extent are interchanged. It 
concerns semin variants of infinite degree, or of degree not less 
than weight, just as the above theory concerns seminvariants 
of a quantic of infinite order, or of order not less than the 
weight of the seminvariants in qaestion. 

The number of asyzygetic seminvariuats, for which i is not 
less than w, of a ^ie is thus the coefficient of x^ in the 
developement of ^ 



and the number of asyzygetic seminvariants of a p-ic, for 
which i is not less than w and which are really of extent p, 
so as not to belong to a (p— i)-ic equally, is the coefficient 
of a?"' in the developement of 

^ 

(l-a^)(l-.a;3)...(i-a;P)' 

These facts may be independently arrived at. By § 163 the 
seminvariants in question are rational integral functions of 
-4a, ^3,...^^, i.e. a^a^, cbo^cLsy»>.(i/~^ap\ raised to the requi- 
site excess of degree over weight by the power Uq*"^ of % as 
factor. 

The theory dual to that of perpetuants is not so obvious. 

191.] Power ending products. It has been seen in the last 
article that the / x / i ^ ^\ 

asyzygetic seminvariants of a p-ia whose weight is w and 
whose degree is a definite number not less than w have a one 
to one correspondence with the 

(w;qd, p)-(^-1;qd, p) 

products of weight w of Uq, a^y agj*" ct,, i. e. with the * non- 
unitary ' partitions of \v. 

It is by reciprocity suggested as probable that there is 

a system of (^ ; i, oo)-(ti;-l ;i,oo) 

partitions of w into i or fewer parts, i. e. a system of this 
number of products of weight w of i of ao> %» a2> ^3»«*'S' 
to which there is a one to one correspondence of the 

(i«;;i, 00) — (ty — l ;i, Qo) 
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asyzygetic seminvariants of weight w and degree i of the p-ic, 
when j9 is infinite or not less than w. 

It is also suggested that those partitions of w^ or those 
products, are the partitions or products which are exhibited 
in § 130 by aid of Ferrers' diagrams as the reciprocals of non- 
unitary partitions or products. 

Now if we write down the diagram of a non-unitary 
product, we see that the absence of a^ in the product is 
exhibited by the fact that the first two columns at least in the 
diagram contain equal numbers of dots. 

This tells us that in the reciprocal product the letter of 
highest suffix which occurs is present to a higher power than 
the first. 

Products of this class aie called by MacMahon and Cayley 
power enndiTig products or power endera. Let us adopt the 
notation a, 6, c, ...of alphabetical sequence instead of the 
notation a^, aj, ag,... of numerical sequence. Power enders 
are those products of some of a, 6, c, ... which, when their 
factors are alphabetically arranged from left to right, end in 
a higher power than the first. Thus a\ ab\ abd^, c^ . . . are 
power enders, while a, a^b, ab^d^ c, ... are not. 

The whole number of products of weight ty of i of a, 6, c, ... 

is {w;iy c3o), and the whole number of non-power enders is 

the number of products which can be derived from products 

of degree i and weight w—l hy replacing the last letter in 

each, once only, by the next more^ advanced letter, i.e. 

is (ty— 1 ;i, 00). The number of power enders of the type is 

liJien / • \ / -I • \ 

(^f;;^, 00}— (^(;— 1 ;^, oo). 

We shall see that there is the expected one to one corre- 
spondence of these products with a complete system of 
{w;i,(Xi)~-(w—l ; i, oo) asyzygetic seminvariants of weight w 
and degree i ; in fact, that the latter complete system may be 
derived, one from one, by differential operations on the former 
complete system. 

192.] An annihilator of all gradients. Let us refer back to 
§ 180, and proceed to the limit when j?, the order of the 
quantic there under consideration, or the extent of f2, is 
infinite. Remember, too, that though we consider the quantic 
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of infinite order we deal with gradients of finite weight, 
involving conseqaently only a finite series of the letters 

Ctj Of Cj OL^ • • • • 

Wo have now 
where c^^ as usual denotes ^7 • We have also 

where p is infinite, 

= j9^— </), say, 

where the result of operating with on a gradient of fijiite 
extent vanishes in comparison with that of operating with 
the infinite ^9^. 

We have also ri = ip—2Wy 

which is infinite, and consequently always positive, ^u being 
finite. 

The limiting form for p infinite taken by the operator 

is hence at once seen to be 

11 5^Q^ 1 ^^Q? 
^ ^^ 1 . 2 i^ 1.2.3 

This then, by § 180, operating on any gradient in a,b^c,df.,., 
and in particular of course on any single product, produces 
either zero or a seminvariant of the quantic of infinite order, 
or, as is the same thing, of a quantic of order not less than w, 
the weight of the gradient. 

193.] It is really most convincing and easiest to prove this 
independently^ and not deduce it as the limit of something 
else. The student will have no difficulty in proving by the 
method of §§ 123, &c., that, Q being any gradient of degree i, 

(a^^'-^^n)nG = 2i^aG, 

&c., &c.. 
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and by addition of properly chosen multiples of these we 
obtain the identity 

(^ I a^ 1 D.^^a 1 aB^^a? )^ ^ 

( ^ 1 ^^ 1.2 t^ 1 . 2 . 3 ) ' 

in which the series practically terminates^ since Q^^'^'^Q = 0, 
SO that no doubt arising from questions of convergency 
presents itself. 

This tells us first that any gradient G is of the form ilF, 
when we allow the extent of F to be greater than that of (?, 
and 12 to be non-terminating. The limitation imposed by 
the requirement oiip — 2w to be positive in § 128 does not of 
course arise, p being now infinite. 

The result we need follows by putting Q>F, where Fia any 
gradient of degree i, for G. This gives us that 
^\ ' l^a 1 :&2X22 1 ^3X23 ) 

^/^"iT ^i^TT "■i5r72T3+-i^=^^ 

so that, as in the last article, 

i 1 ■^iM,2 iM. 2. 3 ■*■••• 
produces from any gradient of degree i a seminvariant or zero. 

Ex. 15. Prove in like manner that, <^ being as in § 192, 

{n<f>-'(t>Q) G = 2wG, 

(a<^2- 4>^a)£lG = 2 (2m;~ l)</)12e, 

{Q.<t>'^<f>^il)Q.'G = 3(2w7— 2)<^*12'6?, 

&c. &c., 
and hence that 

1 <^12 1 (^^li* 



1- 



2w;-2 1 ^ (2w;-2)(2w-3) 1.2 

1 <^*i2» 



(2w~2)(2«(7-3)(2«;-4) 1.2.3 



— ...,to w+1 terms, 



produces a seminvariant or a zero from every gradient of weight 2 or 
more. 

194.] Two generators of all seminvariants. One to one 
correspondence of seminvariants and power enders. Now a 
gradient ^ which ^^^ ^^, 

^ 1 ^^ 1 . 2 
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annihilates is of the form d^J^, for the fact of annihilation 
gives us ^ _„ 



'-Mi"-?r^ *•••}'• 



If then we can be sure that no power ending product can be 
of the form ^F\ we shall be sure that the result of operating 
on * any power ending product is a seminvariant and not 
a zero. 

Now this is the case. Take any gradient F^ whatever, and 
let a^ be the most advanced letter which occurs in it, so that 

F'=2A + arB-^aJ'C-\^..., 

where A, B, (7, ... are all free from a^, and B, C, ... do not all 
vanish. It follows that 

^^ =(•••+«- 1; +-).^' 

= a^+i {jB+ 2a^(7+ 3a/2)+ ... } + terms free from a^+j. 

Thus, 5, 0, D, ... not all vanishing, ^F^ contains necessarily 
a non-power ending term or terms ; namely a term or terms 
ending in the first power a^+i. 



Thus 


1 ^ii 1 ^«i22 
i 1 ' i** 1.2 


which write 


1-ax, 



generates seminvariants from all power enders. 
Moreover, from the complete system of 

(ti; ; i, Qo) — (ty— 1 ;i, Qo) 

power enders of degree i and weight w it generates a complete 
system of (ty ; i, 00)— (te;— 1 ; i, oo) seminvariants of that degree 
and weight. For^ if possible, let the seminvariants 

S, = (i-:JX)P,, 8, = {i^^X)P,, 8, = {i-^X)P,, ... , 

generated from the complete system of power enders of degree 
i and weight w, be connected by a linear relation 

This would necessitate that 
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i.e. that (l-.^X)(AiPi + A2Pa + A3P3+,..) = 0, 

or AiPi + X2P2 + ^3-P8+'*- — 3" .X(AiPi + A2P2+A3P3 + ...), 

i.e., by the above, that 

involve at least one non-power ending product. But it does 
not. 

It is then completely established that there is a one to one 
correspondence between a complete system of power enders 
and a complete system of seminvariants, the latter complete 
system for any degree i being generated from the former by 
operation with 

. i 1 ■*'iM.2 iM.2.3'^"" 



The theorem of § 193, Ex. 16 would lead to the same 
conclusion as to one to one correspondence, and afford an 
alternative generator of all seminvariants from power enders. 



ADDITIONAL EXAMPLES (MISCELLANEOUS). 

Ex. 16. A non-unitary symmetric function of the roots of an equa- 
tion of order p, i.e. one whose expression in terms of «j, «,, ... «p does 
not involve 8^ or, if p be not less than the weight Z + w-hw+ ... , one 
^(ai'aj'^a,* ...) in which none of ?, w, w, ...is unity, has its full 
expression in terms of the coefficients determinate when the non- 
unitary part of that expression, i.e. the part of it free from the 
unitary coefficient a^, is known, just as the full expression of a seniin- 
variant is determinate from its non-unitary portion. (MacMahon,) 

Ex. 17. Prove that 
and 

generate seminvariants from seminvai-iants. {MacMahon,) 

Ana, Form the alternants with the infinitely continued Q,, 

Ex. 18. If ^ be any gradient, 
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where il is infinitely continued, is either a seminvariant, not neces- 
sarily integral, or zero. 

Ex. 19. Among the seminvariants thus derived from gradients G 
all integral seminvariants of the type of G are included. 

Ans. For the result of operating on iS is to produce S. 
Ex. 20. The coefficients of powers of x in the expansion of 

where i is any positive integer, are all seminvariants, except such as 
are zero. 

Ex. 21. If d- he the infinitely continued operator defined in § 192, 
and if S^, S^ be two seminvariants of degrees i\, i, respectively, then 
i^S^B-Si—i^S^S^S^ is a seminvariant. i^D*Ocagne) 

Ex. 22. Prove that X2 annihilates the product 
{a + 6(ar~y) + ^^ (aJ-y)»+ ...} {a + 6(y-«)+ ...J 

where a?, y, 2;, . . . u, v are arbitrary, and the series in brackets extend to 
infinity ; and hence that all non-vanishing coefficients in the product 
expanded by powers and products of x, y^ z^,,,u,v are seminvariants. 

(S. Roberts.) 

Ex. 23. If i^ be a seminvariant of (a, 6, c, c^,...) (a, y)*, prove that 
{2w^ — i<l>)St where the notation is that of § 192, is another semin- 
variant of the same degree, and weight one higher. {Cayley.) 

Ans, Cf. § 165, and the example 8 which follows it. 

• 

Ex.24. Ifin any seminvariant of (a, 6.1, c.1.2, rf. 1.2.3,...)(a;, y)*, 
a, bjCyd,.., are replaced by 6, c, cZ, «, . . . the result gives the terms free from 
a in a seminvariant of the same degree and higher weight. {MacMahon.) 

Ex. 25. A seminvariant of (a, 6, c, d, e, .•)(a?, y)"^ is a seminvariant of 
the system 

(a, 6.1, c.1.2, ci.1.2.3, ...)(a?, y)* 

(6, c.l, (i.1.2, e.1.2.3, ...)(a?,yy 
(c, d.l, €.1.2,... )(«»y)' 

&c., &c. {MacMahon.) 
Ex. 26. The seminvariant of weight and degree 3 of 



lOO 



k<B 
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is a multiple of a^ times the sum of the cubes of the roots of the 

equation »o«^+ 1^ a^* + ^ 0?**^+ .., + ^ =0. 

1 1.2 p\ 

Ex. 27, If 6r be any gradient of weight w degree i and extent p, 
and if (r be the sum of its numerical coefficients, then, whatever x be, 

Ex. 28. Hence any seminvariant of weight w and degree i is 
annihilated by the operator which is the coefficient of x^ in the 
expan3ion of /^ ^ -^ 

Ex. 29. Beferring to § 174, Ex. 13 for the notation, show that, if hr 

denote r! (p-r) ! j-, and 6/ denote r ! (p-r) ! y-, 6p, 6p_i, ... \ 

are the same functions of 8^', 8'p_p ... 8/ and m as a^, a^, ... a^ are of 
a^, a^, ... a^ and m. 

Ex. 30. In the same notation 8p', 8p _/,... 8^' are the same functions 
o^ 8p> ^p-i> ••• ^0 ^'^^ ~"^ *s a^, aj, ... ap are of a^, o^, ... a^ and w. 

Ex. 31. If, upon the substitution of X^mY^ Y for ar, y, 

become (a^, a^, a,, ... ap) (X, T)', 

then (gp, ~8p^i, 8p_^, ... (- l^^^o) (»» y)' 

becomes («p', -yp-i, ^p.^, ... (— l)«'8o0 {-^> ^*'- {Sylvester) 

Ex. 32. Any seminvariant of (a^, a^, a,, . . . a^ {x, yY becomes, when 
in it 8p , — 8p_i, 8p_j, . . . ( — 1)**8^ are put for a^, a^, Sj, . . . ap, an operator 
which has the same effect on any function of a^, o^, aj, ... a^ as the 
result of replacing in it 8p, 8p_i, ... by hpy S'p.j, ... has on the equiva- 
lent function of a^, a^, a2,...ap, and may be called a seminvariant 
operator. {Sylvester) 

Ex. 33. More generally, any operator obtained by writing down 
a seminvariant of the two quantics 

(«o» «i» «a> — «p) (»» y)'» (^p> ~^j»-i» V2> ••• {-1)**^) {^y yfy 

the symbols h being written last in every term, is a seminvariant 
operator. {Sylvester) 

Ex. 34. Hence obtain the results (cf. § 186) that 

are four seminvariant operators. 

s 



258 EXAMPLES. 

Ex. 35. If a,, a,, ... a^ are t symbols, and 

(«,-«,)"«(«,-«.)-"K-o.)"»... 

any product of w differences between pairs of them which is such that 
not more than p factors inToWe any one of the symbols, and if the 

product is expanded and multiplied by a^*^ and in the result ~ is put 



a. . «o 



+ ^ + ... + -^ +2 jo, ^^^ + ... +a, ^^^,^1 



for every one of the first powers Oj, a,,...a<, — for every one of 

a ^0 

Oj*, a,*, . . . a/, and generally — for every one of a,*', a,*" , . . . a^*' , the result 

is a seminvariant of {a^,ai,€i^, . . . ap) {x, yY of degree i and weight w ; 
and all seminvariants are linear functions of seminvariants which can 
be thus expressed. (Stroh,) 

Ans, Such a function is annihilated by -; h -z h ... + 1—9 

da^ da^ da^ 

and a seminvaiiant is annihilated by Q,. Now both these operators 

are expressed by 

Or again, the functions lead hyperdeterminants (§ 60). 

Ex. 36. If Aj, A,, ... Xj be t quantities whose sum is zero, then, after 
expansion and substitution as in the last example, 

is a seminvariant of degree i and weight e&, provided that w do not 
exceed p. {Strah,) 

Ex. 37. If jp be infinite, or not less than tr, and if «i (= 0), e, , e, , . . . e^ 
be the elementary symmetric functions 

2(A)(=0), 2(A,A,), 2 (A, A, A3),..., A,A,...A,, 

then, when the function of the last example is expanded and expressed 
in terms of powers and products of e,, 6^, . . . «p, and substitution for the 
a's and their powers made as before, the coefficients of the various 
products of 6*8 are a complete system of («r ; 00, t) — (to— 1 ; 00, t^ 
linearly independent seminvariants of weight to and degree i. {Stroh,} 

Ex. 38. If the numbers of powers and products of €,, 6„ . .. e^ in the 
sum of Ex. 37 be diminished as much as possible by means of the 
relations in €,, e,,...e{ any one of which expresses that in some way 
AJ + A3+ ... +A^ is a sum of two sums 

Aj4- ... -f'A^y A^^.j+ ... +A| 

each of which vanishes, the coefficients of powers and products of the 
e's which remain are non-perpetuant seminvariants, and the number of 
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perpetuants of degree i and weight w is the number of powers and 
products which have disappeared. {Stroh.) 

Ans. Semin variants which do not disappear are reducible in 
terms of seminvariants of lower degree, and others which are not 
syzygetic with these are not so reducible. 

Ex. 39. Perpetuants of degree i and weight w are just as numerous 
as products of e,, ^g, ... e^ and powers of them which when multiplied 

^y nx . n (A,+ A,) . n (a,+x,+ a,) ... n (Aj+ a,+ ... +a.) 

are raised to weight w in e-suffixes, i.e. to dimensions w in the A's. 
Here 

HA = «.., n (Aj+ A^) = (A1+A2) (Ai+ A,) ... (X,+A,) ... (A<., + A.), 

&c., and V is \i or ^(t — 1) according as i is even or odd. (If t is 
even, two conjugate sums Aj + A, + . . . + A^ , A„^j -|- A,,^., -h . . . + A^ are 
not both written in the last product.) {Stroh,) 

Ex. 40. The product IlA.n (Xj + A,) ... n(Ai + A2+ ... +A^) is of 
weight 2*""*— 1, whether i be even or odd. 'Consequently the weight 
of the lowest perpetuant of degree i is 2*""*— 1. (Stroh,) 

Ans, For instance, i even gives the weight 

12- 

Ex. 41. The number of perpetuants of a higher weight to than this, 
and of degree i, is the number of solutions in positive integral and 
zero values of fi,, /m,, fx^, ... of 

Ex. 42. Deduce the generating function for perpetuants (§ 189), 
viz. i_, 



(l-a*)(l— a?«)...(l-aj») 
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CHAPTER XII. 



CANONICAL F0BM8, ETC. 

195.] When a binary qaaniic {%, a^, a^y..,a^ {x, yY is 
transformed by the linear substitution 

X = IX^-mY, y = TX + mT, 

four constants I, ni, l\ w! are introduced whose values may be 
assigned at wilL These may be so chosen that the form of 
the transformed quantio is simplified by the absence of certain 
of its coefficients, or by relations among certain coefficients. 
The quantic is thus reduced to a simpler form without any 
loss of generality. 

For instance, we know perfectly well that by giving 

Z, m, l\ Tnf the values 1, ^ > 0, 1 the quantic is transformed 

into one wanting its second term. The quantic without 
a second term is then not a special one, but is in effect just 
as general as one with its second term present. Any binary 
quantic can be so expressed by means of a linear trans- 
formation. 

Moreover, it is to be noticed that the deprivation of 
a quantic of its second term is not something which can be 
done by linear transformation in one way only, but that 
there is a wide class of lineai' substitutions any one of which 
will effect the purpose. In fact, if by the general linear 
substitution (a^, a^, a^j.-.a^) (a?, y)' be transformed into 
{Aq^ jIj, j4j5» ••• ^p) i^i ^Y^ ^^ see at once that 



in which we may give to Z, 7>i, V any values we please, and 
obtain, by solution of an equation of the first degree, a value 
of m' which, going with those values of Z, 7>i, Z', wLQ make 
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-4 J vanish. The usual way of depriving a quantic of its 
second term is then only the simplest of many ways. 

We see, in fact, that by proper choice of the four quantities 
Z, m, l\ wf we may in general impose four conditions on the 
coefficients in a binary quantic, and still have a form to which 
the quantic can be reduced by a linear substitution without 
losing its generality. These may not be any four conditions 
we choose, for the equations in Z, m, l\ ni^ which express four 
conditions may not prove to be consistent with one another. 
In particular, for instance, we can never make four separate 
coefficients in the quantic vanish. For to express this we 
should have to make Z, m, Z', wf satisfy four homogeneous 

equations, i.e. to choose the ratios — j — > — 5 three quantities, 
^ m 7n Tifh ^ 

so as to satisfy four independent equations, which cannot be 

done. 

196.] Definition of canonical forms. Now the binary ^-ic 
contains ^ + 1 coefficients. Taking 4 from this number, we 
see that no binary ^-ic with less than ^—3 perfectly arbitrary 
coefficients can be equivalent to a perfectly general binary 
p-ic subjected to linear transformation, but that there is 
a certain presumption in favour of one which has p— 3 
perfectly arbitrary coefficients, or whose coefficients involve 
^ — 3 perfectly arbitrary quantities, being equivalent to the 
general binary _p-ic, which presumption must, however, in 
every case be tested before it can be stated as a certainty. 

A form of binary _p-ic whose coefficients involve p—Z 
perfectly arbitrary quantities, and which is proved to be 
a form to which the general binary ^-ic can be reduced by 
a linear substitution, is called a Canonical Form, of the binary 
^-ic. There may be different forms for the same value of p 
which have equal claims to the name canonical, but in 
practice, for the cubic, quartic, &c., respectively, one canonical 
form is chosen because of symmetry of shape and convenience 
of treatment, and often spoken of as the canonical form. 

The case jp = 2 of the quadratic stands by itself in that 
^—3 is negative. Of course the three coefficients of a binary 
quadratic cannot be subjected to more than three conditions. 
To each of the simple forms X^-\-Y\XY b, quadratic can be 
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reduced in an infinite number of wayB, since one of I, m, T, m^ 
is arbitrary. Indeed, the general binary quadratic 

can be given the form of any quadratic a'Jr* + 26'Jrr+c'F* 
whatever whose discriminant a'c'— 6'^ does not vanish. The 
like fact is true as to quadratics in any number of variables. 

197.] Canonical forms have here been defined for binary 
quantics only. For quantics in more variables than two the 
definition is similar. A form of 9-ary p-ia which is a simplest 
form to which linear transformation can reduce the genei*al 
g-ary ^-ic is a canonical form of the g-ary ^-ic, one form 
being regarded as more simple than anotiier when of its 
coefficients a smaller number are arbitrary, or, as is the same 
thing, when its coefficients are known functions of a smaller 
number of arbitrary quantities. 

The number of coefficients in the ^--ary p-ic being easily 

seen to be 

(p+l)(p + 2)...(j> + g^l) 

(g-1)! 

and the number of constants in the general scheme of linear 
substitution being g*, the number of perfectly arbitrary co- 
efficients left in a canonical form will be 

when the degree p is sufficiently great for this to be positive. 

198.] The knowledge of invariants and covariants both 
aids and is aided by the determination of canonical forms of 
quantics. On the one hand, as we shall illustrate by examples, 
invariants and covariants supply information as to forms 
which are canonical and the reduction of general quantics to- 
those forms, and on the other, since invariants and covariants 
of a quantic have relations to one another, expressed by homo- 
geneous isobaipc syzygies, which hold however the quantic be 
linearly transformed, it suffices, in order to discover those 
relations, to consider the quantic and the invariants and 
covariants in simpler forms which they can assume without 
loss of generality. 
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Oeometrical interpretation of invariants and covariants is 
also greatly assisted by the simplification afforded by canonical 
fgrms. 

199.] Canonical form of binary onbio. The binary cubic 

oo^ + 3 fta^y 4- 3 cicy^ + dy* 

can be expressed in the canonical form 

In other words, constants X, /m.^ X^ [i can be found such that 

is an identity. 

A presumption in favour of this is afforded by the fact that 
the identification of coefficients of 05^, x^y, ocy^, y^ on the left 
and right gives four equations for the determination of 
X, /i, X', /i' ; but we have to be sure that the four equations 
are consistent and independent and can actually be solved. 
This will first be proved without any reference to the in- 
variant theory. 

With a change of notation, we have to see that p, q, a, /3 
can be found so as to make 

ax^'\-3bx^y + 3coDy^ + dy^=ip{x + ayY + q{x + Py)\ 

i.e. so as to make simultaneously 

p +q =a, 
pa +g/3 =6, 
pa? + qfi^ = €, 
pa^-hqfi^ = d. 
The first three of these are consistent for the detei'mination 



oip, q if 



1, 1, a 
a, p, b 
a^ p^ c 



= 0, 



and the values of pa, qP which satisfy the second and third 
also satisfy the fourth if 

1, 1, 6 =0. 

o, i3, 

a\ p\ d 
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We have thus two equations for the determination of a, y9. 
We may write them 

and P5 + Qc+JW=0, 

where also P-^-Qa + Ra? = 0, and P+Q^ + iZ/S^ = 0. These 
are made consistent by taking for a and j3 the two roots of' 
the quadratic ^_ j, ^ ^ ^^ 



a, 


h. 


e 


h. 


c. 


d 


1, 


», 


a* 



Having thus found a and j3, any two of the first set of four 
equations suffice to determine p and g. Thus the possibility 
of reducing the cubic to the canonical form X^ + Y^ is proved, 
and the means of doing it, by solution of quadratic and linear 
equations, afforded. 

The student should notice that there is failure to effect 
what is desired when a, b, c, d have such specially connected 
values that the quadratic for a and j3 has equal roots, i.e. 

that is to say, when the discriminant of the cubic vanishes, so 
that the cubic has a square factor. The canonical form for 
cubics with a square factor is not X^-{- Y^ but X^Y. 

This leads to the general remark that a canonical form of 
the general quantic of any type is one to which a quantic of 
that type can be reduced when general, but not necessarily 
one to which every special quantic of that type can be 
reduced. 

Ex. 1. Verify that 

Ex. 2. A binary cubic with general coefficients can be linearly 
transformed into any other. 

Ans. Through -2^+ F' as an intermediary. 
200.] The reduction of the cubic to the form 

and thence to its canonical form X^ + Y^ is most easily effected 
by means of its one quadratic covariant, the Hessian 
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Begard the cubic 
as the transformed form obtained by the substitution 

whose modulus is /3 — a, from the form px'^-\-qy'^. 

The Hessian of the transformed is the Hessian of the un- 
transformed multiplied by the square of the modulus. Thus 

Consequently if the Hessian 

(ac — 6^)aj^ + {ad —bc)xy'\- (bd — c^)y^ 

be broken up into factors 

{aC'-l^){x + ay){xrhpyl 
the cubic must have the form 

p{X'^ayf + q{x-\-l3yY, 
in which p and q may be found by the equations 

p-\-q:=ay pa + qfi=zb. 

Thus p^(x-^ay) and c^(x-{-Py), the X and Y of the canonical 
form, are found. 

The detei*mination of the canonical form of the binary cubic 
effects the solution of a cubic equation. (Cf. § 1], Exx. 14, 
15.) For it reduces the cubic equation to the form 

i.e. to the three linear equations 

Z+F=0, Z + a)F=0, Z + a)2F=0. 

The student is advised to illustrate this by an example, 
e.g. to solve a?^— Saj^tana— Saj + tana = 0. 

201.] Concomitants of cubic in canonical form* We have 
seen in § 169 and elsewhere that the cubic 

t6 = a^-\'Zbx^y-\-Zcxy^-\'dy^ 
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has, besides its Hessian 

H={ac^b^)x''k'{ad^bc)xy-^{bd^c^)f, 

a cubicovariant 

G = (a*d - 3 a6c + 2 63)^ + 3 (oM - 2ao* + 62c)ic2t/ 

+ 3{2Vd^cuxL-'bc^)xy^-^{Sbcd^(id^-2c^)y^ 

and one invariant, its discriminant 

A = {ad-bcf-4{ac- 6«) (bd-c^). 

The same functions of the coefficients and variables in the 
canonical forms are ^3 y-3 

XT, 

1. 

Now let if' be the modulus of the substitution which 
expresses X and Y in terms of x and y^ so that in the two 
notations of § 199 

]ifz=\f/^ XV = (pq^i^ - a). 

We remember from chapters ii, iii, that the index of the power 
of the modulus, which has to multiply an invariant or covariant 
of a binary quantic to produce the equivalent of the same 
invariant or covariant of the transformed quantic, is equal to 
the weight of the invariant or of the leading coefficient in the 
covariant. Thus the information given by invariant algebra 
as to a binary cubic and its canonical form is presented in the 
four identities ^^ ^^ 

G = M'^X^-Y% 
A = if' «. 

Of these the last tells us at once that the modulus of the 
substitution which expresses X and Y in terms of x and y, 
i.e. the reciprocal (§ 23) of the modulus of that which expresses 
X and y in terms of X and F, is equal to the sixth root of the 
discriminant. 

We have also in a clear form before us the fact that 
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u, i/, 0, A, though irreducible in that none of them can be 
expressed rationally and integrally in terms of the rest, are 
not independent, but are connected by the syzygy (cf. § 169) 

which is obtained by eliminating X, Y and ilT. Moreover, no 
other syzygy connects them, for there is no other way of 
eliminating those three quantities. 

It is of interest to notice that we have also readily given 
by these identities the values of the p^ q, a, ^ of § 199. We 

^^^^ u = Za+ P = ^ {x + ayy + q {x + fiy)\ 

A'^G = Z^- P = p {x-hayf^q {x + fiyf. 

Thus, taking the full expressions for u and (7, and attending 
only to the equalities of the coefficients of oc^ and x^y, 

p^q =a, 

pa-^-q^zzz b, 

p-q = A-^(a2d-3a6o + 263), 

whence 

2p = a + A-* {aH—Zabc + 2&^), 
2g =a-A-*(a2d-3a6c + 263), 

22>a = 6 + A-* (a6d— 2ac2 + hh\ 
25)3 = 6-A-*(afe(i-2ao2 + 62c). 

We have also X^ and Y^ themselves ; viz. 

i (u + A-* Q) and \{u~Ar^ 0). 
The solutions of the cubic equation 

(a, 6, c, d) (aj, t/f = 

in x:y are then given by the three linear equations 

(u+A-^(?)*+ (u-A-*G)^ = 0, 
(u + A-* (?)* + 0) (u- A-* G)i = 0, 
{u + A-^ G)i + 0)2 (u- A-* G)i = 0. 

202.] Gteometry of oonoomitants of cubic. Geometrically, 
taking (a, 6, c, d) (a?, yf = to represent three straight lines 
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through a point, the reduction of the cubic to its canonical 
form is the reference to the lines which form the Hessian. 
As examples of geometrical information yielded by the 
canonical form the following are left to the student. 

Ex. 3. The cubicovariant of a pencil of three lines Z, M, N repre- 
sents the pencil Z', M^y N' which consists of the harmonic conjugate 
of L with regard to M and iV, that of M with regard to ^Vand Z, and 
that of N with regard to Z and M, 

Ana, It suffices to prove that X— Z and X+ Fare harmonic 
with regard to X+ coF and X+a)*y. 

Ex. 4. Z, Z' ; M, i/' ; N, N' are pairs of an involution, of which U 
the Hessian represents the double lines. 

By means of the expressions for u, Zf, (?, A in terms of 
Xy F, M' in § 201 we may readily prove the following theorem 

due to Cayley. 

Ex. 5. The Hessian, cuhicovariant, and discriminant of ^e« + k'G are 

respectively 

{e^^A)ff, (A^^-^'^A) (kG-^I/Au), (it»-A^A)*A. 

Ex. 6. If Z', i/', N^ are the harmonic conjugates of Z with regard 
to M and N, of M with regard to N and Z, and of A'' with regard to 
Z and My then Z, M, N are respectively the harmonic conjugates 
of Z' with regard to If and N\ of i/' with regard to N^ and L\ and 
of iV' with regard to Z' and M^, 

203.] Canonioal reduction of binary (27^— l)-ic. The 
proposition of § 199 is a case of a general one due, like most 
of the rest of the theory of canonical forms, to Sylvester. 
This is that a general binary quantic of odd order 271— 1 is 
a sum of n (2 ti — l)th powers of linear forms. 

As indicating the likelihood of this, we notice that the sum 

or its equivalent 

is a binary (2?i— l)-ic with no obvious connexion among its 
coefficients, which coefficients are functions o{ 2n constants 
that may be chosen at will, this number 2n being exactly 
that of coefficients in the general binary (27i— l)-ic 
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We have to see, however, that values of the 2 n as and p's, 
to adopt the second notation, actually exist, which make the 
sum and the quantic identical. We shall prove that the as 
are the roots of an equation of degree n, and so do exist, 
though general expressions cannot algebraically be found for 
them when n exceeds 4, and that, when the a's are known, 
the ^'s are determinate by solution of equations of the first 
degree. 

For the identity 

to hold, we must have simultaneously 

Pi +^2 +...+i>n =%> 

PlH +i?2"2 +-«.+i^na„ =%, 



Pi «i^"""^ +i>2«2^""^ + ... +P««n^*"^ = a2«-r 

To prove that values of the letters on the left exist which 
satisfy these 2n equations it will suffice to show that there is 
a recurring series, with scale of relation of the ni\i degree, of 
which a^, ai, a2>«"^2n-i ^^^ *^® ^^^ ^^ terms. Now n 
quantities qiy ?2> •••?« ^^an at once be found to satisfy the 
n equations of the first degree 

^n +?lOt«-l +?2««-2 + ••• +?n«0 = ^» 
««+l +?!«» +?2«n-l +..-+?i.ai =0, 

«»+2 +?i««+i +?2«» +... + ?»a2 = ^' 



«2n-l + 2l«2n-2 + ?2«2»-3+ •••+?« ««-l = ^ 5 

and thus a scale of relation 

of a recurring series to which a^, %, ag, ...a2„_i in order 
belong is determined. 

By the ordinary theory of recurring series the n roots of 
this scale of relation are the a^, a2,...a« required; and, these 
being known, the solution of any n of the 2 n equations whose 
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right-hand sides are a^, a^, (i2i'**<hn-i &^^ uniquely the 
values of />„ p,, />8>--/^»- 
The equation whose roots are o^, a2,...a„ has the form 



^n > ^m-l > ^f»— 2 » •••^'0 



^•+2 > ^»+l > ^n J«»»^ 
^2i»-l> ^2i»-2> ^2«-3>'»'^«-l 



.*-! 



."-a 



• • • • X 



= 0, 



as is at once seen by elimination of q^, 92) ••* 9«* 

For the quintic (a, 6, c, d, c, /) (a?, j/)*, and the septimic 
(a, 6, c, d, tf, /, gr, A) (a;, j/)^, n has the values 3 and 4 
respectively. Thus the reduction of the quintic to a sum of 
three fifth powers, and that of the septimic to a sum of four 
seventh powers, can actually be effected algebraically. For 
quantics of higher odd orders the actual reduction would 
depend on the solution of equations in a of degrees above the 
fourth. For such higher cases the quantic is proved to have 
an equivalent expression as a sum of powers, but the algebraic 
reduction to the form is not effected. 

204.] Case of canonizing equation having equal roots. 
There is failure to effect the required reduction when the 
coefficients in the (27i — l)-ic are so specially connected that 
the equation of the nth degree in a has equal roots. 

The condition for such equality of roots is the vanishing of 
the discriminant of the n-ic in a. This is of degree 2 (71— 1) 
in the coefficients of the 7i-ic, which themselves are of degree 
71 in a^, ttj, a2,...a2ii-r The condition is then the vanishing 
of a function of degree 271(71— 1) in the coefficients of the 
(271— l)-ic. This function is an invaiiant, being the dis- 
criminant of what will presently be exhibited as a covariant. 
For the case of the quintic n = 3, and the invariant is of 
degree 12. 

Let us discuss the failure for the case of the quintic. The 
equations which express that a, 6, c, d, e. f form a recurring 
series whose scale of relation is (1 — aa;)(l — /3a;)^ are not those 
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of § 208, with 71 = 3, but 

p -^ q = a, 

pa +(? + r)j3 =6, 

pa* + (g + 4r)/3*= e, 

of which any three determine p, q^ r. 
Now these give the quintic the form 

p{x-¥ayf + q{x-hfiy)^-^5rpy(x-^fiyy, 



I.e. 



pixi-ayf-^qix-^fiyY-^ ^ {(x + ay)^(x'{'py)} (x-^PyY, 

a. — p 

whose form is 

p(x + ayy-\' 57^ (x-^ay)(x-^pyy-hq'{x-\-Pyf. 

Thus the canonical form of a quintic which is special in 
that its invariant of the twelfth degree above vanishes is most 
simply written 

X« + 6XZP + P, 

in which three consecutive coefficients are wanting. 

When a, /3, y are all equal, it is easy to see that the de- 
generate form is 

{x + ayf {^ (« + ay)^ + 6g (a; + ay) y+ lOry^}, 
so that the quintic has a perfect cube for a factor. 

205.] Canonical forms of quintiOy septimio, &c. In ,the 
identity 

(a, 6, c, d, eyf) (a?, yf ^p{X'^ayf 

-^q{x + Pyf-¥r{x + yyY, 

we may write X for pi{x-\'ay) and F for q^ix-k-fiy^ and 

consequently XX-^-fxY for r^{x-\' yy\ where X tod /x are con- 
stants. We thus have as a canonical form of the general 
binary quintic x« + 7^ + (aX + ^i 7)^ 
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which involves two free constants only. More symmetrically 
we may write it v-5 4. y5 4. 75 

where X, F, Z are connected by a linear relation without 
constant term ; or again, we may write it 

where 

In like manner a canonical form of the genei'al binary 
septimic is 

and similarly for binary quantics of higher odd orders. 

206.] Canonizantfl. In § 200 it was seen that the x-^-ay, 
x + Py of the cubic have for their product multiplied by 
a function of the coefficients a certain co variant, the Hessian, 
which may be written in either of the forms 

aaj + fcy, bx-^-cy 
bx + cy, cx^-dy 

a, 6, c 
6, c, d 
y^y-oiy, a? 

There are corresponding facts for the quintic, septimic, ... 
(271— l)-ic. 

The covariant whose factors are 

x + aiy,x-^a^y,...x+a^y 

is not, after the cubic, the Hessian, but its form is analogous 
to either of the forms of the Hessian of the cubic here written 
down. 

Begard the equation whose roots are a,, a^, ... a^ which has 
been exhibited in § 203 ; and remember that, if ai, Cg, ...On are 
the roots of 

then x + ajy,x-h a^y, . .. aj + a^y are the factors of 
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We at once gather, altering the arrangement of rows in the 
canonizing determinant, that 



a. 



» ^n— 1 > ^«— 8 > ^fi-3 > • • • 



a< 



«+l> 



a. 



> ^w-l 



a. 



n+2> 



^»+l ^ ^« 






»0 



a. 



2 



«n-l 



^2»-l> *2i»-2> ^2«-3 > ^2i»-4 > 

(a?+ai2/)(aj + 022/)...(a; + a,y) | a^-i , a„.2 > a»-3 »--ao 

^» J ^»-l » ^n-2 » • • • ^1 
^2«-2» ^2n-3J ^2n-4' ••• ^«-l 

Accordingly the determination of the 

of the canonical expression of the (271— l)-ic is effected by the 
breaking up of the Ti-ic which is the determinant on the left 
into its 71 factors. 

To reduce the determinant to its other form, we best pro- 
ceed by multiplying it according to the ordinary rule by 
another determinant of the same number of rows and columns, 
viz. 

y, Xy 0, 0,... 0, 
0, y, Xy 0, ... 0, 
0, 0, y, aj, ... 0, 

0, 0, 0, 0, ...y, X 
0, 0, 0, 0, ...0, 1 

whose value is j/*. Combining rows with rows the product is 

,0 ,0 ,...0 , {-Iff 

«ny + a»-iaJ , an-iV + ^n-^ , (^n-^ + ««-8» , , , , a^y •\' a^x , a^ 



0. 



T 
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i.e. reanaiigiDg oolomns, is 



(— lji»(«-l)y» 









The omission of the factor y* from each side now establishes 
the identity, but for sign at most, of this last determinant 
with the first. 

The determinant is a covariant, viz. the catalecticant of the 
(2n— 2)th emanant (§ 56, cf. also § 17, Ex. 20). In the last 
written form of determinant the convention of § 71 as to sign 
and numerical multiple will be seen to have been adopted. 
The covariant, from the property here developed in con- 
nexion with canonical forms, is called the canonizarU of 
the (27i-l)-ic. 

207.] To realize the conclusion by particularization let us 
restate it for the quintic only. To reduce the quintic 

(a, 6, c, d, 6, /) (x, yf 

to its canonical form X* + y + Z", form the canonlzant 

CLX-^by, bx^-cy^ cx-k-dy 
6a5 + cy, cx + dyy dx^-ey 
cx + dy, dx + ey, ex-^-fy 

and break it up into three linear factors A-^x ^-fjLjy, ^2^'^t^2yi 
Agic + ftay. X, y, Z respectively Are multiples of these. To 
determine the multiples assume them arbitrarily. Then, by 
equating the coefficients of ar^, 5x^y, 10 a? y^ mX^-{-Y^-\-Z^ to 
a, 6, c respectively, we obtain three equations of the first 
degree for their determination. 

And in like manner for the septimic, nonic, &c. 

The failing case when the coefficients are so specially con- 
nected that the canonlzant has a square factor has been 
considered in § 204. 

Ex. 7. If the canonizant of a quintic is a perfect cube the quintic 
can be reduced to the form (il,,, ilj, ^4,, 0, 0, 0) (X, F)^] and all in- 
variants vanish. 

Am. Cf. § 204, and § 28, Ex. 5. 
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E^. 8. If the canonizant of a septiinic is a fourth power the 
eeptimic can be reduced to the form 

(.i,, .i,, ^„ ^, 0, 0, 0, 0,) (Z, Y)\ 
80 that all invariants vanish. {Booth.) 

208.] Qualities of even order. Cataleoticants interpreted. 
The general binary quantic of even order 2n cannot be 
expressed as a sum of n 2 nth powers. For the 27i-ic has 
271+1 coefficients, and the sum of n terms like (Ax + jxyY* 
contains only 2 71 free constants like X, /m, which cannot 
be so chosen as to satisfy 27i + l conditions. On the other 
hand, a sum of n+1 2 nth powers contains 2ti + 2 free con- 
stants, one more than the number of coefficients in the 2n-ic. 
We should expect then that the 27i>ic can be expressed as 
a sum of 71 + 1 2 nth powers in an infinite number of ways, 
and not definitely in one or a few ways. Proper canonical 
forms of binary quantics of even order must not therefore 
be expected to be mere sums of 2tith powers. A sum of 
n 2 nth powers together with one additional term is, how- 
ever, a form to be reasonably anticipated. 

Before seeking such a canonical form for the quartic it will 
be interesting to investigate the special relation which must 
hold among the coefficients of the 27i-ic 

that it may be identical with a sum of n 2 nth powers. 

If we pay attention to the method of § 203 it will be clear 
that the necessary and sufficient condition is that a2„ be the 
next term in the recurring series, with scale of relation of the 
Tith degree, which is determined by the first 2n terms 

(Zq, ftj, (Z2» ••• ^2n-l» 

i.e. that n quantities q^y ?2» •••2n exist which satisfy simul- 
taneously the 71 + 1 equations 

a„ + q^ a,.i + q^ a„_2 + . . . + ?« % = 0, 



»2«-l + ?l«2«-2 + ?2«2»-3 + — + ?««i»-l = ^> 

<^2n +9ia2«-l + ?2%i.-2+ — +?•«• =^- 

T 2, 
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Now the necessary and sufficient condition for this is that, 
reversing the order of the columns, 

^2' ^3 > ^4 J ••• ^11+2 
^n> ^ii+l> ^ii+2> ••• ^2i» 

i.e. that the invariant defined as the catalecticant (§17 Ex- 
amples) vanish, 

Ex. 9. The binary quartic (a, 6, c, d, e) {x, y)* will be a sum of two 
fourth powers if 

Ex. 10. The binary sextic (a, 6, c, d, e,f, g) {x, y)* will be a sum 

of three sixth powers if , , ^ 

a, Of Cj a =^ 0. 

bf Cy d, e 

Cy dy ty f 

d, e, fy g 

209.] Catalecticants are invarianta. It is instructive to 
notice that what we have before us affords a proof that the 
catalecticant of a binary quantic of even order is an invariant. 
Its vanishing expresses the necessary and sufficient condition 
that the quantic may have a special property, that of being 
a sum of n 2ni\i powers, which is entirely independent of 
any linear transformation. If, in fact, the most general linear 
substitution possible in {a^, a-^^^a^, ...a2„)(a;5 2/)^** transforms 
that 2'M-ic into {Aq, A^y A^y.,, A^^){Xy Yf'', the vanishing of 
the same function of -4^, J.^, ilg, ... -Ag,, expresses the necessary 
and sufficient condition for the same special property. More- 
over, the A'b being of the first degree in the a's, the degree in 
the a's of the catalecticants of the original and transformed 
271-ics are the same. The one, then, can only differ from the 
other by a factor involving merely the constants of the 
substitution. The catalecticant is therefore an invariant by 
the definition (§ 3). That the factor is a power of the modulus 
has been established in general in § 23. 

The student is advised to establish that the canonizant 
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of § 206 is a covariant of a binary {2n—t)-ic by similar 
reasoning. 

210.] In § 208 it is proved that if the catalecticant vanish 
the 2 7i-ic is a sum of n 2 nth powers, and that conversely if 
a 27i-ic is a sum of n 2 nth powers its catalecticant vanishes. 
The latter fact is well exhibited as follows. For brevity of 
writing the case of the quartic alone is taken. 

The catalecticant of p{x-j-ayy-^q(x + ^ y)* is 

p + q , pa-^qfi , pa^ + ql3^ 

pa-\-qfi, pa^-^-qfi'^, ^^a^-fg^jS^ 

pa^ + ql3^, pa^-j-qfi^j pa^ + qfi^ 

Now this is a sum of 8( = 2^) determinants, of which the 

first is /« /w. /v> 2 

p , pa , pa^ 

pa, pa^, pa^ 

pa^, pa^, pd^ 

the other seven being obtained from this one by replacing 
p and a by g^ and j3 in one or more of its columns. 

But in every one of these eight determinants there are 
either two {p, a) columns at least or two {q, fi) columns at 
least. Moreover, taking one which contains two (p, a) 
columns, we notice that the constituents in one of these 
two columns are either a or a^ times those in the other of 
the two, so that the determinant is either a or a^ times one 
with two columns identical, and therefore vanishes. Similarly 
every one of the eight which has two (g, )8) columns vanishes. 
All the eight then vanish, and consequently their sum the 
catalecticant vanishes. 

211.] Canonical form of quartic. We now proceed to show 
that the general binary quartic may be reduced to the canonical 

in favour of which there is a presumption as the form contains 
one ( = 4 — 3, cf. § 196) free coelEcient 7n, 

We have to see that p, g, a, ft and /m can be found so as to 
make 

(a, ft, c, d, e) {x, yf 

= pix + ayy-hq{x + fiyy + 6fi(x-^ayf{x + fiyf 
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an identity. It is not enough to notice that the number of 
free constanta on the right is equal to the number of coef- 
ficients on the left. 

Knowledge that a quartic equation has four roots is assumed. 
Thus (a, b, c, d, e) {x^ yY can be broken up into linear factors, 
and consequently into two quadratic factors in three ways, 
corresponding to the arrangements (12, 34), (13, 24), (14, 23) 
of the linear fisictors. Let one of the quadratic factorizations 

What we have to prove will be established if we can find 
P^i ^y P"> S^'j ^» ^ ®^ *^^^ simultaneously 

aV + 2 Vmi + cV = / (« + ayj + g' {x -h^yf, 

The six equations for finding the constants on the right, that 
this may be the case, are 

/ + g' =a', /' + g" =a", 

p'a« + ^fi^ = c\ p"a^ 4 g"/32 = c". 

Now of these the first three are consistent for the determina- 
tion of ^', ^ if 

c'-6'(a+/3) + a'a)3=:0, 

as we see by eliminating p^ and q\ and the last three are con- 
sistent for tiie determination of ^", g" if 

c"-6"(a + )3) + a"aj3 = 0; 

and these two conditions are satisfied by taking 

1 a + P _ afi 

cb — a o a c — a c c ^0 c 

i.e. by taking for a, fi the roots of the quadratic 

(a'6"-a"6')a2-(a'c''-a"c')a + 6V'-6"c' == 0, 

which are finite and unequal if a\ h\ c', a'\ 6", c" are uncon- 
nected, i.e. if the quaii;ic is general. 

We see then that the required reduction is possible, and 
possible in three distinct ways, one corresponding to each way 
of breaking up the quartic into two quadratic factors. 
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The quartic in the form 

p (aj + ay)* + gr (aj -h 0y)* + 6fi (a? + ay)2 (a; + i3yf , 

into which it is now shown capable of being thrown^ is given 
the canonical form 

by taking for X either ± p^(x + ay) or ± -/— 1^ (x 4- ay), and 

for Y either ±g^(aj + )3y) or + \^—lq^(x-\'py). It is thus 

seen that m may have either of the two values + (m)"*^^' 
Each of the three reductions above produces then two varieties 
of the canonical form differing only in the sign of m. The 
equation to be found for the determination of m should con- 
sequently prove to be a cubic in m^. 

We thus encounter a striking difference between the quartic, 
and other quantics of even order, and the cubic, and quantics 
of odd order, in the matter of canonical forms. The reduction 
of the cubic to its canonical form X^ + F^ is unique. On the 
other hand, the reduction of the quartic to its canonical form 
Z* + F* + 6mX^Y^ is sixfold. 

212.] We now proceed to exhibit the information given by 
invariant algebra with reference to the general binary quartic 

u = (a, 6, c, d, e) {x, yf 

fmd its canonical form 

Z*+ F*H- 6mZ2F2 = (1, 0, m, 0, 1)(Z, F)*. 

Suppose that X and F, expressed in terms of x and y, are 
A 33 + /my and k'x + iiy respectively. Let M' denote Sfi-^K^tx, 
so that M' is the modulus of the substitution which reduces 
the canonical form to the general, and consequently if' ~^ the 
modulus of that which reduces the general to the canonical. 

By § 170 the irreducible concomitants of the quartic are, 
including itself, five in number. They are 

(1) the quartic itself 

u = (a, 6, c, d, e) (x, yf, 
(2, 3) its two invariants 

/= ace + 26c(i— od^— 6^6— c^ 
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of which the latter is its catalecticani, 

(4) its quartic covariant, or Hessian, 

H= aa? + 2bxy -h cy^, bx^ + 2cxy + dy^ I 
bx^'\'2cxy + dy^, ca^-\'2doDy+ey^ i 

of which the seminvariant leader is oo— 2^, and 

(5) a sextic covariant of which the seminvariant leader is 
a^d— 3 a6c + 26^, which, written at length by the method of 
§ 110, is 

+ (6a6e-15acci4- 1062 d!)ic*y« + (106*e-10aci2)a;3 2/3 

+ (166c6-6ad6--10M2)aj2y* + (9c2e--a6*-26cfo-6cd«)ar</^ 

+ (3otZ6-W»-2d!3)y«. 

The power of the modulus in the equality expressive of 

invariancy or covariancy of any one of these has for its index, 

it will be remembered, the weight of the invariant or of the 

seminvariant leader of the covariant. Thus we have the five 

equalities 

u = Z*+F* + 6mZ>^^ ...(1) 

/ = Jf*(l+3m«), ...(2) 

/=Jlf«(m-m»), ...(3) 

if=Jf2{m(ZVF*) + (l-3m2)Z3P}, ...(4) 

G = il/'3(l-9m2)Zr(Z*-r*). ...(5) 

The first observation made on an inspection of these equali- 
ties is that the two invariants / and J alone supply us with 
the equation for the determination of the m's of the six 
canonical forms, and with the values of the modulus M\ 
going with each value of Tti, of the substitutions which express 
Z and Y in terms of x and y. 

Elimination of if between (2) and (3) gives at once 

/8m2(l-.m2)2 = J"2(i + 3m2)3, ... (6) 

the cubic whose roots are the three values of m^. To each 
value of m there corresponds a value of M^ given by 



^2 J l + 3m2 



...(7) 



SO that with each value of rn go two of M\ equal but of 
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opposite signs. This is reasonable, for a canonical form is 
unaltered when we interchange X and F, but the modulus is 
changed in sign. The equation for all values of M should 
then be a cubic in IT*, the two values ± -wi of m giving two 
values + IT^ of M'K This cubic comes at once from elimina- 
tion of m between (2) and (3), and is 

i.e. (ilf'*-7)(4J[f*-7)2 + /272 = 0. ... (8) 

The cubic for Jl/'^m is simpler than either that for m^ or 
that for M'^\ and is given by taking 

^«7=-4if*m2, 

and so is 

4(ir2m)3-7(ir2^) + 7= 0, ...(9) 

which will be recognized as the ordinary reducing cubic of 
a quartic equation. 

We shall consider this cubic further presently. Meanwhile 
let us pay a little close attention to the cubic (6) for m^, the 
solution of which is the one which at once affords the canonical 
forms themselves. Written at length the cubic is 

(73-27j2)^6_(273 + 27J^)m*-|-(73_972)^2_j2^0....(10) 

. , 73 
The one pai*ameter involved in it is the absolute invariant -^ • 

We proceed to draw in the following article certain conclu- 
sions as to the reduction of special classes of quartics, which 
obey invariant conditions suggested by the coefficients in this 
cubic. 

213.] Quartics for which 7=0. K a quartic belong to 
the special class for which 

7=ae— 46d + 3c2= 0, 

the cubic for m^ becomes 

(H-3m2)3= 0, 
so that the three pairs of reductions to a canonical form 
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coalesce in form into a single pair, the alternative canonical 
forms being 

and being thus of imaginary shape. From (3) we find, as 
corresponding to the values + -/— i of m respectively, 

so that the values of the modulus as well as of m are all 
imaginary. 

Since the relation 1 + 3m* = may be written 

1 — 3 m* m 






6m 1 

we see from (1) and (4) that the Hessian of 

is, but for the factor M'^m^ 

Thus a quartic for which 7=0 and its Hessian have reciprocal 
properties, each being, but for a constant factor, the Hessian 
of the other. Moreover they have, but for a constant factor, 
the same sextic covariant 0. 

Ex. 11. Prove that 

X^+ P±2 V~3Z«P = 2 + 2^:^3 f(^+ r)*+(x-io* 

T 2 /=! {X+ r)' (Z- Yf } 

+(x-rv'3i)« + 2 v'^(x+ Y^nriY (x-ry- 1)*}, 

thus exhibiting the connexion between the three like pairs of canonical 
forms when I =z Q, 

Ex. 12. Three of the six anharmonic ratios of the range or pencil 
denoted by a binary quartic for which 7 = are equal to —o), and the 
other three to — o)', where co and o)' are the imaginary cube roots 
of unity. 

Ex. 13. When 7=0, W^w" = -^^J, 
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Ex. 14. When 7=0, 

4i 4^ 4? 

Ji J\ Ji 

are perfect squares ; viz. numerical multiples of the squares of the 
products XY for canonical forms. 

Ex. 15. When 7 = 0, Ju^ + 4:IP =z ^G^, Hence also prove 
Ex. 14. 

214.] Quartics for which / = 0. When the catalecticant 
J=ace + 2bcd—a(P—b^e-'C^=i 0, 

so that (§ 208) one canonical form is a sum of two fourth 
pawers, the cubic (6) or (10) of § 212 for m^ is 

The second and third pairs of canonical forms coalesce then in 
the shape Z* + F* + 6 Z* Y*. 

The connexion of the different canonical forms for this case 
is exhibited in the identities 

Z*+P=Z* + (Fy^l)*, 

= l{(z+r)*+(z~r)*+6(x+r)^(z-y)n, 

-6(Z+r)'(-^'v/-l-Fv/3T)2i, 

= ^ { (z + Fy3T)4 + (z^ Y^~iy 

+ 6(Z+Fy-l)2(Z-FV^l)2j, 

= j{(z+Fy3i)4+(z/3i + ^ 

-.6(Z+Fy^l)2(Z'/-H-F)2}. 

By § 212 (2), M'^= I goes with m = 0, and Jlf'*= J/ with 
m = ±1. 

Ex. 16. When <7= 0, the Hessian is, but for a constant factor, the 
square of the product of the X and Y of the canonical form X* + F*. 

Ex. 17. In the same case, the two expressions u±2 T^'TTare eight 
times the squares of the products XY for the other two essentially 
distinct canonical forms, the third and foui'th, and the fifth and sixth, 
of the above forms not being reckoned as essentially distinct. 

Ex. 18. In the same case, {M-^iB^)H = (?^ 
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Ex. 19. The range or pencil denoted by a binary quartic for which 
</ = is harmonic. 

£x. 20. So is the range or pencil composed of any two out of three 
pairs of elements which constitute what is denoted by the sextic 
covariant G, 

215.] Quartics for which 7^= 27 J^. When the coefficients 
in the quartic are such that P— 27 1/"^= 0, i. e. when the dis- 
criminant vanishes, so that the quartic has a square factor, 
one value of m^ given by § 212 (10) is infinite, and the quad- 
ratic for the other two values of m^ is 

(9m2~l)«=0. 

But we are here confronted with a case in which the 
reduction to the canonical form X*+r* + 6mX^]P is im- 
possible unless a further condition is satisfied. The value 
fn = cx) would make this canonical form an infinite multiple 
of X^F*, i.e. of a perfect square, and the values wt = ±4 
would make it X*+F*±2X^I^, again perfect squares. 
Now obviously a quartic with a square factor must have its 
conjugate quadratic factor also a perfect square for such 
a reduction to be possible. 

For the explanation of this we must refer back to § 211. 
If the two conjugate quadratic factors there assumed have 
a common linear factor their eliminant 

(aV- aV)2 - 4 {a'U'-a''V){Vc'' - 6V) 

vanishes, and the quadratic in a has equal roots, so that a = /3, 
and the method followed fails to find a distinct X and F, and 
indeed fails to lead to any result which is not more obvious 
otherwise. And again, if one of the quadratic factors, 
a'ci?-\-2Vxy-\-c'y^ suppose, is a perfect square, so that 
a'c'^V^, it follows that p'q'{a-^f- 0, so that either o = 0, 
and there is failure as before, or else either ^'= or g' =0, 
which leads not to the form Jr*+ F* + 6mX^F^ but to the 
form Z* + 6 mZ^F^. 

It is this form, or rather its further simplification 

which is canonical for a quartic for which P— 27t7^=0. 

The more special quantic still which has not only one 
square factor but two square factors, i. e. which is a constant 
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multiple of the square of a quadratic, can however, it is clear, 
be given the form (X^ + Y'^Y or the form (X^ — F*)^ as above. 
An even simpler form for such a quantic is 6X^F^. 

Ex. 21. The Hessian of a binary quartic with a square factor has 
that same square factor. (This fact is easily proved for a binary 
quantic of any order with a square factor.) 

Ex. 22. The sextic covariant ^ of a quartic with a square factor 
{lx-\-myY has the factor (/a?+my)^ 

Ex. 23. If a binary quartic be the square of a quadratic it is the 
same but for a constant factor as its Hessian, so that 

ac'-h^ ad— he ae + 2bd—3c^ ^be—cd ce — cP 

a ■" 26 "" 6c "" 2d e 

Ans, 2/iBr= 3Ju, {Gayley,) 

Ex. 24. In the same case the sextic covariant G vanishes identically. 
Hence also determine the same conditions as in Ex. 23. 

216.] The general binary quartic. We now proceed to 
apply the equalities of § 212 to the case of the general quartic. 

A pair of canonical forms X* + F*± 6mX^F^ are not essen- 
tially distinct, the X and Y of one being merely the X and 

ry"^! of the other. 

The sextic covariant helps us to decide what are the 
X and Y of each of the two other essentially distinct canonical 
forms of the same shape as one X*4- F* + GmX^P. This co- 
variant has, § 212 (5), the X and F of X*+ F^ + SmZ^P 
for factors. For the same reason it must have for factors the 
X and F of each of the other canonical forms. It is in fact, 
therefore, but for a factor free from the variables, the product 
of the three Z's and the three F'e of the essentially distinct 
canonical forms. We are thus led to expect that X^— F* and 
X^+P are but for constant factors the products XF corre- 
sponding to the two other forms. 

And it is in fact quite easy so to assign k\ h'\ m', i\i" as to 
satisfy the identities 

X*+F4 + 6mX2F2={*X^+F)}*+{*'(X-F)}* 

+ 6m'{ik'(X + F)}2 {ik'(X- Y)Y 

= {r(x+F%/~i)}*+{r(x-Fy^i)}* 
+6m''{r(x+Fy~i)}M>t''(^-i^v^~i)}'. 



286 SYZYGY AMONG CONCOMITANTS OP QUARTIC. [218 

Thus for k\ m' we have only to secure that 

ifc'*(2 + 6m') = 1, Jfc'*(l2— 12mO = 6m, 
i. e. to take . 

3m + 1 ®^ '^ 

and similarly for A^', m". 

217.] Beduotion of general quartic to canonical form. Let 
us now take the simplest of the cubics of § 212, viz. (9) 

4 {M'^mf - liW^m) + J = 0. 

The solution of this affords a ready way of determining the 
X and F of either of the canonical forms. The equations 
(1) and (4) of § 212 give us at once 

Solve then the cubic above for M'^vi^ and, taking either of its 
roots, form the coiTCsponding iT^viu-^H. This, but for 
a multiplier free from the variables, is a perfect square, 
namely the square of XT. Break up the square root of 
M'^mu^H, or any convenient multiple of it, into two 
factors gx + hy, yfx + Ky, The identity must hold 

tt = (a, 6, c, d, e) (x, yY = a'(gx + hy^ 

-^ec'igx + hyfig'x'hk'yy'^e'ig'x'hh'yy, 

for some values of a\ c\ e\ These values can be found by 
identifying three of the coefficients on the left with those 
which correspond on the right. Having found them, 

a'i{gx-\'hy\ e'*{^X'\'Vy) are X, F, and cV""*^""* ism. 

218.] Syaygy among u, /, t7, fi', G. That XT is, but for 
a factor free from x, y, the square root of JiT^rriu—Il, and 
consequently that the product of the three values of Z F for 
the three essentially distinct canonical forms is, but for such 
a factor, the square root of the product of the three values of 
M^'^Tau - H corresponding to the three roots of the cubic for 
M^^m^ tells us, when taken in connexion with § 216, that 
this product 

can only differ by a factor free from the variables from G^. 
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Now by the theory of equations 

Consequently an identity must hold of the form 

That h here is a merely numerical constant, and not 
a function of the coefficients, is clear because G^ and the right- 
hand side are both of degree 6 in the coefficients. To find its 
value we may either substitute for u, 7, J^ jET, their values 
in terms of X, F, if, m from § 212 and examine the identity 
of the coefficients of one term, say of X^^ F^, on the two sides, 
or may notice that § 218, Ex. 15 gives us the particular form 
which the relation takes when 7=0. We thus find i = 1. 

Accordingly the irreducible biit not independent con- 
comitants u, 7, t7, TT, G of the binary quartic u are connected 

by the syzygy 

7u2£r-4fl"*~Ju8=G^, 

I 

the invariants and seminvariant leaders of the CQvariants 
being themselves connected by the syzygy 

7a2(ac-62j_4(^_j2j3_jr^3 ^ (a2d;-3a6c + 263)2. 

These syzygies have been otherwise obtained in previous 
chaf^ters. 

219.] Canonical reduction with unit modulus. There is 
often convenience in using, not the strictly canonical form of 
a quantic, i. e. the simplest form to which the quantic may be 
reduced by any linear substitution, but the simplest form to 
which it may be reduced by a substitution of unit modulus. 

If the substitution which reduces the quaiiic (a,6,c,d, e) («, yf 
to its canonical form X* + F* + GmX^ F^ be 

ir = ZX + mF, y = Z'Z + m'F, 
so that Irnf—Vftii — M^~^ in what precedes, the substitution 

whose modulus is unity, reduces the quartic to 
Thus a'(aj'2 + 2/'2)+ 6c'a'22/'2 = (^'^ q, c', 0, a'){x\yy 
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is a form to which the general binary quartic can be reduced 
by a substitution whose modulus is unity. We also see that 
c' is the M^^m of §§ 212, 217, so that the reducing cubic of the 
quartic is the one whose roots are the three values of c\ We 
may find it very easily as follows. Since the modulus is 1 , 

whence, eliminating a'^, 

the same cubic as that already found for M'^ffh, 

We might equally have found in this way the same cubic 
for c' if all that we had assumed were that a substitution of 
unit moduhis reduces the quartic to the form 

Adopting, however, the fact known as above that a! and e^ 
may be made equal, the equalities (1) to (5) of § 212 are re- 

placed by ^ = ^^(^^4 + y^4) + ec'.:'^2/^ 

H = a'c'(a;'* + y'^) + (a'^ - 3 /2)a:'*^/'^ 
Q = a'(a'^-9c'2)a:'2/'(a:'*-/*), 

whose right-hand sides are obviously connected by a syzygy, 
as they involve only four quantities a\c\x\y\ This is 
readily seen to be that of the preceding article. 

Ex. 25. Prove that, if H' be the Hessian of the Hessian H of w, 

Ex. 26. The sextic covariant (?' of iETis —^JG, 

Ex. 27. Find the Hessian and the sextic covariant of ku+kfff. 

220.] The cubic for c' may be found in a different manner, 
which exhibits it in a form having its analogue in the case of 
higher binary quantics of even order. 

It has been seen that the identity 

aar* + 4 ba^y + 6cx^y^ + 4idocy^ + ey^ 

= a\lx + myf + e'{Vx + m'yf + 6 c'{lx + myf{Vx + m'yf 
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is one which can be satisfied simultaneously with 

Im'^Vm = 1, 
and in fact that we may take e' = a\ 

Now operate on both sides of the identity with 

^ dy dx^ ^ dy dx) ' 

noticing that this annihilates both Ix + my and Vx-hm'y, and 
that 

= — 4 (Irnf — Z'm)^ (Ix + my) {Ifx + w!y) 
= — 4 (Zoj + mj/) (Z'oj + wfy). 

Equating coefficients of cc^, xy, y^ in the results of operating 
on the left and right-hand sides of the identity, we obtain 

amm! — b {Im' + I'm) + dV = — 2 c'll\ 
hmm' — c {Im' + Tm) -f dZr = — c'{lm' + Z'm), 
cmm! — d (Zm' + Vm) + eZr = — 2 c'mm!^ 

equations linear in ll\ Iw! + Z'm, mm'. By elimination of these 
we at once obtain the cubic for c' 



a ,6 , c + 2c' 
6 , c~c', d 
c + 2c\ d y e 



= 0, 



i.e. ac6 + 26ai!-ad!2-626-c3-(a6~46ci + 3c2)c'+4c'3=:0, 
i.e. /-.7c'+4c'3= 0, 

the reducing cubic abeady obtained otherwise. 

Taking either root c' of this cubic we can solve the linear 
equations in IV , Im -^Vm., mm\ and so obtain their ratios, i.e. 
the product IV x^ + (Im' + Vm)xy + mm'y^ of Ix + mj/, Ix + m'y 
but for a constant factor. 

221.] Solution of a quartio equation. When a quartic is 
reduced to its canonical form, or to the forma'aj* + 6 c'o^y^ + e'y'^y 
it is at once broken up into quadratic factors and solved. 
Two methods suggested by the articles which precede are here 

u 
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exemplified. They are not so simple in their use as some of 
those given in works on the theory of equations. 

Ex. 28. By use of § 220 solve the qttartic equation 

8x*-4ar» + 24a^-16aj+48 = 0. 

Here a, h, c, d, e have the values 3, —1, 4, ~4, 48. Thus 

/= 176, J = 448, and the cubic for e" is c'*-.44c'f 112 = 0, of 
which 4 is a root. The oorresponding ratios ZT: Itj/ •\-l'm : mm' of 
§ 220 are 1 : : — 4. The quartic has then the form 

a"(a+2)*+e''{a:-2)* + 6c"(a»-.4)« = 0, 

and is in fact seen to be 

(aj+2)*+ 2{aj-2)*+3{a^-4)» = 0, 

i.e. {(aj+2)« + (x-.2)«} {(aj+2)«+2(a;-2)«} = 0, 

i.e. («"+4) (3a^— 4ir+ 12) = 0, 

80 that the roots are +2V^ and J(2 + 4V'^). 

Ex. 29. To the same quartic apply the method of § 217. 
Here 

H= (3aj«-2aj + 4) (4a^-8aj+48) - (-aj» + 8aj-4)' 
= lla?*-16ar'+104a:*~64aj+176. 

Also a value of M' m, or </, is, as above, 4. Thus 

c't*-/^ = aj*-8a?'+16 = {(a? + 2) (a— 2)}». 
Hence the given equation has the form 

a''(a; + 2)* + e'>-2)* + 6c"(«»-4)« = 0, 
and the solution is completed as above. 

222.] There is a symmetrical expression given by Cayley 
for a linear factor of the general binary quartic u. 

If q, Cg, C3 are the roots of 4c'^— Jc' + /= 0, it has been 
seen in § 217 that CyU—H, c^u^H, c^n^H are multiples of 
squares of quadratics in the variables. 

Thus 

is a rational quadratic function of x and y. We seek A, /x, v 
that it may be the square of a factor of u. 
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A value of - which makes u vanish, i.e. a root of u, will 
make the quadratic function vanish if 

(A + /xH- 1;) y ^Tff = 0, 
i. e. if X + /A + V = 0. 

The same value will make its differential coefficient with 
respect to aj, i.e. 

X 5 du dH\ fi ( du dH) 

VcjU-'H^ dx dxj Vc^n—Hi dx dx) 

V ( du dH) 

vc3t6— JEf' do? c?aj3 
vanish, if it make 

--^^= |(XCi + /iC2 + 1C3) — - (X + H + i') — J = 0, 
as it will do if the further condition 

is satisfied. 

Now these two conditions are satisfied by taking 

We conclude then that 

is, but for a multiple not involving the variables, the square 
of a linear factor of the quartic u, 

Ex. 30. Prove that 

is the squai^e of a linear factor of the Hessian. 

223.] Gteometry of concomitants of quartio. The invariant 
and covariant geometry of a binary quartic is a geometry of 
anharmonic properties. The student of geometry will know 
that, if /o is an anharmonic ratio of a pencil or range of four 
elements, the other five anharmonic ratios are 

1 1 1 n 

— 3 1 —p} J 1 



p 1-p p f>-l 

U 2 
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Some parts of the geometry have already been obtained. 
Thus (§ 213, Ex. 12) i = is the condition that one an- 
harmonic ratio of the pencil or range denoted by the quartic 
be —0), and consequently that two others be also —tn, and the 
other three — a>'. In &ct, if we take for p the anharmonic 

ratio - — r- : r , where a, /3, y, i are the roots, and notice 

y — a — 



that this is in the notation of 6 80, we obtain 

w 

24 

so that 7 = means, unless two roots are equal which would 
imply a further inyariant condition, 

p = —ft) or — ft)^. 

Again, /= is the condition (§ 214, Ex. 19) that the 
pencU or range be harmonic, i.e. that one anhaimonic ratio 

be — 1, and consequently the rest — 1, 2, -, -, 2. In fact, re- 
ferring again to § 80, 

J= — —-a^(v—w){w—u)(u-'V) 

= ^«''«'''(P-2)(P+I)(2p-1), 

so that J= necessitates that p be either — 1 or 2 or -. 

We have at once, by elimination of aw^ the equation whose 
roots are the six values of p, i. e. the six anharmonic ratios of 
the general quartic ; namely, 

-^,=i 108 ^^ ^ ^ 



j'--^{p+i)^p^2f{2p^iy' 
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which may be given the simpler shape 

(p2,pH-l)3 _ 27J« 
p^p^lf ""4(73-27/2)' 

a cubic, in p(l— p). The left-hand side of this may also be 
written , o 

P+--2 
P 

so that it is also a cubic in p + -. 

P ^ 
To interpret the sextic covariant we remember that it 

is, but for a constant factor, the product of the XY'a of 

the three essentially distinct canonical forms. Now, if the 

canonical form X^A-6riiX^Y^ + F* be broken up into 

(X2 + ptF2)(X2 + M-^F2), 

we recognize that XF represents the common pair of harmonic 
conjugates of the pairs X^-^nY^, X^ + p.-'^Y\ We thus con- 
clude that G represents the three pairs of common harmonic 
conjugates of pairs into which the four factors of the quartic 
u can be separated, i.e. the double elements of the three 
involutions which are determined by taking the four linear 
factors of u in pairs. 

It is clear, from the similarity of the canonical reduction 
(§ 212 (4)) o{ H the Hessian of u to that of u itself, that G 
has the same property with regard to TT as it has with regard 
to u. It has also the same property with regard to ku + J(fH, 
where k and k' have any values which do not make this 
a perfect square. 

We notice the further property of G, gathering it from the 
canonical reduction, that its six linear factors occur in pairs 
XF, X'^—Y% X^-\-Y^ such that either pair constitutes the 
double elements of the involution determined by the other 
pairs of elements. 

The geometrical property of H is that of determining with 
u an infinite system of quartics ku + k'H^ the factors of any 
one of which, taken in pairs in any way, have a pair chosen 
out of six elements constituting G for the double elements of 
the involution which they determine. 
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Ex. 31. Find a covariant which represents the four harmonic 
conjugates of the factors of u, each with regard to the Hessian of the 
other three factors. 

Afu. (/*— 3 J')tt + SIJH, To find it take the quartic in the form 
4(5c' + y') (»+ay)t so that /= 12a, J= — 4(a'+l), and determine 
6, so that Su^Ht where ff is the Hessian of the quartic, may have 
a?— ay for a factor. 

Ex. 32. In terms of the roots of u, the quadratic factors of which 
give the products XYfor canonical forms are 

(5 + a-^-y, fiy-cJi, Ja(^ + y)-^y (« + «)) (a:,y)«, 

and two similar. 

224.] Higher binary quantics of eren order. We now pass 
to consider briefly the reduction to canonical forms of 2 ri-ics, 
where n exceeds 2. 

It has been seen (§ 208) that a binary 27i-ic whose cata- 
lecticant vanishes can be expressed as a sum of n 2 nth 
powers. 

Now let u be the general binary 2n-ic, whose catalecticant 
therefore does not vanish, and let v be any particular binary 
27i-ic with coefficients definitely chosen, either as constants 
or as functions of the coefficients in u, whose catalecticant 
does not vanish. Let X be a constant free to have any 
value. 

Write down the catalecticant of u— Xv and equate it to 
zero. The result is an equation in X. This equation has 
a root or roots, i.e. there is a value, or values, of X for which 
^6 — Xv is a sum of 71 2 71th powers. 

A right form to assume for the general binary 27i-ic u 
is then a sum of n 2 nth powers together with a free 
multiple of any particular 2n-ic v whose catalecticant does 
not vanish. 

The most natural form to assume for the sextic would 
appear to be Z*^ + P + Z*' + kX^T^Z^ 

but the reduction to this form has not, as a matter of fact, 
been effected. 

The octavic however, as we shall presently see, has been 
brought by Sylvester to the corresponding form. 

J:« + F» + Z8 + TT* + \X^T^ZW\ 
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225.] The binary seztio. The usual canonical form for the 
sextic is 

or, putting Z+ F, a,(X + a)F), a>%X + f^^7) for a:\ y\ z\ 

(Z+F)« + (X + a)F)« + (Z + a)2F)« + A(X«-P). 

It is convenient to take unity for the modulus of trans- 
formation. II x^lX-^mY^y^ VX + m'F be the substitution 
which reduces the sextic to the above form, the substitution 

{Im'-Vmfx = lX-\^mY, {Im'-^Vmfy = VX + m'T, 

whose modulus is unity, reduces the sextic to the form 

i;{(Z+F)« + (Z + a>F)« + (X + a>2F)«}+^t(Z«-F«). 

Let us assume only, with apparently smaller particulariza- 
tion, that 

(a, 6, c, d, ej, g) (aj, yf 

= ^(Z+F)« + 2(ZH-a)F)« + r(Z+a)2F)« + M(X«-F«). 

We proceed to show how to find Z^ + F^ and /x. Suppose that 

aV + 3 Vx^y + 3 c'xy^ + dy = Z^ + Y\ 

Then, by § 46, the modulus being unity, we have also the 
equivalence of operations 

,d^ ,,,_d3_ ,_d3_ d^ _ d^ d^ 

^ df'' dxdy^ ^ dx^dy dx^ "" dY^ dX^ ' 

Operate with the left-hand side here upon 

(a, 6, c, d, e, f, g) {x, yf, 

and with the right on its equivalent in terms of Z and F. 
Eemembering that 

we see that the result on the right-hand side is 

-120M(Z3-hP), 
which is the same as 

-120fx(aV-h36V2/ + 3c'a^+dy). 
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This is exhibited as the equiyalent of another cubic in x and 
y. Equating the coefficients in the two, we have at once 

a'e— 3fe'c?+ 3c'c^d'b = -6'/ys 
ay-36'e + 3c'd-d'c= -c^fi, 

which are made consistent for finding the mutual ratios of 
<3l\ b\ c\ d' by choosing fi so as to satisfy 

d + yiy c , 6 



a 



e 

f 
9 



, ^i-gM, C 



,6 






' ^ + 3'*» ^ 



, eZ-^ 



= 0, 



i.e. by solving a quartic equation ; so that there are four such 
values of fu 

Substitute one of these values of ft. The ratios a' : V : c' : rf' 
are at once determined by any three of the linear equations * 
now made consistent. It is now a matter of the solution of 
a cubic equation to split up 

a'x^ + 3 6 Vj/ + 3 c'xf + dy 

into its three factors, which must, but for constant multipliers, 
be the X+Y, X -^toYy X-^ u^Y oi the canonical form. 

The coefficients of the canonizing quartic equation in /x 
must be invariants, as their property is quite independent of 
any linear transformation. The equation is in fact 



+ i(asr-6ft/+ 15ce-10ei2)^24.1^4 ^ q, 



d, c, 6, a 

e, d, c, h 
/, e, d, c 
g^fy e, d 

whose coefficients are the catalecticant and the quadric in- 
variant. 

It will be seen that the four values of ft go in pairs 



I 
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226.] Another, and perhaps a more useful, canonical form 
to which the sextic can be brought by linear transformation 
is that of Stephanos and Brill 

We may prove the possibility of the reduction as follows. 
Taking the form 

(z+r)«+(z+a,r)«+(z+<«2F)«+3x(z«-F«), 

to which the sextic has been brought by solution of a quadr 
ratio (in fx^) and a cubic, put 

X = plx + qmy, T =lx-\'my, 

where p^q must not be zero. The equations found upon 
making the coefficients of afiy and ocy^ zero are 

(p^ + I0p^)q + 10^3 + 1 + Hp^q—'^) = 0, 

Of these the difference has p-^-q s,s well && p—q for a factor. 
The former, which is allowable, makes either equation 

giving p = —q = (- ) • Thus we have a substitution 

which reduces a sextic to the form 

aV + 15cV2/2 + 20dV2/3 + ISe'x^y^+g'y^, 

or, altering the notation by putting x and y for a^^x and ^^y, 
the form required. 

227.] The binary octavic. The canonical form of the 
octavic {%, <hi*"<^s) {^9 yf is 

Z8 + 78 + ^ + TT* + kX^Y^Z^W^ 

where Z, F, Zy W are linear in x and y. We have to see 
that X and the product 

= {a\ h\ c\ d\ eO (a?, j/)*, say, 
can be found. 
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The operator (a', h\ c\ d\ fT) (A , _ J?.)* annihilates X«, 

F*, Z*, TT®, aa is clear, since {l-^ '^'J-) (^aj + mt/) = 0. We 

can further see that the same operator produces from 
X^Y^PW^ a constant multiple of XYZW. To do so affords 
a good example of the use of the concomitants of a quartic. 
We have to see, in fact, that 

(a-, h\ c', d\ «0 (|^. - |^)*{(a', V, c\ d\ e') (x, y)«p 

is a constant multiple of (a', 6', c\ d\ e') (a;, yf. 

The expression is a covariant of the quartic by § 47. 
Its degree in the coefficients of the quartic is 3, and its 
order in the variables is 4. Now, referring to the complete 
list, § 212, of the irreducible concomitants of the quartic, we 
see that these, u, /, J^ IT, (?, are of degree-orders (1,4), (2, 0), 
(3, 0), (2, 4), (3, 6), and that the only covariant of degree-order 
(3, 4} which can be formed by combining them is the product 
lu of the first two^ i.e. is a constant multiple of u or 

(a', 6', c\ d', e') {x, y)*. 

d d * 

The result of operating with (a\ b\ c\ d\ e') ( -^ ' "" ;5~ ) 

on the identity of the octavic and its supposed canonical form 
is then the production of an identity 

{a\ 6', c\ d\ e') (^' -^) • K. «i, -. ^s) {^^ Vf 

= l/(a\b\<f,d\e'){x,yy 

of two quartics, ft' being a constant quA ic, y, namely a nu- 
merical multiple of the product of X and the invariant I of 
the quartic on the right. Let us write 8 . 7 . 6 . 5 . ft for ft'. 
We obtain, by equating coefficients of x^, ot^y^ a?y^^ xy^^ y^ on 
the two sides, the equations 

a^a^ — 4 ft'ag + 6 c'a.2 — Ad'a^ + e'a^ = a'ft, 

a^af^ — 4 ft'a^ + 6 c^a^ — 4d'a2 + ^'^i = ^V> 

a'ttg — 4 ft'ag + 6 c^a^ — 4 d'a^ + e'ag = c V j 

a% — 46'ap + ec'ag— 4d''a4 + ^'^3 = ^V» 

a'a^ — 4 ft'a^ + 6 c\ — 4 d\ + e^a^ = eV j 
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which axe made consistent for determining a! : V \c' \d! \ e' 
by taking for /x one of the roots of the canonizing quintic 
equation 



= 0, 
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a quintic all whose non- vanishing coefficients are invariants 
of the octavic. 



228.] Gteneral binary 2n-ic. The success of the method 
adopted with variations in §§ 220, 225, 227 for the canonizing 
of a 27i-ic depends on the knowledge, for the cases 71 = 2, 3, 4, 
of an auxiliary n-ic covariant V of an ii-ic 

which is such that the derived 7i-ic covariant 

«, a/, ... a/) (^ , - ^) {(tto', a/, ... a/){a;, 2/)V F} 



is of the form 



* «, V> • • • «/) (^» ?/)"» 



where A is a function of a^^ a(^ ... a/ only. 

If in the case of any higher value of n such a covariant V 
of the 71- ic can be found, then the method of the preceding 
article wiU establish that the general binary 271-10 has the 
canonical form 

Xi2»4 Z22« + ... +Z„2« + xZiZ2 ... Z„ . F, 

where F is this covariant of X^Zg ... X„, and /x, a determinate 
constant multiple of X, is any one of the roots of the canoniz- 
ing (7i+l)-ic equation, all whose coefficients are invariants, 
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and which for odd values of ti is an i(7i+ l)-ic in \i? only, 

1 

1.2 

k. ,«2.-, ,«2.-, ,...,a.-(-l)V 

229.] The ternary oubio. For the reduction to canonical 
forms of ternary and quaternary quantics works (e. g. Salmon's) 
on geometry of two and three dimensions should be consulted. 
The reduction of the ternary cubic is alone given here. 

The canonical form, due to Hesse, of the general ternary 

cubic is Z3+ P+^ + 6mZFZ. 

The number of free constants ( = 3x3 + 1 = 10) is the same 
as that of coefficients in the general ternary cubic. We have 
then an indication of the likelihood of the correctness of the 
form. 

We shall prove the correctness by showing that, if we take 
any cubic which has the form, and give to all its ten coefficients 
quite arbitrary infinitesimal increments, the altered cubic also 
has the form. This will establish what is desired, for by 
continued repetition of a process of giving the coefficients 
independent infinitesimal increments one cubic may be made 
eventually to become any other. 

Take a cubic which can be thrown into the form 

Give to X, F, Z and m the infinitesimal increments 

i => €^X + €^7+ CgZ, ly = ?7iZ + 1/2^+ %^> 

C='iX + 4F+t3Z, M, 

where €1,..., r?!,..., ti,..., m ^^^ arbitrary infinitesimal con- 
stants, ten in number. The consequent increment of the cubic, 
obtained by diffisrentiation, is 

3(Z2 + 2mFZ)(eiZ + 62r+e3Z) 

+ 3(F2 + 2m^X)(i7iZ + r,,F+ry3Z) 

+ 3(Z« + 2mZF)(4X + i2F+i3^) + 6MXFZ. 
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Now, if we identify this with the most general cubio in 
Xy Yy Z with infinitesimal coefficients, we obtain ten equations 
of the first degree in tj, ..., i/j, ..., t^, ..., m which are at once 
seen to determine these ten constants uniquely. And if X, F, Z 
denote \x-\-yiy + vZy \'x + i/y-^v'zy K'^x + f/'y + v^Zy whose co- 
efficients are known constants, the most general cubic in 
Xy F, Z with infinitesimal coefficients is the same as the 
most geneml cubic in Xy y, z with infinitesimal coefficients. 
We see then that, having a cubic which can be thrown into 

the form Z»+ F^ + ^ + emZF^. 

the most general cubic obtained by giving its coefficients 
infinitesimal increments is also of the same form 

Starting then from the cubic 

a;3 4- 2/3 -I- gs 4. 6 m'xyZy 

which certainly has the form, we may pass by infinitesimal 
stages to any other cubic, and see that it must be expressible 
in the same form in the way indicated at the outset. 

Ex. 33. Apply this method to show (§ 199) that X«+ F* is 
a canonical form of the binary cubic. 

Ex. 34. Also apply it to show (§ 211) that X*+ F* + 6mZ2 7» is 
a canonical form of the binary quartic. 

230.] Cataleoticant of ternary quartio. We conclude this 
chapter with a theorem due to Sylvester as to the impos- 
sibility in general of a reduction which a mere counting of 
the constants might lead us hastily to assume possible. This 
will illustrate the necessity of a care which in inuch that has 
preceded may have seemed superfluous. 

The general ternary quartic 

iaybyc,...){x,yyzy 

contains fifteen (= 1 + 2 + 3 + 4 + 5) coefficients ; and the sum 
of five fourth powers 
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contains exactly the same number of constants, which may be 
chosen at will. 

It would then be expected that a canonical fonn of the 
general ternary quartic would be a sum of five fourth powers. 
But this is not the case. The fifteen coefficients in the sum 
of powers are, as we shall see, connected by a relation, which 
must consequently also connect the coefficients in the ternary 
quartic for the reduction to be possible. 

The fact is akin to that of §§ 208, 210, in which, however, 
there is nothing in the same way paradoxical, as in the sum 
of two binary fourth powers the number of constants is 
obviously one less than in the general binary quartic. 

The function of the coefficients in a ternary quartic which 
must vanish that the quartic may be a sum of five fourth 
powers is an invariant, called in analogy with the catalec- 
ticant of a binary quartic its catalecticant, i.e. is the eliminant 
of its six second partial differential coefficients^ which are 
linear functions of aj^, 1/*, 2;*, yZy zx, ayy. Let us use a triple 
suffix notation according to which a^ft^ where r + 8 + ^ = 4, is 
the coefficient in the ternary quartic of the term \^x''y^2f which 
occurs in the expansion of (a5+2/ + «)* by the multinomial 
theorem. The catalecticant is 

^400 ^810 %oi ^220 ^211 ^202 

^310 ^220 ^211 ^130 ^21 ^112 

^301 ^211 ^2 ^21 ^12 ^103 

^220 ^30 ^121 ^040 ^031 ^022 

^211 ^121 ^112 ^031 ^022 ^013 

^202 ^12 %03 ^022 ^013 ^004 

The same function of the coefficients in (te + my + '^0)* is 

l^m Pm^ Prtm Iw? lw?n Imn^ 
Pn Pmn l^v? Vm?n Imn^ In^ 

Prfin iTti^n Imn^ m^n m^v? tyiv? 



in which it will be noticed that the columns are respectively 
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Z^, Zm, In, m^, mn, n^ times the one column P, Irtiy In, rn?, mn, 
n^. The columns are then identical, but for different mul- 
tipliers applied to them severally. 

For the sum of five fourth powers the cataleeticant is 
a determinant, obtained from that last written by writing 
for each constituent in it a sum of five like ones obtained 
by giving to I, ni, n, or such of them as occur in it, the suffixes 
1, 2, 3, 4, 5 in succession. 

Now the determinant thus obtained is a sum of 6^ deter- 
minants like the last written, except that the constituents 
have suffixes, which in any one of the determinants are the 
same in any column, but not, except in the case of five of the 
determinants, the same in all columns. All possibilities of 
applying the suffixes 1, 2, 3, 4, 5 to columns, one suffix to each, 
in fact occur in different determinants of the whole set of 5*. 

But there are six columns and only five suffixes. In every 
one of the 5^ determinants there must therefore be at least 
two columns with the same suffix. By the above, then, every 
one of the determinants contains two columns which, upon 
removal of factors such as P, Zm, In, m?^ mn, n? for some suffix 
or other, are identical. Every one then vanishes. Conse- 
quently their sum, the cataleeticant of the sum of five fourth 
powers, vanishes. 

231.] The student will easily convince himself in like 
manner of the following facts. 

The quaternary quartic (a, 6,... ) {x, y, t, uY contains thirty- 
five coefficients, and the sum of nine fourth powers of linear 
forms contains thirty-six constants, apparently one more than 
is necessary. Yet a quaternary quartic cannot be expressed 
as a sum of nine fourth powers unless its cataleeticant, i.e. the 
eliminant of its second partial derivatives, vanishes. For ten, 
the number of these derivatives, exceeds nine, the number of 
squares. 

The quinary quartic (a, 6, ... ) (x, y, z, u, vy contains seventy 
coefficients, and the sum of fourteen fourth powers of linear 
functions of x, y, z, u, v contains seventy free constants. Yet 
a quinaiy quantic cannot be written as a sum of fourteen 
fourth powers unless its cataleeticant vanishes, since 15 > 14. 



CHAPTER XIII. 

INVARIANTS AND COVARIANTS OF THE BINARY QUINTIC 

AND 8EXTIC. 

282.] The study of the binary quintic and its concomitants 
has been carried to a high degree of completeness by in- 
vestigators, among whom Hermite, Cayley, Sylvester, Salmon, 
Clebsch, Oordan, and Faa de Bruno should be named. The 
present chapter contents itself with calling attention to the 
main facts, and some of the simpler applications thereof. It 
is beyond the scope of an introductory treatise to give a full 
synopsis of the mass of results at which the theory has 
arrived, or to endeavour to reproduce in outline more than 
the most elementary of the investigations which have pro- 
duced those results. 

The three absolutely independent invariants of lowest 
degrees have been encountered in previous chapters, and are 
of degrees 4, 8, 12 respectively. Any other invariant is 
a function of these by § 30 : but there is a fourth of degree 1 8 
(§ 114, Ex. 22), discovered by Hermite, which is irreducible 
in that it is not a rational integral function of them, but 
is connected with them by a syzygy which will be exhibited 
later. A method by which the existence of the syzygy is 
proved has been noticed in § 143. 

The whole number of irreducible covariants and invariants 
of the quintic, the quintic itself being counted as one, is 
twenty-three, a number which the arithmetical method by 
analysis of a generating function, whose beginnings have been 
sketched in chapter viii, has been successful in indicating. 
The honour, not only of pointing out the number, but of 
exhibiting symbolically the concomitants themselves, is 
Gordan's. Their explicit forms have been investigated in 
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Cayley's second, third, fifth, eighth and ninth memoirs on 
quantics. 

233.] Canonical and semi-canonical forms. For the detailed 
study of the quintic much use has been made of the form to 
which it may be reduced 

or, say, aX^ + 6 P + cZ^, 

where Z+ F+Z= 0. 

One of the three coefficients a, 6, c may, in accordance with 
§ 205, be taken as unity; or, if we allow a, 6, c to be all 
arbitrary, we may suppose that the modulus of the substitu- 
tion which reduces the general quintic to the form is unity. 
Chapter xviii of Salmon's Higher Algebra gives the forms, 
symmetrical of course in a, 6, c and in Z, F, Z, of the con- 
comitants for this symmetrical shape of canonical form. 
A very convenient canonical form is Hammond's 

aj'« + 5 6 V Y + 5 e'x'y^ + y'^ 

i.e. {hb\0,0,e\l){x\yy, 

in which the two end coefficients are units and the two middle 
ones zero. He uses more the form 

(a, 6, 0, 0, e, f) (x, y)\ 

which contains too many free coefficients to be properly 
called canonical, but to which a substitution of unit modulus 
reduces any quintic, and which has the advantage of not 
excluding some special classes of quintics, whose coefficients 
obey invariant conditions, to which the more restricted 
canonical form does not apply. 

We must see that the reduction to this form is possible. 

Take the quintic in the form 

from which the most general linear substitution produces 
a{lx + myf'^b{l'x + rnfyf + c{{l + V)x + {m'\-m'}y}^. 
In this the coefficients of lOx^y^ and lOx^y^ are 

al^m^'hbr^m"^ + c{l + iy(m + my 
and oZ^m? + W'^m'^ + c(Z + iy{m + my, 

X 
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which both yanish if 

al*m' = Wm'' = -c(i + r)*(m + mf, 

i. e. if ±a*lm=:z ± bH'mf = c* ^^i (^ + i') (m + m'), 

7 AM 

whicb suffice to determine y, and — ;> whence Irnf—Vm = 1 

t m 

derives Zm and ZW, leaving still one of I, m, T, Tnf which 

may be assigned arbitrarily. 

In case (cf. § 204) the assumed reduction to the form 

is impossible, there is as a rule no exception to the reducibility 
to Hammond's form. In fact it has been seen in § 204 that in 
the ordinary special case, when i3 = y only, the special form 

is assumed, which is the case of Hammond's when h as well 
as c and d is zero. This is the case when 7,2, the irreducible 
invariant of degree 12, vanishes. 

In the more special case, when a = )3 = y, we saw in the 
article referred to that the form 

is taken, and this, if we take for a new y one of the factors of 
a V + 5 h'xy +10 c'y ^ becomes 

ar^(66a:y+10cy*). 

This is the one case of exception to the general applicability 
of Hammond's form. 

It might be thought from mere counting of the constants 
that it would be possible in general to make the coefficient of 
x^y B& well as those oi a?y^ and x^y^ vanish. It will be seen 
later, however, that this can only be done when an invariant 
condition I^^ = is satisfied. That it can be done when 
Jj2 = has been seen above, 

234.] List of ooncomitants of binary quintio. The twenty- 
three concomitants of a quintic^ arranged in the order of 
Cayley's ninth memoir on quantics, are as follows. Many 
of them have been already met with. It will be seen that 
ail are invariants or covariants from their methods of 
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formation. That they are irreducible, and form the complete 
irreducible system, it is beyond our scope to establish here. 
The best proof reposes on the method of tiansvectants (cf. § 61). 
We use the notation C<^ ^ to denote a covariant of degree i in 
the coefficients and order nr in the variables, and I^ to denote 
an invariant of degree ^. The arrangement is according to 
degree, and for the same degree according to order. 

(1) u or Ci 5 is the quintic (a, 6, c, d, e,f) (x, yf itself. 

(2) C^^ 2 ^^ ^^^ quadratic covariant whose leading coefficient 
is the seminvariant ae — 4 6dl + 3 c*. It is the fourth trans vectant 
of u and itself, or the quadratic invariant aV— 46'd' + 3c'^ of 
the fourth emanant of u. 

(3) (72 6 is the Hessian of u. Its leading coefficient is 

(4) Cg 3 has for its leading coefficient 

It is obtained as this invariant of the fourth emanant of u, or 

as the result of putting 3- > — j- for a? and y in (2) and 

operating on u. Let us express this shortly by saying that 
it is the result of operating with (2) on u. It is the 
canonizant (§ 207) of the quintic. 

(6) Cg 5 is the Jacobian of u and (2). Its leading co- 
efficient is ay— 6a66+2ac(i + 862d— 66c^ 

(6) Cg 9 is the covariant whose leading coefficient is 

a*d — 3a6c + 26^ 

It is the Jacobian of u and its Hessian (3). 

(7) T^ is the invariant of lowest degree. It is the dis- 
criminant of (2), viz. 

(a6 - 4 6d! + 3 c^) (6/- 4ce + 3d!2) - (a/- 3 6e + 2cd)\ 

(8) C^^ 4 is formed by adding nine times the square of (2) to 
the result of operating with (2) on (3), in the manner described 
in connexion with (4), and dividing by fifteen. Its leading 
coefficient is 

a2(e2-(7/) + a(36c/-3M6- 40^6 + 4cd!2) 

+ 5t2ce + 262d2_ 2fe8/-86c2d! + 3 c*. 
X a 
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It wiU be noticed that we have given it a different sign £rom 
that of our gen^^ convention in § 71. 

(9) C4 (,, a second sextic covariant, is the Jacobian of u 
and (4). Its leading coefficient is 

a2(c/-c?6)-a(6y+26ce-46d[2 + c*d) + 363^-662cc?+36c3. 

(10) ^5.1, the linear covariant of lowest degree in the 
coefficients, is the result of operating with (2) on (4), with 
sign changed. 

(11) C^ 3, a second cubic covariant, is the Jacobian of (4) 
and (2). 

(12) C^ 7 is the Jacobian of (3) and (4). 

(13) C^ 2> ^ second quadratic covariant, is given by opera- 
tion with (2) on (8). 

(14) Cg 4, a second quartic covariant, is given by operation 
with (10) on u. 

(15) C7 1, a second linear covariant, is the Jacobian of (10) 
and (2). 

(16) C^ 5, a third quintic covariant, reckoning u itself as 
one, is the Jacobian of (13) and u, — (N.B. The quintic co- 
variant (16) of Salmon's Higher Algebra, § 232, or Faa de 
Bruno's Farmea Biriaires, No. 12, Table v, is the i-esult of 
subtracting from this C^ 5 the product C/2 2 ^6 s ^^ (^) ^^^ 

(11)) 

(17) Jg, the second invariant, is found as the invariant 
rw;' + a'c— 266' of (2) and (13). 

(18) Cg 2, A third quadratic covariant^ is found as the 
Jacobian of (4) and (10). 

(19) Cg 3, a third cubic covariant, is the Jacobian of (13) 
and (4). — (N.B. The covariant of degree 9 and order 3 in 
Faa de Bruno's Formes Binaires, No. 15, Table v, is 
96 ^9. 3 - 16^2. 2 ^7. 1 + 7/4 C^^ 3.) 

(20) C7ii, 1, a third linear covariant, is given by operation 
with (2) on (19). 

(21) /jj^, the third invariant, is the discriminant, but for 
a numerical factor, of (13) or of (4). 

(22) C,3 1, the fourth linear covariant, is the result of 
operating with (19) on (8). (Faa de Bruno's, No. 17, Table v, 
•s-6C,3.,-2/gf7,.,.) 
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(23) /jg, the fourth irreducible invaxiant, is the eliminant of 
the two linear ^ovariants (10) and (22). It is also the catalec- 
ticantof(14). 

Thus, to sum up, the irreducible concomitants of a binary 
quintic are 

4 invariants I^^ /g, I-^^y -^isj 

4 linear covariants C^^ 1 , C7 1, C^^^ 1, C^g, 1, 

3 quadratic „ C^^ ^, (?«, 2, C^s. 2» 

3 cubic „ C'a.s. C^6.3jC^9.3» 

2 quartic „ C^4.4>C^6.4» 

3 quintic „ '"', C'a.a* C'y^s* 
2 sextic „ C^2.6^C!4.e, 

1 septimic „ C'5 7, 

1 nonic „ Gg 9. 

235.] Forms of the conoomitants when c = 0, cZ = 0. The 
kindness of Mr. Hammond has supplied me with the forms 
taken by the twenty-three concomitants when the quintic is 
given his form (a, 6, 0, 0, 6, /) (a?, yfy in which the two middle 
terms are wanting, this form being, as we have seen, in effect 
general. None of the expressions are of gi*eat complexity. 
They are 

(1) Ci 5 = u = aa:^ + 56a^2/ + 5ean/*+/2/^, 

(2) O2, 2 = (^ea?-^ {af-Sbe)xy-\-bfy^ 

(3) C2. e = - {h^ix>^ + e^/) + 3 {aea^ + bfy^) a^y^ 

'^{af'\-7he)x^y^ 

(4) C3,3 = -{fe2ea;3 + 62yv^2/ + «^^^ + 6«V}. 

(5) C^, 6 = (a/- 5 6e) (aic« --ff) + (5 a/- 9 he) {ha? - et/^) a:y 

-{-^h^fx^a^y)a?y\ 

(6) C3. 9 = 2 (63ic»-6V) + 2 {a^ex^'-hPy'^)xy 

+ (a/+ 1 1 6e) (aa?--ff) x'y'' 

■^{7af+ 29 6g) (6aj3- eyS) aj^i/a 

(7) /^ = aV2_ioa6e/+96V, 

(8) C'4. 4 = (a2e*^-263/)a;* + (6y2_2ae8)2/^ 

+ 4 66 (aea^ + hfy^) xy^-l^l^ e^a^y\ 
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(9) (7^. , = (36«-a/)(6«x«-e«y)-2(aV+6y)a!Sy 

+ 2 (6*/» + ae«) «y» - 1 fc (a«# - 6/y ) a? y*. 

(10) Cg. 1 = (oV-a6«/«+66V)« + (&V*-aV/+6a6eS)y, 

(11) O,. , = 6e(966-o/)(6a!8-cy»)+(4aV-a6«/«-36V)«*y 

_ (4 68/» - aV/- 3 ah^) rf, 

(12) Cj. , = 2 {b*fx^ - ae*^) + 1 6 V (aa^ -/y») an/ 

+ 3 6« (a/+ 9 be) (ba^ -ey^)x^'^ 
+(a6«/*-6aV+ 196V) «*^ 

_ (a V/- 6 68/s + 1 9 a6e8) a^ y\ 

(13) C,,, = (3a«»-6V'*)6*a?-(a/-96«)iV«y 

+ (36»/-aV)62y», 

(14) <?«, 4 = (aV/-5a«6e'-2o6»/*+66*e/)a!* 

-(oft'^/»-568c/*-2a2ey+ Qabe*)y^ 
+ 4 (a^e*/- 6 ab^ - b^f*) ba?y 

- 4 (ofcy* - 6 6Se/_ a^^) g^f, 

(15) C7. 1 = (3aV/-a*6ya-15a*6e* + 7a6»e/«- 186V/) a; 

-(3a6»/8-a8e»/*- 156«e/» + Ta^be^f- liable*) y, 

( 1 6) Ct. , = (o V/- 3 ofce^ - 2 J'/!) ft^a:* 

+ (2 o»e« - 3 a6y- 2 7 6*e) e^'ai^ y 

+ 8(a«e'''-368/)6e«a;3yS 
_8(62/«-3ac8)62ea:«t/3 

_(26«/8_ 3ae»/- 276e*) 6«an/* 
- (oiya - 3 6*6/ - 2 a* e") e'*y\ 

(17) /g = a''6V/2_2aV-26»/3 + 276V, 

(18) Cg. 4 = (4 a V/- ofcys - 1 8a6e* + 3 ft'e/*) 6=« a^ 

+ 2(aV-6»/3)a;?/ 

- (4 ah^p - a» e^f- \tib*ef+Za?b^)e^ y^ 

(19) C7,,3 = (26y«-9aey+276e*)6*a^ 

+ 3 {at/^p + 9 68e/- Ga^e*) ftVas^y 

- 3 (aV/+ 9a6e» - 6 h^f) b^e^sey^ 

-(2oV-9a6y+276*e)c*y3, 

(20) <7u. X = (5aV/-a*6*ey3_27a'»6e«-9a6V/2 + 26«/' 

+ 5 4 6 V/) 6«a; - (5 a6«/* - a» 6«eV^ - 2 7 6« e/2 

-9a'*6»e»/+ 2a*e» + 64a6*e*)e22/, 

(21) /j, = 6V(a«6V/«-4aV-466/'+ 18a6»ey-276V), 
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(22) ^13 1 = (a«6^ + 6*/*-8a36«6y+9a6«ey^ + 2ra26*6« 

- 54 Ve^f) ex + {Vp + aV - 8 ab^e^p 

4-9a263e«/+276«ey^-54a6*e'^)6y, 

(23) 7,3 = (aV-tys) {(a/-666)(a«e« + 6y3) 

-10a^6V/2 + 90a6*6V- 2166V}. 

236.] Discriminant of quintic. It will be noticed that the 
discriminant of the quintic does not occur among the irre- 
ducible invariants I^^ /g, 7,2, Ii^» Its degree is 2 (5 — l) = 8. 
It might have been taken instead of 73, being, as will be seen, 
the difference of a multiple of 73 and 74^ ; but, as 73 itself is 
the simpler of the two, we prefer to speak of that and not of 
the discriminant as the uTeducible invariant. 

For the quintic in its form (a, 6, 0, 0, e, /) (ic, yf the dis- 
criminant is easily formed by eliinination, following B^zont's 
method, between the two first deriveds 

aaj* + 4 6aj3y + cy*, 6aj* + 4 eocy^ -^fy^t 
and is found to be 

a*y* - 2Qa^hep + 256 (aV + ¥f^) - lOa^b^e^f^ 

-180a6V/-33756*e*, 
which may be written 

- 128 (a26V/2-2aV-2fe«/^+ 276*6*), 

so that, by § 285 (7) and (17), the expression for the dis- 
criminant in terms of 7^ and 73 is 

A = 742-12873. 

237.] Syzygy among the invariants. The four invariants 
I^i Is, 7i2, 7i3, though irreducible, must, as we have often seen, 
be connected by a syzygy. This may be expected to give the 
square of 7^3 in terms of the others. It is here sought. 

As the quintic can be brought to the form 

(a, 6, 0, 0, 6, /) (aj, yf 

by a substitution of modulus unity, it can in general be 
further brought to the canonical form 

(a', 1,0,0, l./OK.y')' 

by a further linear substitution which replaces bx^y and 
eajy* by af^y" and x^y'^. Let the modulus of the resultant 



J 
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Bubstitation which brings the qointic from its general to this 
last form be M. Then, from the expressions in § 235, 

Jf"/4 = a'«/»-10a'/' + 9 

= (a'/-l)(ar-9), 
Jf«>7g = a'^P-2ar'-2p + 27, 

M*<^In = (a'»-/») {(a7'-6)(a^+/») 

- 10a'V"*+ 90a'/'— 216}. 

It is possible to eliminate a^ f^ and M between these four 
equations and obtain the syzygy required. 

As a guidance see what happens when a' •=^f so that 
/jg = 0. Writing J^^ J^, J^^ iot the values taken by 7^, /g, 
/j2, we have 

Jf«>J8 = a'*-4a'» + 2r = (a'-3)2(a'2+2a'+3) 
Jf3Vi2 = a'*-8a'»+18a'2-27 = (a'-3)»(a'+l), 

or, writing /m for -7 



a -3 

fxJ4 = (a'2-l)(a'+3) 

These give, by substitution for a^ from the last in the others, 

by combination of which 

We thus have a simple quadratic and cubic from which to 
eliminate y?. The result is 

It is suggested then to try whether the same function of 
A* ^8> ^2 *s ^^i® <>^ ^^® ^©ft is of t74, Jg, t7i2, a function whose 
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degree is 36, is of the form X/|8^, where A is a constant. This 
proves to be the case with A = 16. Thus 

16V = hh*-¥%J^h^-2l^I^I,^ 



-727,7gV-432V + i4''-^, 



2 



12 



is the syzygy required. 

A usual and elegant way of obtaining this syzygy is to 
show that, formed by the methods of § 234, the values of the 
invariants for the canonical form of unit modulus 

are I^ = {mn+nl + l7rhf^4lmn(l-\-7n + n), 

/g = Pm^ V? (mn + nZ + Zm), 

7jg = Z^m®'n^(m— 7i)(7i— Z)(Z-m), 
so that Z, m, n are the roots of the cubic 

4^2* A2* 

and Ii^Ii<r^ is the product of the squares of differences 
between roots of this cubic. 

238.] The quintic in a form with invariant coef9.cient8. 
Hermite's Formes-types. It is an interesting proposition 
that if a quintic be so transformed that its variables are any 
two of its linear covariants, the coefficients are all invariants ; 
and the same is true for any binary quantic whatever which 
has two linear covariants. 

Let X^Px^Qy, Y^Tx^q'y 

be any two of the linear covariants Cg^ 1, C^^ j, C^^ i, Cy^^ 1 of 
the quintic (a, 6, c, d, 6,/) (a;, y)^. We have 

_ qX-QY _ ^P'X + PY 

in which the denominator is the modulus of the (X, Y) to (aj, y) 
substitution, and is also an invariant, being the eliminant of 
two covariants. 

We have now to show that in 

(a, h, c, d, e,f){ffX-Q7, -P'X+PYf 
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all the coefficients are inyariants. ThiB will be proved if we 
can show that they are annihilated by X2 and by 0, of which 

the first is a\+2b\ + 3cha + 4d\ + 5e}^y. 

Now, if u, V stand for Q'X-QF, -^P'X + PY, 

12 (a, 6, c, dy 6,/) (u, v)* = 5 v (a, 6, c, d, e) (t6, v)* 

+ 5 (a, 6, c, d, 6) (u, v)* X2t6+ 5 (6, c, d, e,/) (t6, t;)*I2v. 

We may here mean that the operation is not on X and Y, but 
only on coefficients of powers and products of powers of X 
and Y when the quintic is expressed in terms of a, 6, c, d, e,f; 
Py Q, ^, C; X. Y' Now, since (§ 109) aP = 0, aQ =^ P, 
liP' = 0, fiC = P', the operation being in this sense, 

au = X2(Q'X-QF) = P'Z-PF= -v, 

and av = X2(-P'Z + PF) = 0. 

Consequently 

X2 (a, 6, c, d, ej) (u, v)* = 0, 

i.e. X2(a, 6, c, rf, e,f){Q'X^QY, ^P'X + PYy = 0, 

the operation not being on X, F, but only on coefficients of 

All these coefficients are then annihilated by 12. Similarly 
all are annihilated by 0. Accordingly ali are inTariants. 

289.] Quintios for which I^^ = ^* ^^^ § ^^^ ^^ ^^ stated 
that a quintic can only be linearly transformed to the form 
(a, 0, 0, 0, e,/)(ic, 2/)^ wanting its second as well as its third 
and fourth terms, when an invariant condition is satisfied. 
And it was seen that the said reduction can be effected when 
/j2, which is the discriminant of the canonizant, vanishes. 
To prove the necessity of this condition take Hammond's 
forms of the invariants (§ 235) of (a, 6, 0, 0, 6, /) {x, yf, and 
put 6 = in them. We get 

I, = a' A 
7g = -2aV, 

/is = a^e'V. 
of which the third proves the necessity stated. 
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From the values here of 74, /g, /j^ it follows that for a quintic 
which can be reduced to the form now contemplated 

and this is correctly what the syzygy of § 237 becomes when 

It is not hard to prove from the expressions for the invari- 
ants I^i Isi 1\2 of (^j ^> ^j ^> ^> /)(^» yf^ which involve a/, he 
and a^e^^-h^P only, that he, which call )8, is given by the 
equation oT T ^ T 

so that th$ product of all the values which he can have for 
reductions of the form (a, 6, 0, 0, e, /) (a?, yY is 

unless the discriminant 1^^—1281^ vanishes, when the product 
is still a multiple of /12. We thus have quite clearly exhibited 
tliat when 1^2 vanishes some one at least of these values of he 
is zero, so that a reduction to the form (a, 0, 0, 0, e, /) {x, yf 
or the in fact equivalent form (a, 6, 0, 0, 0, /) (a;, yY is 
possible. The conclusion conveise to that proved above, 
which was in effect arrived at before, as stated already, is 
thus confiimed. 

A quintic for which I^^, = ^ cannot be expressed as a sum 
of three fifth powers, as was seen in § 204. In fact, the cano- 
nizant of aix? + ^eocy*^ + 2/^ to which form it can be reduced, is 

Thus, if the reduction were possible, one of the X, F, Z would 
be a multiple of x and the other two of y. Now 

ax^ + bexy^ +fy^ = lic^-\- my^ + ny^ 

is an impossibility unless 6 = 0, i.e. unless /g = and /^g = 
as well as /jg = ^' 

We are thus guarded against an erroneous conclusion which 
might hastily be drawn from the last forms of the invariants 
in § 237. It might appear from those expressions that, when- 
ever /i2 == ^» either 1=0 or m = or ti = 0, and therefore 
/g = and /jg = 0. But this is not the case, the forms not 
being applicable to the case when 1^2 = ^' 
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240.] Formes-types when I^^ = ^- Another interesting 
fact as to quintics for which /jg = ^ ^^7 ^ derived from 
observing what the four linear covariants of the quintic 
become when 6 = 0, c = 0, d = 0.. 

Putting 6 = in (10) (15) (20) and (22) of § 235 we obtain 

4 = C^6.i =aV(ea;~^), 
A = C7.i =a'«'/(3«u+/y), 

Thus the y and a? of the form (a, 0, 0, 0, e,/)(aj, y)^ to which 
a quintic for which 1^2 = ^ ^^7 ^^ reduced by a linear sub- 
stitution of modulus unity, are multiples of the linear covari- 
ants of the 11th and 13th degrees, and are easily expressed 
also as sums of multiples of any two of the four linear 
covariants. We have, in fact, using the values of 74, Jg, Ij^ 
in § 239, 

Thus the quintic reduced to the form (a, 0, 0, 0, e, f) (aj, yf, 
with modulus unity, is 

Consequently when I^^ = one of the six way§ (§ 238) of 
expressing the quintic with invariant coefficients expresses it 
in the reduced form. 

Ex. 1 . When /„ = prove that the other five expressions of the 
quintic with invariant coefficients are 

(2) /.-"(-S, 0, 0,0, 47,', 16/,»/„) (4/„i;„+/,»Z.,Z„)». 

(3) 3-»7,-«/.-«/„-' (2, 0, 0, 0, -817,'7„ 2437/7.) 

(4) 2-7„- (647,', 0,0, 0,-27,, -7,)(/:„,2Z„ + 7,Z,)», 

(5) 2'7r'7,-'« (27;7,«, 0, 0, 0, -7,7., 1) 

(£„, 37,7.Z„- 27j.i,)*, 

(6) 2— 7r'7,-«7,.-> (27,«, 0, 0, 0. -7„ -7.) 

(7.»2i,- 47„Z., 7.»Z,+ 127„4)». (Tfommowi.) 
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241.] The classes of quintics for which respectively /^ = 
and I^^ will not long occupy us. We content ourselves 
with noticing that when 7^ = for the quintic 

(a, 6, 0,0, 6,/) (aj, 2/)* 

the condition is, by § 235 (7), 

(a/— be) {af-- 9 be) = 0. 

Thus when 74 = a ouintic may be reduced by a substitution 
of unit modulus with one degree of arbitrariness in its co- 
efficients to one or other of the forms 

aaj*+56aj*2/4-5ea^H — ^, 

Cb 

aafi -i Sbod^y + 5exy^ -^ y\ 

By a linear substitution of non-unit modulus it can then be 
given one of the forms 

aar^ + -2/^ + 5ocy (x^ + y^), 

Cv 

9 
aa:P+-y^-\-5icy{x^ + y% 

or, equally, one or other of the forms 

a!^'¥y^ + 5xy(ba^-\--^y^y 



ofi'¥y^ + 5ocy(^bx^+-ry^y 



96 

When I^ = 0, provided 1^2 ^^^^ ^^^ ^^ vanish, by the last 
expressions in § 237, the quintic can by substitution of unit 
modulus be given the form 

where t + — I — = 0, i.e. the form 
I VI n 

lX^ + mY^+J^(X+Y)^. 

By a substitution of non-unit modulus it can be given the 
^^™ X« F« ™ ^,. 

T + ra^^^-^^^ 
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When both /g = and /,, = 0, or both 1^ = and 1^2 = 0, 
we gather from § 237 or § 239 that also /jg = 0, and the eases 
are such as will occur below. 

242.] QuintioB for which 7|g = 0. Quintics for which the 
skew invariant J^g vanishes have a special simplicity in that 
they are soluble, /jg is skew, for its weight is J 18 . 5 = 45, 
i.e. is odd. 

Consider the canonical form of unit modulus 

iX»+mF« + 7iZ», where Z+F+Z=0. 

Referring to § 237, we see that if Ju = 0, and if 1^2 ^^^^ ^^^ 
vanish, so that the reduction to this form is possible, 

(m— n)(n— Z)(f— m) = 0, 

which requires that two of Z, m, n be equal. Thus a quintic 
for which 7jg = and 1^2 ^ ^ <^^^ ^ given by linear trans- 
formation of modulus unity the form 

i.e. the form 

(Z+F){(Z-m)(X*+F*) 

i.e. (Z+F){(Z-m)(Z« + F2)2 

~(i + 4m)ZF(Z2+F»)-(f+4m)X2F=^}, 

which can be broken up into X+T and two quadratic, and 
then into five linear, factors. 

Thus, so far, a quintic for which J^g = and Jjg ^ can be 
solved. 

Moreover the factors are of the forms 

Z+F, 

X^+T'+pXY, 
X^+Y^ + qXY, 

and of these the single one which comes first is, speaking geo- 
metrically, one of the common harmonic conjugates X'^—Y^ 
of the other two pairs. 

Thus, if for a binary quintic /^g = 0, and I^^ ¥^ ^> some one 
of its five linear factors is a double element of one of the three 
involutions determined by the other four factors taken in 
pairs. 
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Putting xtor X -\-Y and 1/ for X— F the quintic above may 
be written in the form 

i.e. aafi+ lOcocr^y^ + Seocy^ 

a form in which all the coeiBcients of odd weight are wanting. 

Conversely, if one of the five factors of a quintic be one of 
the common harmonic conjugates of two pairs which together 
constitute the other four factors, then /jg = 0. 

For such a quintic can be given the form 

ax (x^ — A y^) (x^ — fx y^), 
i.e. . 003'^+ lOca;^ 2/^+5 ean/*, 

in which no non-vanishing coefficient, and therefore no non- 
vanishing rational integral function of the coefficients, and 
consequently, in particular, no non- vanishing invariant, can 
be of odd weight. 

Now all skew invariants (§ 95), and J^g in particular, are of 
odd weight. For such a quintic as contemplated then, /^g and 
aU other skew invariants vanish. 

Granting then, as we shall see in the next article, that the 
tempoi'arily reserved case when /jg = as well as /jg = is 
only special and not exceptional, we have arrived at the fact 
that the condition /|g = is the necessary and sufficient one 
that the quintic may have the special property which has been 
expressed geometrically above. 

We can also conclude that /jg is the only irreducible skew 
invariant which a quintic possesses. If /,g = the quintic 
has the above property. If it have that property all skew 
invariants vanish. Thus every skew invariant vanishes if /jg 
vanishes, /jg is then a factor of every skew invariant, and 
the invariant obtained by removing that factor is no longer 
skew. If its expression in terms of irreducible invariants 
involve another skew invariant, this may be analyzed in like 
manner ; and so on. 

Ex. 2. Solve the quintic equation 



3/ a'e" 
ax'^-\-bbx*-\-5ex-\- a / -— - = 0. 
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[242 



Ex. 3. By actual BubBtituiion, as in § 233, prove that 

can be transformed with modulus unity into 

aV + 56Vy + 6<5'ay +/y», 

where a^t^ = ft**/^* 

Aiis, As in § 233 a way to make </ = 0, cT = is given by 
taking aMm = cSVm' = c*(i+0 (*» + w*0> whence, if 



= — - — - 
~" m' "" m "" 



; , we get -5 = r and -7 = ^. 



= 



Ex. 4. Hence the form of Ex. 2 is a general one for quintics for 
which /„ = 0, but /„ ^ 0. 

Ex. 5. Prove that , « • 

1, 2 a, a' 

is the condition that a;— ay be a common harmonic conjugate of the pairs 

(»-/3y) {x^yy\ {x-hy) (aj-cy), 

and that the determinant is a function of differences between pairs of 
a, ^, y, a, €. 

ii n«. It is annihilated by 



d d d d d 
da dp dy db de' 



It is 



(a-6) (a-)9) (€-y) + (a-y) (a-€) (8-/3). 



Ex. 6. One may be taken out of a, /3, y, 6, € in five ways, and 
the rest go in pairs in three ways. Prove that a^^ times the product 
of the 5x3=15 determinants 

1, 2a, a' 

1, ^+y, Py 
1, 8+€, ac 

is an invariant of degree 18 and weight 45, and is consequently 
a numerical multiple of /jg. (Cayley,) 

Ex. 7. Prove that the product of 

(a-8) (a-^) («-y) + (a-«) (a-y) (8-/J), 

(a-/3) (a-y)(«-8) + (a-<) (o-6)(/3-y), 

(a_y)(a-6)(«-/3) + (o-«)(a-^)(y-8) ^ 
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is symmetrical in j3, y, 5, € ; and hence also that a^ tidies the product 
of the five products of three such terms, with a, /3, y, 8, € in suc- 
cession taken for a, is a numerical multiple of an invariant /jg. 

{Hermite.) 

243.] We temporarily reserved in § 242 the case of quintics 
for which J^g = as well as J^g = 0. 

When 7,2 = ^ ^^^ quintic can (§ 239) be given by, substitu- 
tion of unit modulus the form 

and the condition J^g = is then 

so that either/= or 6 = or a = 0. 

We also see from the syzygy IS/jg^ = /4/g*, which holds 

when 7,2 = ^» ^^^^ ^® conditions /jg = ^5 ^is = ^ necessitate 
also that either /^ = or /g = 0. 
When / = the form taken is 

i.e. X(Z^+F*). 

This is the case when 7^ = as well as /^^ = 0, /^g = 0. There 
is no exception here to the geometrical property in § 242. 
When e = the form taken is 

i.e. Z«+P, 

and again there is no exception. The case is that of quintics 
for which Jg =r as well as /^g = and Jjg = 0. 
When a = the form taken is 

5exy^+fy\ 
i.e. Y^{X+Y), 

for which the property holds in a limiting form, for X+ F or 
any other linear form in X and Y is one of a pair of harmonic 
conjugates, the other being F, of the coincident factors of Y'\ 
This last class of cases is included in the class for which all 
the invariants vanish, but is not coextensive with that class. 
As we have seen in § 28, Ex. 3, all invariants vanish for 

a qumtic X^X+Y)(pX + qY) 

Y 
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with a perfect cube for factor, for such a quintic can be given 
the form a^afi+Sa^x*y+ I0a^a?y\ 

and no product of i factors chosen from among a^, (34, a2 can 
have a weight so great as to satisfy 52 = 2w. 

It will be remembered from § 233 that this case of a quintic 
with a cube factor is the one of irreducibility to Hammond's 
form. It is not one of exception to the geometrically expressed 
theorem as to quintics for which J^g = 0, for X is one of the 
common harmonic conjugates of the pairs 

Z^ {X+Y){pX^qY). 

244.] The binary sextic. We will only give a list of what 
prove to be the complete system of irreducible concomitants 
of the sextic. 

As indicated in § 143 the sextic has five irreducible invari- 
ants. Of these four J^, 7^, 7^, 7^^^ are absolutely independent. 
The fifths 7]5, is skew, and its square is given in terms of the 
rest by a syzygy of degree 30. 

Clebsch and Gordan have found that the whole number of 
irreducible covariants and invariants, including the sextic 
itself, is 26, and the method of Cayley and Sylvester by 
means of generating functions, which has been referred to in 
chapter viii, confirms the result. The complete system has been 
exhibited as follows, the arrangement being, as in the case 
of the quintic, according to degrees in the coefficients, and for 
the same degree according to orders in the variables. 

(1) u, or Ci g, is the sextic (a, 6, c, d, 6,/, g) (a?, yY itself. 

(2) 72, the invariant of degree 2, is agr— 66/+15ce— lOd^ 
Cf. § 48. 

(3) C^. 4) the firbt quartic covariant, is the covariant whose 
leading coefficient is the seminvariant 

It is the fourth transvectant of u and itself. 

(4) 62^ 8> ^^ octavic covariant, is the Hessian, whose leading 
coefficient is ac — h^. 

(5) Cg 2 is a quadratic covariant obtained by operation with 
u, having replaced in it a; and J/ by -j- and — -^ > on the 
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Hessian C^ g. The seminvariant which leads it is 

{ap-b^)g''Z{ad''hc)f'\'2a^'--hde---Zc^e^-2cd\ 

It can also be obtained by operation with C^^ 4 on n. 

(6) C3 8 is a sextic covaiuant whose leader is 

ace + 2bcd'-ad?^b^e—c^ 

(§ 114^ Ex. 13), the catalecticant of the fourth emanant. 

(7) Og 12 ^ ^ duodecimic with the seminvariant 

a^ci!-3a6c + 263 

(§ 114, Ex, 15) for leader. 

(8) Cg 8, a second octavic covariant, has for its leader 

aY- Sate + 2ac(i-66c2 + 86^ci! 
(§ 165). 

(9) 74, the irreducible invariant of degree 4, is the result of 
operating with u on C^ ^, It is the catalecticant (§ 208) 

a, hy c, d 

b, c, d, e 

c, d, e, f 

d, e, /, g 

(10) C^^ 4 is a second quartic covariant, the Hessian but for 
a numerical factor of the first quartic covariant 62^ 4. Its 
seminvariant leader is 

2 (ac - 4 id! + 3 c^) f agr - 9 C6 + 8 d^) - 3 (a/~ 3be-\-2 cdf, 

where the coefficient 2 is, contrary to the usual convention of 
§ 71, given to the alphabetically leading term a?eg in order 
to avoid fractional coefficients. 

(11) C4 e, a third sextic covariant, is the Jacobian of u and 

(12) C^^ 10 > ^ decimic, is the Jacobian of Cg^ g ^^^ ^2. 4* 

(13) (^5 29 fl* second quadratic, is the result of operating on 
Co, 4 with Cg^ 2- 

(14) C5 4, a third quartic, is the Jacobian of C^^ 4 and C^^ g- 

(15) Cg, 8J s* third octavic, is the Jacobian of 0^^ 8 ^-^^l ^z, 2* 

(16) /g, the irreducible invariant of degree 6, is the dis- 
criminant of C^^ 2- 

Y % 
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(17) C«, e> ^ fourth sextic covariaiit, is the Jacobian of u and 

(18) iTg^e) another oovariant of the same degree and order 
6, 6 as the last, is the Jacobian of C^^ « and C^^ 2 • 

(19) C7 2) & third quadratic, is the result of operating on 
C^^^withC^ ,. 

(20) C^^ 4, a fourth quartic, is the Jacobian of C^^ 4 and C3 2* 

(21) Cg 21 & fourth quadratic, is the Jacobian C^^ 2 c^d C^^ ^. 

(22) C?^ 4, a fifth quartic, is the Jacobian of G^ 4 and C^^ 2* 

(23) I^Q, the invariant of degree 10, is the discriminant of 

(24) Ci^j 2> * fifth quadratic, is the Jacobian of Cg^ 2 ^^^ ^7. 2- 

(25) (7i2. 2» ^ sixth quadratic, is the Jacobian of Cg^ 2 ^^^ ^7. 2« 

(26) /jj, the skew invariant of degree 15 and weight 
i 6 . 16 = 45, is the determinant (§ 17, Ex. 25) of the quad- 
ratics Cg 2, C^6. 2> ^7. 2- It is the criterion for those three 
quadratic covariants forming an involution. 

245.] There are then altogether for the sextic the following 
irreducible concomitants : — 

6 invariants I^yl^^I^, I^q, 7,5, of which the last is skew, 

6 quadratic covariants Cg, 2, C'g^ 2> O^. 2> ^^a. 2> C^io. 2> C'lg. 2> 



6 quartic 


)) 


^2, 4» ^4, 4> ^fi,4> ^7,4» ^9,4> 


5 sextic 


» 


'«^> (^Z, 6' ^4.eJ ^6, 6> -^6.6> 


3 octavic 


99 


^2, 8> ^3.81 C^5, 8> 


1 decimic 


» 


^4. 10 » 


1 duodeciinic 


» 


^3. 12' 



None of the covariants are of odd order. Indeed, we have 
seen (§ 39) that no binary quantic of even order can have 
a covariant of odd order. In particular a sextic, or other 
binary quantic of even order, has no linear covariant. 

We notice the occurrence of two irreducible covariants C^ g, 
K^^ f^ of the sixth order and the sixth degree, i.e. of two 
covariants of that order and degree which are linearly inde- 
pendent of one another, and of the covariants of the same 
order and degree which can be formed as products of lower 
covariants and invariants. This is the first instance of a state 
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of things which often occurs in connexion with quantics above 
the sixth order, but only in this one instance up to the sextic 
inclusively. 

In forming covariants and invariants by operations which 
involve only differentiations with respect to variables, as for 
instance in the ordinary methods of finding them as hyper* 
determinants or transvectants, or, in particular, as Hessians, 
Jacobians, or results of operating with one covariant or 
quantic on another, we may, it is clear, with safety use 
canonical forms. Only operations of this class occur in the 
determinations of the more complicated of the above concomi- 
tants from the simpler ones. We may apply them to the 
canonical form of unit modulus 

as to which see § 226. 

It should be mentioned, however, as of general applicability, 
that methods which use differentiations with regard to coeffi- 
cients^ such as that of evectants (§§ 67, 68), cannot as a rule 
be used in connexion with canonical forms. Such methods 
are not contemplated above. 

246.] Complete systems of concomitants of the binary sep- 
timic and octavic have been symbolically exhibited by Von 
Gall, and a good deal has been done with regard to quantics 
of a few orders higher. For no higher quantic, however, have 
explicit results been arrived at with completeness, except for 
that of infinite order, whose theory has been touched upon in 
chapter xi. 

ADDITIONAL EXAMPLES. 

Ex. 8. Prove that a quintic, deprived of its second term by writing 
X = X—br, y =■ aY, may be written 

a (1, 0, C, A a«J^-3C«, a^F''2CD) (X, Y)\ 
where 

C = ae-b\ Z> = a'rf-3a5c+26^ ^ = a«-- 46(^ + 3 c*, 

F=z ay-5ab€+Bb*d + 2acd-6bc^; 
and that, if 

J :=: ace + 26<jc?—acP— 6*6—0*, 

the relation 2>'= —a^J+a^CE'-^CP can be used to reduce any 
expression to the first degree in D. {Gayley,) 



326 ADDITIONAL EXAMPLES. 

Ex. 9. If a, fij y, d, € be the roots of a qnintic, prove that 

a«2(a-^)«(ic-yyV(ic-iy)«(a?-€y)*= -100(7^.. 

Ex. 10. If a, fi, y, d, c, C ^ the roots of a sextic, prove that 

a«2{a-^)« {x^yyy {x^hyY {x-€y)« (or-Cy)* = -180C..,. 

Ex. 11. For the quintic a*2(a-^)« (/3-y)* (y-a)*(i-€)* is an 
invariant^ and must be a nmnerical multiple of 7^. 

Ex. 12. For the quintic a"2 (a^dy (y- ^)* {« — <y)* is a covariant, 
and a numerical multiple oiC^^. 

Ex. 13. For the sextic a*2(a-^)» (y-«)* {»-<yV («-Cy)* is 
a numerical multiple of C^^ . 

Ex. 14. Prove that 

a*2 (a-^)* 0-y)« (y-a)« (6-c)* (x-iy)* (x-f y)« 

is a covariant of a quintic which vanishes identically when the quintic 
has three equal roots. It must be a linear function of (7^^ and (7^2- 
Show by considering the quintic aT^+lOoc*^, which has three equal 
roots, that it is a multiple of C\^^ — ^C^^^. {Cayley.) 

Ex. 15. Prove that 

a»2(a-») (a-€) (^-d) (^-c) (y«6) (y-c) (ft-e)' 

(aj~ay)» (x-fiyf (x-yyY 

is a covariant of degree 5 and order 9 of a quintic, which vanishes for 
a quintic having two pairs of equal roots. It must be a linear 
function of ttCjj, uC^^^ and ^,,,(7, ,. Prove that it is a numerical 
multiple of 60C,.,C,., — 1» (C4.4+ 367*,.,). {Cayley,) 

Ex. 16. Prove that 
a*2 (a-^) {a^y) (a- 6) (a-e) («-^y)« (a?-yy)' («-8y)' {x-^y)* 

is a covariant of degiee 4 and order 12, which vanishes for a quintic 
having three roots equal and the other two roots equal, and express it 
as k{Su*C^^^ 26(7*,.,). {Cayley.) 

Ex.17. For the sextic 

^. = -,ha*2{a-py (y-by (e-O*. (Sylvester.) 

Ex. 18. For the sextic 

120(71 Z,»+ 9007.) = o«S(a-/})« (y-8)* («-C/- {Sylvester.) 

Ex. 1 9. Show that 

a/3, a+A 1 

yb, y+b, 1 
«C «+C, 1 
i.e. afi{y + b-(-C)+yb(t+C-a—fi) + fC{a+^-y-b), 
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whose vaniBhing expresses that the quadratics 

{x-ay) (a?— /3y), {x—yy) {x-hy\ (x-fy) {x^Cy) 

form an involation, is a function of the differences between pairs of 
a, fi, y, ^f f, C 

Ex. 20. The six letters a, ^, y, 6, 6, f can be divided into pairs 
a, ^ ; y, 5 ; €, f, in fifteen ways. Take each triad of pairs in a definite 
order, and write down the fifteen values of the function of differences 
in Ex. 19. Show that the product is symmetric in the roots, and 
must be a numerical multiple of a""^^/ig, where /jj is the skew 
invariant of the sextic of which a, j9, y, 8, e, f are the roots. 

{Jovhert,) 

Ex. 21. The vanishing of the skew invariant /„ of a sextic is the 
necessary and sufficient condition that the sextic be the product of 
three quadratics which form an involution, and consequently that, 
except in a very special case, it can be written as a cubic in X^, Y^, 
where X and Y are linear in the original variables. 

Ex. 22. All skew invai'iants vanish for a sextic which can be 
thrown into the form aX« + 1 5 cX* P + 1 5 eX* P + ^ Y\ 

Ex. 23. From the last two examples a sextic has no irreducible 
skew invariant but /jg. 



CHAPTER XIV, 



SEVEBAL BINABT QUAMTICS. 



247.] It will be remembered (§4 103, 115) thai an invariant 
of several binary quantios 

&c., &c., 
has the two annihilators 

that any covariant has the two annihilators 

i 

and that any seminvariant, the leading coefficient in a co- 
variant, has the one annihilator £12. 

It will also be remembered (§§ 103, 115) that for any 
invariant ^^ • •/ / . n 
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and that for any seminvarlant which is not an invariant 
ip + i^p^ + . . , exceeds 2 w, the excess 

ip-\-i^p^+...^2w 

being the order in the variables of the covariant which the 
seminvaiiant leads. We hei*e and throughout this chapter 
mean by seminvariant rational integral seminvariant. 

We proceed to illustrate the theory of concomitants of 
several binary quantics by consideration of a few early cases. 

248.] Linear form and ^ic. Let the linear form and the 

V = (a^, tti, a^y ... a,) (x, y)^. 

The linear form alone has no invariant, and no covariant 
distinct from itself. 

The p-iG alone has a system of invariants and covariants 
which, in the preceding pages, have been investigated for 
values of 2> up to 4, and given for the values 5 and 6 of p. 

The other invariants of the system are (§ 69) given by 
substituting ^ for y and —tj for a; in the covariants of the p-iQ, 
including the />-ic itself. They are the eliminants of u and 
the covariants of v. They are also spoken of (§ 68) as the 
contravariants of v alone, if we regard u as the universal con- 
comitant (§ 66) of two contragredient systems a;, y ; ^, r;. We 
shall not dwell on this aspect of them, but the notation is 
chosen so as to accord with it. 

We seek information as to the other covariants of the 
system, or as to the mixed concomitants (§ 66) of v. The 
quest for these covariants is that for the seminvariants of 
the system which lead them. 

These seminvariants are rational integral functions of £ and 
t) and a^j, Oj, ... ttp, which are homogeneous, of diflFerent degrees 
i, i' it may be, both in £ and rj and in a^, Oj, ... a^,, and are 
isobaric in the two sets of coefBcients taken together, f and 
ri being of weights 0, 1 respectively. They have the one 
annihilator ^ 

Suppose that 
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is sucli a seminvariaxLt, where P^, Pw-u ••• P^-i ^'^ gradients, 
all of degree i\ in a^, o^, ••• a,, the weight of each being 
indicated by its suffix. 

Expressing the fact of annihilation hj ^-j- + 12, by equating 

to zero the terms in the result of operation with it which 
multiply f*, f*~*iy, ... iy* separately, we obtain 

Q.P^ + iP^i =0, 



12P|0-j+2+ ^Pw-i+1 — ^9 

^Pn-i+l+ P^i =0, 

X2P^-, = 0, 

of which the last shows that P^g^i is a seminvariant of the 
p-ic alone, and &om which, as in § 109, we also draw the 
conclusions that 

P^ = (-l)'' .,. ,, V rx^*"^. 

•^ ^ ^ ^(^_l)...(^— r+1) • 

for every value of r from 1 to i inclusive, and that the full 
expression for the seminvariant is consequently 



vfi 



-?o 



which may be written 

since the additiion of tems multiplying Q,**^P„, Qf^^P^y ... is 

a mere addition of zeros. 

It will also be recognized, from § 93 or § 160, that this 
expression for the joint seminvariant is the result of substitu- 
ting in P„ for a^j, «!, ag, ... a^, respectively, the expressions 

oo = «o 

oi = Oii-aQfi 

ap=a,f'~iXi^-x^-^+^^^Y^ap-2^'-V-... + (-ir^ 
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i.e. by the results of replacing x and y by — t; and ^ in 
1 d^v lld^-^v 2\d''^v Idv 



■Z-JL^ % 



p I dx^ p I da^'^ p \ dx^"^ ' p dx 

and after substitution dividing through by ^•""*. 

Any seminvariant which is not a mere power of f, or, in 
particular, any invariant, is then a gradient in a^, a^, ... a,, or 
such a gradient multiplied or divided by a power of f . More- 
over, any gradient in them is a seminvariant or, in particular, 
invariant. For a^ , ai , . . . a, are seminvariants themselves — the 
last of them, in fact, an invariant — being all annihilated by 

dv} 

249.] All seminvariants and invariants, including those of 
u and V singly, being thus rational integral functions of some 
or all of £ and a^, a,, 02, ... o^, or such rational integral func- 
tions divided by powers of f, the search for the complete 
system of irreducible concomitants of u and v is the search 
for homogeneous isobaric functions of £ and a^, aj, Og, ... a,, 
from irhich, when they are expressed in terms of f, r; and 
^o» ^i> ^2» ••• ^v^ powers of f may be removed by division, 
leaving the result integmaL Such new forms have again to 
be combined with f, a^, a^, Og, ... «p and with one another, or 
with such of them as in the process are not excluded as them- 
selves composite, and new forms derived by removal of ( 
factors, till the process can be continued no longer. The 
method for thus arriving at all the irreducible concomitants 
is that illustrated in §§ 169, 170. Two early cases follow. 

250.] Case of two linear forms. Let the two forms be 

fic + Tjt/, ax + by. 

The seminvariants f, a^, a^ are 

f, a, b^^arii 

and £ is not a factor of any combination of them. These 
then are the only seminvariants * and invariant; so that 
the complete system of concomitants of two linear forms 
consists of the two forms themselves and one invariant, their 
eliminant. 
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251.] Case of linear Ibrm and quadratio. For the system 

v^aa?'^2bxy + cy^, 
the independent seminvariants ^9 Oq' ^> ^s ^^ 

Here, if ( were zero, we should have o^a^ = Oi?. Thus 
agOj— ttj* is divisible by f. In fact, 

Thus ac-&> is a seminvariant (invariant) newly given. It is 
irreducible, for it is no function of the other one a which does 
not involve f. 

Further examining the results of putting £ = in the sem- 
invariants now before us, i.e. 

0, a, — i|a, rj^af dc-^b^^ 

we see that no new relation connects them. We have before 
us then the complete system of irreducible concomitants, viz. 

(1) the linear form itself, led by $; 

(2) the quadratic itself, led by a ; 

(3) a covariant led by b(^ari. It is a linear covariant, the 

Jaoobian^ (bi^arj)x + {ci^bri)y. 

Geometrically it is the harmonic conjugate of the linear form 
with regard to the quadratic ; 

(4) an invariant cf^— 26fTy + aT;*, the eliminant ; 

(5) an invariant ac — 6^, the discriminant of the quadratic. 

252.] Another method, which might be pursued in examining 
the system of a linear form and ^-ic, consists in using instead of 

the system of p + 2 protomorphs of § 168, 

a^a^— 4aja3 + 3a2^ ••• • 

A third method, which will be adopted, depends on the fact 
that if iS be a seminvariant, or invariant, ot (x-hriy and v, 
which involves f and rj, L e. which is not either a power of 

JO 

^ or a seminvariant of v alone, then -^ is another. 

ari 
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The fact is an immediate consequence of the identity of 
operators 

which tells us that when ( -j-- +Q, annihilates S, so that 

then f ^- + 12 also annihilates t- S. 
at) dri 

Thus from an invariant 

o{ ^x + rjy and v, formed as in § 248 from t; or a co variant of 
V, are derived the series of seminvariants 



of which the last is the corresponding seminvariant of v 
only. 

The way in which, in the following two cases, this is utilized 
for the determination of complete systems of ix + rjy and v, 
when the complete system of v is known, is general. We 
shall see that f, the irreducible invariants of v, the invariants 
of ix + ijy and v obtained by putting r;, — f for x^ y in the 
irreducible covariants of v, and the successive derivatives of 
these with regard to r;, constitute together the complete system 
of seminvariants and invariants. 

253.] Case of linear form and oubio. Take the linear 
form 

^x + rjy 
and the cubic 

ax? + 3ba?y + Scay^ + dy^. 

The complete system for the linear form alone is itself. 
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The complete Bystem for the cubic alone consists (§ 169) of 
three covariants 

(a, 6, c, d)(x, yY, i.e. the cubic itself, 

(ac — 6*) ic* + (od — 6c) «y + ( W — c^) t/*, 

(a*d-3aic + 263, aM'^2ac^ + b^c, -'acd-\'2h^d'-bc^, 

- od^ + 3 feed -2 c^) {x, yf, 
and one invariant 

(ad-6c)2-4(ac-62)(M-c2). 

Thus the system has 

(1) the seminvariant £; 

(2) the invariant (a, 6, c, d)(T;, — f)^ 

by § 248, from which flow, by § 252, the seminvariants 

(3) K6,c)(i;,-0^ 

(4) aT?-fcf, 

(5) a; 

(6) the invariant {ac^¥)r^^{ad-'bc)r)^+{U-c^)i\ 
from which flow the seminvariants 

(7) 2(ac-.6'^)iy-(ad^6c)f, 

(8) ao-62. 

(9) the invariant (a^ci— 3a6c + 26^ —a6ci! + 200^ — 62 e, 

-ac(i + 262d->6c2, ad!2^36cc? + 2c3)(7y, f)^ 

from which flow the seminvariants 

(10) {aH'-Zahc-¥2b\ ^abd + 2ac^--b^c, 

~acd + 262d-6c2)(,;,f)2, 

(11) (a2c?-3a6c + 263)i;-(aAc?-2ac*+62c)f, 

(12) a^d-'Sabc + 2¥; 

and lastly the invariant 

(13) {ad-^bc)^ - 4 (ac^62) (j^^c^). 

None of these thirteen is a rational integral function of any 
of the others. That (5), (8), (12) and (13) are irreducible is 
the theory of the single cubic (§ 169). That (1) is irreducible 
is obvious. We have still to see that none of the rest of the 



2v 
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thirteen, i. e. none of those which involve f and ly, is a rational 
integral function of others of the thirteen. Suppose, if possible, 

that Pr;- + <?r,«-^^+...+^^-, 

where m is 1 or 2 or 3, and P, Q, ... Z do not involve f and 
Tjy is the expansion of a rational integral function of some of 
the thirteen, not merely one of them, and proves to be the 
same as one of them. The coefficient P of (^ in a rational 
integral function of (I) to (13) must be either a rational 
integral function of 

or must vanish. Now no rational integral function of this 
complete system of irreducible seminvariants of a single cubic 
is equal to one of them except that one itself, this being the 
fact of their irreducibility ; and P cannot vanish and yet be 
the first coefficient in one of (1) to (13), for none of these is 
divisible by rj. 

We have still to show that this system of thirteen irreducible 
seminvariants and invariants is complete. 

254.] The system is complete. We have to see that any 
seminvariant or invariant whatever of the linear form and 
cubic can be rationally and integrally expressed in terms of 
the system (1) to (13) of the preceding article. 

Firstly, any seminvariant or invariant in which only a, 6, c, d 
occur is a rational integral function of (5), (8), (12), (13), by 
the theory of the single cubic. 

Secondly, any seminvaiiant in which a, 6, c, d do not occur 
is a mere power of f . 

It remains to consider seminvariants and invariants in which 
both sets a, 6, c, d and f, tj are represented. Let 

be one, from which factors which are powers of $ have been 
removed. P,Q,,,.Z are rational integral functions of degree 
i' in a, b, c, d or some of them. 

By § 248, P is a seminvariant in a, 6, c, d. It can there- 
fore be rationally and integrally expressed in terms of 

a, ac-b% a^d-3abc-^2b\ {ad'-bcf^^{ac--b^){bd'-c% 
which call a, (7, D, A. 
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If te; be the whole weight of 8, we have (§ 247) 

Now P oonfiists of a sum of positive and negative numerical 
multipleB of such products as a'^C^D^A*, where 

The term Prj* in S^ is then a sum of numerical multiples of 
such terms as a^C^jyA* . lyS 

for which, expressing that { + 3i'<2ti;, we have 

t + 3(p+25 + 3r + 48)<2(i + 2g + 3r+68), 

Le. 3jp + 25 + 3r<i 

sri + e, say, 

where Ms a positive integer or zero. It is important to see 

that this implies, among other things, that p, g, r cannot all 

vanish, since i does not. 

Now in the product 

(2/(6)«(9)''(13)* 

the highest term in t; is 
and the product 

is a^CD'^A'; 

and, if in this last we replace one of the p factors (5) by (4), or 
one of the q factors (8) by half of (7), or one of the r factors 
(12) by (11), we produce a first term 

and again, by a like process of retrogression, we produce 

and so on. Continuing the process of unit retrogression we 
must arrive, before or upon reaching the final first term 

at the desired first term 

i.e. a^C^D'^A^rf, 

as a rule in a number of diflferent ways. 
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Similarly for any other term of which Ptf consists. 
Thus we can, and as a rule in a number of ways, obtain by 
composition of (2) to (13) a semin variant 

whose r;* term is the same as that of S. 

Subtracting it from S, and removing the seminvariant factor 
^y we obtain a Seminvariant 

Let the same process be repeated. We can form a combina- 
tion of (2) to (13) whose highest term in r; is (^ — Q')^*"^* 
Subtracting this, and dividing by f, we have a seminvariant 

(i2-i2'-i2")r,<-2+...+(^_^.^'^)^-2^ 

Bepeat the process again; and continually as long as necessary. 
We get, lastly, unless at some stage or other the result of sub- 
traction has vanished, in which case the desired expression of 
S is obtained, a residual 

Z Z^ Z^ ... Z^y 

which is a seminvariant free from ^, 77, and so a rational 
integral function of (5), (8), (12), (13). 
Thus, finally, we have S expressed as 

where Si, 82, S^,... S^ are rational integral functions of (2) to 
(13) or some of them. 

We see then that every seminvariant or invariant of the 
linear form and cubic is a rational integral function of (1) to 
(13) or some of them. These were seen to be irreducible. The 
proof is now complete that they form the complete system of 
irreducible seminvariants and invariants. 

The complete system of irreducible covariants and invariants 
follows at once from the complete system of irreducible sem- 
invariants and invariants. The covariant corresponding to 
any one of the seminvariants S is, by § 115, 

where cr = i + Zi'—2w, 

z 



and lo 
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255.] Case of linear form and qnartio. The irreducible 
oovariants and invariants of the quartic 

(a, 6, c, d, e) (a?, y)\ 

are, § 170, the quartic itself, the covariants 

(oc - 6«) a;* + 2 (od - 6c) a;3 2/ + (a« + 2 fc(£ - 3 c2) ic2y2 

+ 2 (66— cd) ay* + (^e— rf^)y*, 

««e*" {a^d — 3 a6c + 2 6»), 
and the invaiiants 

/ = a«-46d + 3c2, 

The invariants of the system consisting of (x+rjy and the 
quartic are then 

(4) (ac - 6") Tj* - 2 (ai - 6c) ij' f + (ae+ 2 6d- 3 c2) 1,2^ 

- 2 (fte-cd) ijf » + (ce -d«) f ♦, 

(5) »j«e"'?''(a2d-3a6c + 26«), 



-io 



and the other seminvariants are, as in the last two articles, 
$, the four successive differential coefficients of (3), the four 
successive differential coefficients of (4), and the six successive 
differential coefficients of (5), all with respect to t;. 

Altogether we have twenty seminvariants and invarianta 

The twenty are all irreducible. This is established exactly 
as in § 253. 

Moreover, as in § 254, any seminvariant or invariant what- 
ever can be rationally and integrally expressed in terms of 
the twenty or some of them. They form, then, the complete 
irreducible system of seminvariants and invariants. 

From every seminvariant of the system the corresponding 
irreducible covariant is formed by the operation and multi- 
plication yd 
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256.] Case of n linear forms. For the case of n linear 

an algebraically complete system of concomitants, i.e. a 
system of which all other covariants and invariants are 
functions, though not necessarily rational integral functions, 
consists of the n linear forms themselves and the n-^l in- 
variants aib^-^a^b^, (^A-^^qK *-* y<^iK-<^nhy 

which are the eliminants of a chosen one of the forms and the 
other 71—1, 
For 

are all independent, each involving a letter which does not 
occur in any previous one, and their whole number 2n — l 
is less by 4, the number of I, m, l\ m', than 271+2 + 1, i.e. 
than the number of equations which express the equalities 
of coeflScients of X and T in the given forms and their linear 
transformations together with the equations of substitution 

x = lX + viT, y = VX + m'T 

and the one equation 

M^lm'-'Vm. (Of. §42.) 

The complete irreducible system consists of the above and 
the other eliminants 

of pairs of the n forms. The whole number of the system is 
the sum of n, the number of linear forms, and in{n-'l)^ the 
number of eliminants, i.e. is 

We must see that they are all irreducible, and that there is 
no other covariant or invariant which is not a rational integral 
function of them. 

They are all irreducible. For the leaders 

of the forms themselves, being different and of the first degree, 

z 2 
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are irreducible, and the eliminants ajbg— a2&i,... are all of 
degree 2, so that any one of them if not irreducible would 
have to be a linear function of the rest and of the squares 
and products of a,,a2,...a«. These last cannot enter with 
the others in any linear relation, for they are all of weight 
zero, and the rest are of wei^t 1 : and no linear relation can 
connect the eliminants alone, for they are of different pai-tial 
degrees in the coefficients of the n forms separately. 

To prove that every other seminvariant is reducible in terms 
of Oj, aj, ... a« and the eliminants, we may proceed by mathe- 
matical induction. Assume it true for the above n forms, and 
take an (n + l)th (x-hriy. Exactly as in § 254, any semin- 
variant of the system of ii + 1 forms is a rational integral 
function of 

and the 77-derivatives of these 

together with f . 

This proves the theorem for w + 1 forms when we know it for 
n. But (§ 250) we know it for n = 2. Consequently it is 
true for n = 3, 4, 6, ... , i.e. universally. 

In proofs by the method of § 254 the critical fact is that, in 
the inequalities like the 

of that article, the non-vanishing coefficients on the left are 
all positive. This is a universal fact, for every coefficient is 
the 2(ip) — 2 m; of a seminvariant, and this is never negative 
(§ 247). 

257.] System of two quadratics. This is the only system 
of two quantics neither of which is linear which we shall 
discuss at length. 

Let the two quadratics be 

u = aa:? + 2bxy + cy^, 
V = a'x^ + 2 b'ay + c'y\ 
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Six seminvariants and invariants we have at once the means 
of writing down, viz. 

(1) a, the leading coefficient of t6, 

(2) a', the leading coefficient of v, 

(3) oc— 6^, the one invariant of u alone, its discriminant, 

(4) a'c'— 6'^, the one invariant of v alone, its discriminant, 

(5) oc' + a'c— 266', the invariant of u and v intermediate to 
(3) and (4), found in § 18. 

(6) aV—a'by the leading coefficient of the Jacobian of u 
and V. 

These six form the complete irreducible system. This may- 
be seen as follows. 

Firstly none of them is a rational integral function of the 
rest. This is clearly the case with regard to the two a, a' of 
the first degi'ee. As to the rest all are of the second degree. 
If any one of them is a rational integral function of the rest 
it must be a linear function of a^, <iaf, a'^ and of the other 
three of (3) to (6). Now it is clear that every one of (3) to (6) 
consists of terms which do not occur in the rest or in a^, oa', a'^. 

The six, however, are not all independent, but are connected 
by one syzygy. For, combining (1) to (5) so as to get an 
expression free from c and c\ we find 

aa' {cuf + a'c - 2 66') «- a" (a'c' - V^) - a'^ (oo - h^) 

^{ab'^a'bf. ...(7) 

We have still to see that any seminvariant or invariant can 
be expressed rationally and integrally in terms of (1) to (6). 
Writing C, C, r for (3), (4) and (5), we have 

C+62 , (r + 6'2 

c = J c = 7 — J 

a a 

so that any rational integral function of a, 6, <?, a , b\ c' may 
be written as a sum of such terms as 

ka'^a'^'b^b'^ ((7+ b^Y {(f + V% 

where the indices are integers, zero allowed, and, with the 

exception of m and 71, certainly positive. This again is a sum 

of such terms as 

A'a«a'*6^6'«'C^'(7''. 



342 TWO QUADRATICS. [257 

If the sum is a seminvariant or invariant it is annihilated by 

which also annihilates a, a\ C, (f separately, and so in its effect 
on the sum is the same as 

d ^ d 

on it as a function of h and V as they occur explicitly. Now 
the annihilation by this implies, as the theory of partial 
differential equations tells us, that 6 and V only occur in the 
connexion aV^afb. 

Any seminvariant or invariant is then a sum of such terms as 

and consequently, by use of the syzygy (7), can be written as 
a sum of terms each belonging to one of the types 

fiVa'^ (aft' - a'6) C'^C^'I^. 

Terms of both types cannot occur, for the whole weights of 
the two types are one even and the other odd. 

Thus a seminvariant or invariant is, either a sum of terms 

or such a sum multiplied by aJb'^a'b. Here p, o-, r are positive 
integers, zero not excluded, and a, ^ are integral or zero, but 
not yet proved positive. The factors a, a', C, C", T of any 
term are absolutely independent, and the last three are in- 
variants. 

We have to see that for no term as above can a or /3 be 
negative. Suppose if possible that there are tenns in which 
a, for instance, is negative, and let a' be the greatest positive 
value of —a which occurs in any term. We remember that 
the seminvariant must lead a covariant, and that the last 
coefScient in the covariant is, but for a numerical factor, 
obtained by operating on the seminvariant with (0 + 0')'^, 
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and cr is the order of the co variant, i.e. 2(ip) — 2i«;, in this 
case 2 (a -f ti), which is accordingly non-negative and constant 
throughout. This last coefficient is annihilated by + 0\ so 
that the semin variant is annihilated by (0 + (7)^'^^. Now the 
result of operating with this upon it, if as supposed it contains 
a sum of terms ^-a' 2 (a'^ Cp CT^ r) 

and none with the factor a~*'~\ contains the terms 

and no other terms involving a""^''^'^ against which they can 
cancel The result then cannot vanish ; and the supposition 
was unsound. 

It is then completely established that any seminvariant or 
invariant is either a rational integral function of (1), (2), (3), 
(4), (6), or such a function multiplied by (6). 

The system (1) to (6) is then the complete system of 
irreducible seminvariants and invariants. 

Consequently also the complete system of irreducible co- 
variants and invariants consists of the two quadratics them- 
selves, the three invariants (3), (4), (5), and a third covariant, 
the Jacobian 

258.] Canonical forms of two quadratics. It is easily seen 
that by a linear substitution of modulus unity the two quad- 
ratics can be given the simultaneous forms 

with new values of a, c, a\ c\ 
For to make simultaneously 

aUf + h {Irnf + Vm) + cmmf = 0, 
a'lV + V {Irnf + Vm) + c'mm' = 0, 

we have only so to choose Z : m as to make 

al + }ym __ bl + cm 
a'l + 6'm ~ bH + c'm ' 

1.6. to solve a quadratic, and then to take for V : wf 

bl + cm 
al + bni 
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The absolnte valaes of {, m and l\ m', whose ratios in parrs 
are thus determined, may then be taken, and still with one 
degree of freedom, so as to make Vrn'^Vrti = 1. 

For these canonical forms of unit modnlos the six con- 
comitants are ^ jpi j^^T* 

aV 

The X and F of the canonical forms are then fiictors of tiie 
Jaoobian. 

The £uling case of two quadratics which are special in that 
their Jacobian has equal roots is left as an exercise to the 
student. 

Ex« 1. Interpret geometrically the Tanishing of the invariant 

Ex. 2. The Jacobian of two quadratics represents the doable 
elements of the involution which they determine. 

Ex. 3. Express the seminvariant ah* ^2haV-\'Car in terms of 
(1) to (6). 

Ex. 4. By means of the canonical forms prove that the covariant 
led by the seminvariant of Ex. 3, represents the harmonic conjugates 
of the factors of aa^ + 2 hoey + et^ with regard to of a? + 2 h'xy + c'^. 

Ex. 5. Prove the same by means of § 251 (3). 

Ex. 6. Find the covariant which consists of the harmonic con* 
jugates of the factors of v with regard to u. 

Ex. 7. Prove that the covariants of Ex. 4 and Ex. 6 are quadratics 
which belong to the involution of Ex. 2. 

Ex. 8. Express the eliminant (ac'— a'c)* — 4 (06'— a'6)(6c'— 6'c) 
of u and v in terms of the invariants (3), (4), (5) of § 257. 

An8. (ac'+a'c-.2667~4(ac-6«)(aV-6''). Use the 

canonical forms. 
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259.] Linear form and two quadratics. Let the quadratics 
be aa before u = a^-^2hxy + (yy\ 

V = a' a? + 2 Vocy + c'y^^ 
and the linear form ^^ + 17^* 

Of the linear form alone the one seminvariant is 

and of the quadratics the irreducible concomitants are 

aaj^ + 2 6an/ + cy^, 
aV + 26'£cy+cY, 
(06'- a'6) aj2 + (oc'- a'c) icy + (6c'- 5'c) y2, 

ac— 5^, 
a'c'-6'^ 
oc' + a'c — 2 66'. 

As in § 248 the invariants of the system are these last three, 
and the eliminants of ^x-i-riy, and the preceding three^ i.e. 

ai,2«26iyf +cfS 

a'r?2-26'7,f+c'f2^ 

(a6'-a'6) iy2«(ac'-a'c) lyf + (6c'- 6'c) P ; 

and as in §§ 253, 254 the remaining irreducible seminvariants 
of the system are the successive Tj-derivatives of these three 
last,i.e. ar?-6f, 

a, 
a'ij-6'f, 



a. 



2(a6'-a'6) ij-(ac'-a'c) f, 
a6'— a'6. 

The covariants which these lead are readily written down. 
The last, last but two, and last but four, occur above. 

Ex. 9. The vaniBhing of the invariant 

(a6'-a'6)r|*-(ac'-a'c)r|f+(6c'-6'(j)f» 

expreeses that the linear form is a double element of the involution 
determined by the quadratics. 
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Ex. 10. The covariant (ai?— 6f)a5+(6?j— cf)y represents the har- 
monic conjugate of (x-^-riy with regard to u. 

Ex. 11. Interpret the linear covariants led hy 

a'iy-6'f, 2(ay-a'6)7j-.(ac'-a'c)f 

260.] Syatem of quadratic and cubic. Take the forms 
u = ax^ + 26a:y + cy^ 
V = a'x^ + 3 6 Vy + 3 c'xy^ + dy . 

For the quadratic only the irreducible concomitants are 

(1) tt. 

and the invariant 

(2) oC'-bK 

For the cubic only they are 

(3) •. 
the covariants 

(5) (a'*d'-3a'6V+26'^)ic3 + ^,,^ 

and the invariant 

(6) (a'd'- 6'cy-4 (aV-6'«) (ft'd'-c'^). 

The remaining irreducible concomitants of the system prove 
to be nine in number. They may be taken to be the following 

(7) the Jacobian of u and v 

(8) the Jacobian of u and (4) 

(9) the result of operating with u on Vy after substituting 

d d ^ 

-j-t — J- for a;, y in u, 

ay dx ^ 

(oc'+a'c- 266') a; + (ad' + c6'-26c')y, 

(10) the result of operating with (9) on u 

- {a^d'— 3a6c'+ (ac + 262) 6'-6ca'} x 

+ {c2a'-36c6'+(ac + 262)c'-aW}y. 
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(1 1) the result of operating with u on (6) 

(12) the result of operating with (11) on t6, a linear co variant 
(the fourth) of degree 2 in the coefficients of u and 3 in those 
of v, 

(13) the intermediate invariant A(f •\'A'C—2BW of v, and 
(^)>^^ a(6'd'^c'^)-6(a'd'-6V) + c(aV-6'2)^ 

(14) an invariAiit of partial degrees 3, 2, the eliminant of 
u and V, 

(15) an invariant of partial degrees 3, 4, tiie eliminant of 
the two linear covariants (9) and (12), or (10) and (11). 

Of the system five are invariants, (2), (6), (13), (14), (16), 
four are linear covariants (9), (10), (11), (12), three are quad- 
ratics, u, (4), (8), and three cubics v, (5) and (7). 

The above is Salmon's list {Higher Algebra, § 198). They 
are, though all irreducible, connected by many syzygies, which 
have been fully exhibited by Hammond {Am. J, vol. viii). 
There is of course a considerable freedom allowed in choosing 
the complete list of fifteen, it being allowable to take, in place 
of any one of the more complicated ones above, any linear 
function of that one and compounds of the right order and 
partial degrees of those that are simpler. In fact Hammond 
finds it convenient to modify the last linear covariant (12) 
and the last invariant but one (14) by addition of products 
of others of the set in a way suggested in the next article. 

261.] We may, in accordance with the chapter on canonical 
forms, reduce the cubic by linear transformation of modulus 
unity to the form a'x^+d^y^ 

with diflFerent a\ d\ x, y. The same substitution does not 
affect the form of ^^5^ + 2 irry + cy^, 

but only makes the a, &, c different. 

For purposes, then, of the study of the combinations of the 
concomitants, it suffices to consider tt, t; in the forms 

u = aa? + 2bijcy + ct/^, 

V = a'ix? + d'y^. 
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With this simpUfioation it is easy to form allof(l)to(15) 
by the methods described. In the following notation /, L, Q, C 
denote respectively invariants and linear, quadratic, and cubic 
coyariants. The first suffix denotes degree in the coefficients 
of u, and the second degree in those of v. The list is, in the 
same order as before, 

(1) Qio = tt = cia^ + 25«y+cy«, 

(2) /^ = ac-6«, 

(3) Coi=aV+dy, 

(4) Q^^a'dfxy, 

(5) Co3 = a'd'(aV-dy), 

(6) I^ = a^r\ 

(7) On = - 6 {a'x^-dy) - (ca'x^ad'y) xy, 

(8) Qu = CL'd'(aa^^cf), 

(9) Li^ = ca^x + ad% 

( 1 0) iji = {bca'-- aH') x - {aM-^i^a') y 

= 6 {ca'x — adfy) — {a^dfx — (?a!y)y 

(11) ii3 = a'd' {ca'x - arf'y), 

(12) L^^a'd'{{a^d'^'hca')x^-{(3}>d;-{-(?ar)y} 

= a'd' (a^d'a; + (^a'y) + 6a'd' (ca'« + ad'y) 
= a'd' (a^d'ic + (^ay^-^I^^Ly^^ 

(13) I^^^^ha'd', 

(14) /32 = a3cZ'2 + (6a6c-86a)a'd'+c»a'2 

= a^d'* - 2 aftca'd' + c^a'^— Sl^I^, 

(15) /34 = a'd'(c3a'*-a»d'2). 

Mr. Hammond's modification is to take instead of Z23 and 
1^2 ^^6 concomitants of like type^ but simpler canonical shape, 

-t'23 = -^23 + -^12 ^11 = «'^' (a^d'aj + c^a'y), 
^'32 = 48 + 8/12/20 = «^^'^ -2a6ca'd' + cSa'2. 

This last is the eliminant of (9) and (10). Its full value in the 
notation of § 260 is 

a3d'2 + c3a'«~6a26c'rf'-66cV6'+2(ac + 262)(a6'rf' + caV) 

+ (ac + 862)(ao'2 + c6'2)-.2afeca'd'-26(6ac + 4f>2)5y^ 
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Many good exercises in geometrical interpretation are aflforded 
by the above canonical expressions. 

262.] Linear form quadratic and cubic. From the system 
for the quadratic and cubic, the system for them and a linear 
form ^x + rjy, is derived exactly as in § 259. 

The invariants of the system are the invariants I20, /04, /i2j 
^32 > ^34 ^^ ^^® quadratic and cubic, and the results of replacing 
X hy rj and 2/ by —f in the quadratic and cubic and their 
covariants. The other seminvariants are f and the successive 
derivatives of the invariants which contain f, ?j with regard 

to 7), 

Ex. 12. Any semtnvariant of aar* + 3603*^+3 ca?y'+c?^ is a rational 
integral function of a and invariants of the syetem 

ax-hhy, aa? + 2bxy+cy^y aaj'+36aj^y + 3<xp^+c?y'. {Kemjpe!) 

Ans, It is a rational integral function of 

a, ac-5^a'J-3a5(J + 26^ and (acZ— 6c)^-4(ac-6*) (Jc^-c^, 

of which the second and fourth are invariants of the quadratic and 
cubic respectively, and the third is the invariant of the linear 
form quadratic and cubic given by § 260 (9). 

Ex. 13. Any seminvariant of (a, 6, c, dy e) {x, yY is a rational 
integral function of a and invariants of the system consisting of the 
quartic and its successive derivatives with regard to x, {Kemjpe.) 

Ans. Since it is a rational integral function of 

a, ac—h^, a^cf— 3a6c+25', ae^^hd-\-Zc\ ace+2hcd^ad^'-h'^e—€^, 

Ex. 1 4. Express the seminvariant a^— 5 abe + 2 acd + 8 hH— 6 hc^ of 
extent 5 as an invariant of the quintic and its successive derivatives 
with regard to a?. 

Ans. Form a covariant of the system by operating on the 
quintic with its first a?-derivative, and substitute —6 for x and a 
for y. 

Ex. 15. All invariania of a linear form a quadratic and a cubic are 
functions, not necessarily rational integral functions, of the discrimi- 
nant of the quadratic and the eliminants of the linear form with the 
quadratic, the cubic, the Hessian and cubicovariant of the latter, and 
the Jacobian of the quadratic and cubic. (Forsyth.) 

263.] Case of ^+1 binary quantics of orders p, ^— 1, 
2?— 2, ... 1, 0. An algebraically complete system of semin- 
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variants, i.e. a system in terms of which all other semin- 
variants can be expressed, not of course a complete irreduciMe 
system in terms of which all can be expressed rationally and 
integrally, of a system of binary quantics 

Ki ^0* ^0. ^o» ••• *o' ^o» ^o)(^» yy^ 

(a^, Oj, C|, aj, ... A;^, ^i}v^> Vr » 






in which notice the presence of the last of zero order, a mere 
constant which is its own only irreducible concomitant, con- 
sists of the results of replacing x and y by bp^^ and —a^^i in 
the quantics and their successive derivatives with regard to x. 
Thus, for the case 2> = 4, an algebraically complete system 
for the five quantics 

Kf K^ ^o» do^ «o) (^» »A i^u ^i» ^1 ' ^1) (^> yf^ 

consists of 

(tti, 6^, Oj, di)(63, -03)3, («!, 61, Ci)(63, -Oaf, 

Kj ^2> ^2) e^S' -%)^ («2» ^2) (^3» — «3)> «2» 
[(«3> ^3) (*3» — ^3) = ^]» «3> 

Their formation accords with § 252. They are all indepen- 
dent, for taken from last to first each one involves a coefficient 
which has not previously occurred. Also their number, ex- 
cluding the always vanishing last but two, is 

which is easily seen as in §§ 42, 266 to be the maximum 
possible number of perfectly independent concomitants. 

The system appears to have been first given by Forsyth. 

An alternative algebraically complete system consists, §§ 168, 
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252, of sets of jp,jo— 1,^ — 2, ... 2, 1, 1 protomorphs of the p + 1 
qualities, and the Jacobians of the linear one and the p^l o{ 
higher orders. 

264.] Systems of quantics of one order. Combinants. We 
will conclude this chapter by allusion, without developement, 
to an important class of invariants of several binary ^-ics, to 
which their first discoverer, Sylvester, has given the name 
Combinants, There are also combinants of systems of g-ary 
^-ics, for any the same q as well as the same p. 

A combinant of a number of /)-ics t6, v, ty, ... , ia the same 
variables, is an invariant which differs only by a function of 
A, fi, y, ... , \\ ix\ v\ ..., ... as factor, by a power of 






• . . 



in fact, from the same invariant of 

Ait+fjtv+v'M^+..., A'u + fjt't; + r'it;+..., 

A"u+fjt"t; + v''i£; + ..., ...• 

It is, in fact, an invariant qu^ linear transformation of the 
^-ics as well as qufl, linear transformations of the variables. 

K a, 6, c, ... ; a', h\ c\ ... ; a'\ V\ c", ...;... be corresponding 

coefficients in u, v, o^;, ... it is readily seen that the conditions 

for an invariant to be a combinant are that it have the pairs 

of annihilators 

, d ,, d , d 

da do dc 
d j^ d d 

corresponding to pairs of the ^-ics u, v, ic;, . . . . 
There ore also combmant covariants. 

265.] A few of the more obvious facts with regard to com- 
binants are the following. 

The eliminant or resultant of two binary 2>-ics u, v is 
a combinant. For if u^ v have a common factor so have 
kn+ixv, >/U'\-ixVf so that the eliminant of u, v is a factor 
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of ihat of Xu + fAV, X'u+/A^t;. The remaining factor involves 
X, fi, X^ \i! only, as we are told by confiideration of dimensions 
in the coefficients of u, v. 

The eliminant or resultant of three ternary p-ics is also 
a combinant ; and so on. 

A combinant of tt, v, ii;, . .. is of equal partial degrees in the 
coefficients of tt, t;, ^e;, ... separately. For, if we denote 

, d y,d , d 
da ab dc 

d -t d d 

ty ^\ i> respectively, 

, d 1/d f d 



*>-**' = («'<to> -^^'dF +"'5? + •••) 



t d •, d d \ 

whose effect is, by Euler's theorem, the same as that of the 
multiplier i'— i. Thus if ^(7 = and <^'(7 = the first and 
second partial d^rees t, i of G are equal. In like manner 
the first and third, the first and fourth, &c., partial degrees are 
equal. 

An intermediate invai'iant (§§ 18, 19) is w)t a combinant. 
Consider two />-ics u, v only. The operation ^ repeated 
a number of times on an intermediate invariant produces 
the invariant of u only, between which and the same in- 
variant of V the supposed invariant is intermediate. This 
intermediate invariant is not then annihilated by (^. In like 
manner as to intermediate invariants of more ^-ics than two. 

Let / be any invariant of u, and form the same invariant 
of At^ + fjti;, as in §§ 18, 19. This is 

or, as it may be also written, 
CaUit 

1 • « 
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so that 

<i/A = iB, <f>'B={i-l)C, 

<t,'C = {i-2)p, ...<I>'J=K, <I>'K = 0. 



We thus have 



dF 



(j) B+ ... +-jr^<l> K 



il>'F(A, B,C,...J,K) = ^<t,'A + ^^^^. ... . ^^ 

where the operator on the right is of the form of 0. In like 
manner 

(l>F{A,B,C,...J,K) 

= {A^+2B^ + ... + iJ^)F{A,B,G,...J,K}, 

where the operator on the right is of the form of 12. 

We thus see that any invariant of an invariant of Att + /xv 
regarded as a quantic in A, jm is a combinant of u and v. For 
it is an invariant of u and v, being a rational integral homo- 
geneous isobaric function of invariants A^B^ .., K^ and it is 
annihilated by </> and (f/. 

In like manner any invariant of an invariant of \u + /xv + i^tt; 
regarded as a quantic in A, jm, v is a combinant of it, Vy w, by 
the principles of the next chapter but one ; and so in general. 

Ex. 16. If Uy V be binary quadratics, the combinant which is the 
discriminant of the quadratic in A, jm which is the discriminant of 
\u-\-fJiv ia the elimiuant of u, v, {Boole,) 

Ex. 17. The Hneo-linear invariant of two binary p-ics is a com- 
binant if j9 is odd, but not if p is even. (Cayley.) 

Ex. 18. The criterion of an involution 

of three binary quadratics is a combinant. 

Ex. 19. A combinant of the fewer than jp+ 1 j^;-ics 
(a^,6i,Ci,...)(aj,y...)^, (03,63, <j8,...)(a?,y,. ..)',(a3,6j,<jj,. ..) (a?, y,. ..)',.. 
is a function of determinants obtained by erasing columns from 



^l> ^l> ^U ^l> *l>'** 
^2> ^2> ^2> ^2» ^2>"* 
^S> ^8» ^3' ^8> ^8» ••• 



(Sylvester.) 



Aa 



CHAPTER XV. 

RESTRICTED SUBSTITUTIONS. METRICAL GEOMETRY 

OF PENCILS. 

266.] Besides actual invariants and covariants, which have 
the invariantic or covariantic connexion with a quantic or 
quantics whatever be the linear substitution for the variables, 
there exist functions which possess the property of invariancy 
or covariancy for particular classes of substitutions. 

Thus, for instance, seminvariants of binary quantics ai*e not 
invariants for all linear substitutions, but are invariantic for 
the particular class of substitutions x=^ IX + niY, y = rn/Y. 

A very important class of quasi-invariants and covariants 
is that of functions which are invariants and covariants as far 
as all substitutions are concerned which in Cartesian geometry 
express change of reference from one set of axes to another, 
the old and new variables beiug both sets of coordinates in 
the ordinary sense. 

Confining attention to plane geometry, the most general 
equations of substitution, those which express change from 
old axes at an angle a> to new axes at an angle a>^ = /3 — a, 
through a point {h, k), and inclined at angles a, fi respectively 
to the old axis of x, are 

sino) sino) ^ -* 

■^sina _sin)3 rrm 7 

sin 00 sino) L J » 

M = m = 1. 

Of these, whether A, i be present or absent, i.e. whether the 
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substitution be taken as ternary or binary, the modulus is 

sin (ft) — a) sin ^ — sin (o) — j9) sin a __ sin o) sin (^ — a) 

sin^o) "~ sin^ft) 

sin (fi — a) sin o)' 
sin 0) sin o) 

267.] Boolian and orthogonal invariants, &c. The study 
of certain invariants and covariants for Cartesian transforma- 
tions preceded and led to the investigation of invariants and 
covariants generally. The chief early contribution to the study 
is in a paper by Boole (Cavibridge Math, Journal, Vol. Ill), to 
which reference has already been made in § 18. It is proposed 
here to give the name Boolian invariants and covariants to 
functions which have the restricted invariantic and covariantic 
properties contemplated, the name being given without in the 
least implying that Boole confined his attention to such 
restricted invariants and covariants. His work not only 
led to the developement of the more general invariant algebra, 
but began that developement. 

The original theorem was that a binary quadratic 

has the two Boolian invariants 

ac^h^^ a + c— 26cosa); 

in fact that, if a'X^-{'2b'XY+c^Y^ is the quadratic trans- 
formed so as to be referred to new axes at an angle o)', 

sinft>' ^ 






smo) 
sin 0)' ^ 



a' + c'— 26'cosft)'= (-; ) (a + c — 26co8a)). 

^ sm u) ^ ^ ^ 

The first of these Boolian invariants is known to be an in- 
variant for all linear substitutions. The second is not so. 

Boole's well-known method depends on the fact that, the 
transformation being a binary one, i. e. one with no change 
of origin, 

iB2 + 2aj2/cosa) + 2/2 = Z2 + 2XFCOS 0)' + F2. 
He in fact determines, by his method § 18, the invariants in 
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the ordinary sense of the system 

ir* + 2ajyco6a) + y*. 

Quite generally, the Boolian invariants and covariants 
of a binary quantic, among which are included the full 
invariants and covariants of that quantic, are the full invari- 
ants and covariants of the system consisting of that quantic 
and the quadratic a^^2xyco8o, + y^ 

If we take cos (a = cos « = 0, i. e. if we consider only trans- 
formations from one pair to another of rectangular axes, 
Boolian invariants and covariants take particular forms which 
may be called orthogonal invariants and covariants. 

268.] As a first instance of a Boolian covariant we may 
take the Jacobian of the quadratic 

oa^ + Sfca^ + cy^, 

and x^+2QcyQoa(a-\-y^f 

which proves to be 

(acoso)— 6)aj* + (a— c)ir2/ + (6— ccosft))^^. 

This, then, is a pair of lines having an invariable geometrical 
relation to the pair of lines denoted by the given quadratic 
and the paii* of lines a:* + 2cc2/cosa) + 2/^ to the circular points 
at infinity. 

To see what the relation is take 2xy for the given quadratic. 
The Boolian covariant is at once 

and so represents the bisectors of the angles between the lines 
forming the quadratic 2a:y, These bisectors are presented as 
the common harmonic conjugates of the lines ocy and 

aj^ + 2aJ2/cosft) + ^^ 

Quite generally, a Boolian covariant represents a pencil of 
lines having an invariable geometrical relation to the pencil 
represented by a binary quantic and the pencil 

x^ + 2xycosoi)'^y^ 

from the vertex to the circular points at infinity, i.e. represents 
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a pencil having an invariable relation to the pencil represented 
by the quantic, into the expression of which relation magnitudes 
of angles enter or may enter as well as descriptive and pro- 
jective connexions. Conversely, any such pencil is represented 
by a Boolian covariant. 

The vanishing of a Boolian invariant expresses a geometrical 
relation between the lines of a pencil denoted by the binary 
quantic to which the invariant belongs, into the expression of 
which relation magnitudes of angles may enter as well as 
descriptive and projective connexions. 

For instance, a + c--26cosa) = expresses that a quadratic 
denotes lines harmonically conjugate with regard to the lines 
to the circular points, i.e. denotes lines at right angles. 

269.] The method of emanants (§§ 52, &c.) applies to Boolian 
invariants and covariants. It was proved that any invariant 
of an emanant of u is a covaiiant, or, in particulai', invariant, 
of u. Now, just as this was seen, it follows also that any 
function which is for a restricted class of substitutions an 
invariant of the emanant is for the same class of substitutions 
a covariant, or invariant, of u. In particular, this is the case 
for the substitutions of Cartesian geometry. 

For instance, the second emanant of u 

has the Boolian invariant 

d^u d^u ^ d^u 

■j-2 + TH "" 2 -3— J- cos 0). 

doer dy^ dxdy 

This, then, is a Boolian covariant of the binary quantic u, if the 
order of u exceeds 2. For the order 2 of u it is the Boolian 
invariant used in its production. 

The reasoning as to the power of the modulus in § 56 still 
applies. Thus the expression of the fact of covariancy of the 
function before us is 

d^u d^u d^u , 



/Bina)\2 (ciJ^u d^u ^ d^n ) 

^ sin 0) ^^ ( dixr dy^ dxdy ) 
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In particular, -^ + ^"2 ^^ ^^ orthogonal covariant, i.e., 

since ( — — ) = 1 for all orthogonal substitutionB, is un- 
^ Bin o) '^ 

altered by any change of rectangular axes without change of 

origin. 

270.] Cogredienoy identioal with contragrediency for 
orthogonal aubstitutiona. Tliis last fact as to an orthogonal 
covariant is a case of an interesting theorem due to Boole. 

It should be noticed that there are two discrete classes of 
orthogonal substitutions, which may be called direct and skew 
respectively. In the direct class the sense of rotation from 
the axis of X to that of F is the same as that from the axis of 
X to that of y, while in the skew class the senses of rotation 
are opposite. The modulus for the direct class is + 1, whereas 
that for the skew class is — 1. 

The formulae for orthogonal substitution are 

X = XooB^+ Fsin^, 

y = Zsind±Fco8(9, 

where the upper signs refer to direct and the lower to skew 
substitutions. From these there follow 

d d , d 

-Tv = C08(?3- + sm^3- , 
dX dx dy 

d _ . ^ d ^ d 

di dx ~" dy 

so that 

d ^ rf __ . ^ d 

d . d d 

dy dX - dY 

Thus for all orthogonal substitutions ^ and -j- are co- 

ax ^y 

gredient with x and y (§ 51). For orthogonal substitutions 
then contragrediency is identical with cogrediency (cf §§ 46, 
68). This is readily seen to be the case if we take f, ry, any 
quantities or symbols contragredient with x and y, instead 

of Y and ^ in particular. 
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The application of the cogrediency now before us is as 
follows. If the result of transforming a binary quantic 
orthogonally is 

u = {a^,a^,a^,,..ap){x,yY = {AQ,A^,A^,„.Ap){X, Yf, ...(1) 

while of course a;^ + 1/* = Z^ + F^, ... (2) 

and the modulus of the substitution is in magnitude 
cos^d+sin^^, i.e. unity, we have also 

and / d y,^ r d ^ / ^ \* r ^ \ /^\ 

(rf^) +(^) =(dx) ^(df)- -<'^ 

Moreover, if K(aQ, a^, ag, ...ctp) {x, y)^ be any covariant or 
orthogonal covariant, 

d d \^ 
= ±K{Aq,Ai, A.^,...Ap)[^i ^j ' ...(5) 

the upper sign being correct except when both the covariant 
and the substitution are skew. 

Thus by operation with any combination of the left-hand 
sides of (3) and (4), or with any covariant operator such as the 
left of (6), on any combination of the left-hand sides of (1) and 
(2) or on any covaiiant or orthogonal covariant, we obtain an 
orthogonal covariant or invariant. 

Consider in particular the quadratic 

ax^-{-2bocy + cy^. 

We have by (3) on (l) an orthogonal invariant 

a2 + 26a+c2, 

and by (4) on (1) or (3) on (2) another 

a + c. 
The known one ac— 6* is, of course, 

i{(a + c)2-(a2+ 26^ + 02)}. 

Again, from the cubic 

oix^ + 3 bx^y + 3cxy^ + dy^ 
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we have by (3) on (1) an orthogonal invariant 

by (4) on (I) an orthogonal covariant 

(a + c)aj+(6 + d)y, 

and again, by operating on this with (a + c) -r- +(& + ^);r- » 
another orthogonal invariant ^ 

For another example take the quintic (a, 6, c, d, e, /) (aj, y)^. 
We obtain at once the orthogonal invariant 

a cubic orthogonal covariant which leads to the orthogonal 
invariant (a + c)2 + 3(6 + (Z)«+ 3(c + 6)* + (d!+/)2, 

and from it again a linear orthogonal covariant and the 
orthogonal invariant 

besides two other orthogonal invariants obtained by operations 
with orthogonal covariants found above on others. 

The number of independent orthogonal invariants including 
full invariants of the binary jp-ic is j?. The difficulty of dis- 
covering the independence or interdependence of orthogonal 
invariants determined as above, and the investigation of com- 
plete irreducible systems, would have to be attacked separately 
in the case of every order p. 

Ex. 1. In orthogonal transformations in three dimensions prove that 
y, J-, -T are cogredient with «, y, «. (^ooZe.) 

Ex. 2. For orthogonal transformations covariants and contravariants 
coincide. {Sylvester,) 

Ex. 3. The ternary cubic 
aa^ + &y* + 02^+ 3(iaj'y+ 3eajy'+ 3/c'«+ 3^«' + 3 Ay»«+ 3ty«'+ 6Axb«/« 
has the orthogonal invariants 

a« + 6« + c^ + 3((f»+e«+/»+^+A« + t») + 6A», 
{a + e + gy + {h'hd-\- if + {c +/+ hy. {Boole.) 
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271.] Annihilator of orthogonal oovariants and invariants. 
Sylvester has expressed by a linear differential equation the 
condition that a function be an orthogonal covariant or 
invariant of a binary quantic. 

If we express that the function is unaltered, to the first 
order of infinitesimals, when the substitution is made which 
effects the turning of the rectangular axes through an infini- 
tesimal angle, we express equally that it is unaltered when 
we turn them through a finite angle, for, if they be turned 
through this angle a by an infinite succession n of infinitesimal 

turnings through - a, the whole increment of the function is 

^ 1 ^ 

at most comparable with nf-a^ > i.e. is an infinitesimal, 

and vanishes in the limit. 

Now the formulae of substitution for turning through an 

infinitesimal angle 6 are 

omitting infinitesimals of the second order. The modulus of 
this, to the first order of infinitesimals, is 1. Indeed 1 is its 
absolute value, as in all cases of direct orthogonal substitu- 
tion, when infinitesimals of higher orders are expressed in the 
formulae ef substitution. Now these are, to the same order 

of infinitesimals, ^ 

X^x-hdy, 

Thus the substitution amounts to giving x and y the incre- 
ments 6y and —Ox. 

Again, if the quantic under consideration be 

(tto, 01,02,... ap)(aJ,2/)^ 

the substitution may be effected, correctly to the first order 
in ^, by first writing it 

(oo, Oj, Og, ... ap){X-ey, yf, 

which makes it ^^^,^ ^^^ ^.^ ^ ^ ^^^ (X, y^, 

where (§ 91) 

a^ = a^, a/ = a^—a^Qy a^ = a^ — 2a^e, ... , a/ = ap—pap^^O^ 
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and then writing it 

I.e. (-4^, Ai^ -Ag, .•. -4^)(X, Iff 

where (§ 94) 

Aq = a^-^paiO = a^+pa^O, to the first order in 0^ 

A^ =a/ + (^-l)a/(9 = ai + (^-l)a2(9— a^d, „ ,, 

A^ =a/ + (p-2)ao'^ =«3t + (p-2)a3d-2ai^, „ „ , 

Ap = a/ = a, —pap^iOj „ „ 

Thus X, r, il^, A^, A^y >' -^p-u ^ii differ from 

'^i Vi ^(J> ^i> ^2> ••• ^p—iy ^P 

by the increments 

hx^Oy, by='-ex, baQ-pOiO, bai=: {{p-l)a^-aQ\0, 

Sttj = Kj?— 2)a3— 2ai} ^^, ...,8ap = — ^p«i^, 

whence it follows that the increment of 

The necessary and sufficient condition that jPbe a covariant 
for direct orthogonal substitutions is, then, if as usual we adopt 
the notation of chapter vi, that F have the annihilator 

d d ^ - 

That it be a covariant also for skew orthogonal substitutions 
a further condition is necessary and sufficient. It must be 
either unaltered or only changed in sign when y and the 
alternate coefficients 04, a^, ct^, ... have their signs altered. 
For the most general skew orthogonal transformation may be 
performed by replacing x, y by a:, — j/, i.e. reversing the 
direction of the axis of y, and then performing the most 
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general direct orthogonal transformation. Should, however, 
a function K1 + K2, which has the above annihilator, become 
K^^K^ upon making these changes of sign, it is readily seen 
that K^—K^ also has the annihilator, since this annihilator is 
only altei*ed in sign by the changes of sign of y and a^ , ag , ag , . . . . 
In this case K^ and K^ are orthogonal covariants for skew as 
well as direct substitutions, while K^ + K^ and K^^K^ are 
not. K^ and JSTg have in fact for their factors powers of the 
modulus ± 1 of which one is even and the other odd. 

In particular, orthogonal invariants are functions of the 
coefficients only which have the annihilator — 12 and are 
either unaltered or changed only in sign when the signs of 
<^ij %» ^6> ••• fl-r© altered. 

272.] Annihilator of Boolian covariants and invariants. 
We may also find an annihilator of any Boolian covariant or in- 
variant from the consideration that any one is unchanged when 
the oblique axes are turned through an infinitesimal angle 6. 

For such a turning the formulae are, by § 266, since a = ^, 

/3 = a) + ^, a; = Z-Zcota>.^-Fcoseca).^, 

y = F+ X cosec o) . ^ + Foot on . 0. 

Thus X and y have the increments 
hx = ajcotw.^ + ^coseco).^, hy = — a? cosec o). ^— ycoto). 0. 

Also it is readily seen that the increments of a^, a^, ag* ••• ^p 
may be exhibited as follows : 

Sag, dttj , ^a, , ... 

= (-;?>«o» ~(p— i)«i' — (;>--2)a2,..., — ^'p_, 
+ ( ^ > "^Q > — 2ai , ..., 

+ ( JP«i» {jP-i)«2> (p-2)a3, ..., 
+ ( , a^ , 2a^ ,..., 

Hence the expression of the fact that the increment of a 
Boolian covariant vanishes is that it is annihilated by 

, id d d , ^. d 

{d d ^ 1 
y -j x-T- + 0-f2> > 



^«p-l 


bOp 




-^'p-1 » 


0. 


) cot 0) . ^ 


-{j?-l)ap_„ 


-pap. 


.i) cosec 6) . 6 


<^p 1 





) cosec a> . 6 


(jp-i)«p-i> 


pap 


) cot 0) . ^. 
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which correctly becomes the annihilator of the preceding 
article when o) = - > i.e. when the co variant is orthogonal. 
In particular, BooUan invariante have the annihilator 

The second part of this annihilator has the effect of 
multiplying every isobaric part of weight w o{ a Boolian 
invariant of degree i hy ip—2w. But this multiplier is not 
constant throughout, as such Boolian invariants as are not 
full invariants are not isobaric in the coefficients of the quantic 
to which they belong. They are what isobaric invariants of 
the quantic and a quadratic become in a case when the idea 
of weight is banished from the coefficients of the latter. 

Boolian covariants and invariants have also to obey a 
further law, which is best expressed by saying that they must 
be unaltered or changed at most in sign when x and y, a^ and 
a,, % and a^.^, a^ and ap^y &c., are interchanged. The 
supplementary necessity of the last article as to orthogonal 
covariants and invaiiants might have been expressed in the 
same way. 

Ex. 4. By turning the axis of y through an angle (2 a), keeping that 
of X unchanged, prove that, if /x be the index of the power to which 



smo)' 



the modulus —, enters in the equahtj expressing that F iba Boolian 

covariant, . ®^°^ 



M^={(«, 



-^^^^^yr-^'+P^pir-yzr) 



da^ da^ ^ da, dy^ 

+ sec o) ( y -; Q\ + tan o) -r- Kf, 

^ ax / aw) 



Ans. Express that the increment of (sin (o)'-f^F vanishes. 

273.] Boolian system for linear form. We proceed by 
chapter xiv to write down complete irreducible systems of 
Boolian invariants and covariants for binary quantics of the 
first few orders, as invariants and covariants of those quantics 
and the quadratic a? + 2 a^ cos o) + y\ 

Take first the linear form dx + by. 
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By § 251 the system consists of five individuals ; viz. 

(1) the linear form itself ax-^-hy^ 

(2) a5^ + 2a52/cosft) + 2/^, 

(3) the linear Boolian covariant 

(a cos 6) — 6) oj + (a — 6 cos w) y, 

(4) the Boolian invariant 

a^— 2a6cosa) + 6*, 

(5) sin^o). 

Any pencil of lines connected with the given line by de- 
scriptive or metrical properties has for its equation a rational 
integral function of these equated to zero. There are none of 
course whose connexions with the line are purely descriptive. 

The Boolian covariant (3), the Jacobian of (1) and (2), is the 
perpendicular to ax + hy. 

The Boolian invariant (4) is the criterion for ax-^-by running 
to one of the circular points at infinity. 

A Boolian covariant or invariant is separately homogeneous 
in X, y] in a, 6, c, and in 1, coso), 1, in which last (l), (2), (3), 
(4), (5) ai-e of degrees 0, 1, 1, 1, 2 respectively. 

274.] Case of the quadratic. For 

u = (iQ(?'\-2hxy'\-cy^ 

the Boolian system is that of invariants and covariants of u 
and the second quadratic 

x^ -\-2xy QOB (jn-k- y^^ 

and so (§ 257) consists of 

(1) the quadratic itself 

ax^-\-2hxy + cy'^, 

(2) aj2 ^ 2 a^ cos ft) H- 2/^, 

(3) ac—b^f the one full invariant of u, 

(4) sin^o), 

(5) the Boolian invariant 

a + c— 26cosa), 

(6) the Jacobian 

(acoso)— 6)aj^ + (a--c)a5y+(6— ccosft))^/^. 
interpretation has already been given (§ 268) to (5) and (6). 
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Any other BooUan covariant or invariant is a rational 
integral function of (I) to (6). For a rational int^ral func- 
tion of them to be such a covariant or invariant it must be 
homogeneous in x^ y^ in a, 6, c, and in 1, cosa>, 1, separately, 
(1), (2), (3), (4), (5), (6) being looked upon as of degrees 0, 1, 0, 
2, 1, 1 respectively in 1, cosa>, 1. 

Ex. 5. Interpret the Boolian covariaut 

(a + c — 2 6 CO8 o)) (a* + 2 «y COB ai + ^) — Bin' o) (oic' + 2 6a?y + cy'). 

Ans. The perpendiculars to the lines u. To see it take o) := ^ • 

Ex. 6. Interpret the Boolian invariant condition 

(a+c— 26 cos o))*— 4 (ac— 6')sin*<tt = 0. 
Ans. One of the lines u runs to a circular point at infinity. 

275.] Linear form and qnadratio. The Boolian system for 

ix + riy and aa^ •\' 2bxy -{■ cy^ 

is written down from § 259 by taking 0:^ + 2a^ cos (o+y^ for v. 
We have, besides the system written down in the preceding 
article, three Boolian invariants, viz. 

(7) ai,2_26ijf+cf«, 

(8) i,2-2i,fcosa> + f^ 

(9) (a cos 0)— 6) t;2— (a— c) ryf + (6— c cos co) f ^ 

of which (7) is a full invariant, and the following Boolian 
CO variants, of which (10) and (11) are full co variants, 

(10) faj + i?2/, 

(11) {ar)^h^)x-{-{hri'-c^)y, 

(12) (ij — fcosa))iC + (ijCOSa) — f)y, 

(13) {2(acoso) — 6)ij — (a--c)f}aj 

+ {(a— c)iy — 2(6 — ccosft))^} y. 

In terms of these thirteen all Boolian invariants and co- 
variants of the linear form and quadratic can be rationally 
and integrally expressed. They have to be separately homo- 
geneous in X and j/, in £ and 77, in a, 6, c, and in 1, cos o), 1. 

Besides (1) to (6) which have been interpreted in the last 
article, and the full invariant and co variants (7) (10) (11) 
which have been interpreted in chapter xiv, we have (8) and 
(12) which have been interpreted as the (4) and (3) of § 273. 
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367 



We have left (9) which is the Boolian invariant criterion for 
ix+r}y being one of the bisectors of the angle between the 
lines aa^ + 2bayy + cjf, and (13) which is the harmonic conjugate 
of ix + rjy with regard to these bisectors, as is readily seen 
by taking the case when ^ = 0. 

276.] Case of the oubio. By § 260 the complete Boolian- 
system for the cubic consists of fifteen individuals. Their 
forms for the cubic 

are given by the article referred to, upon replacing a', 6', c\ d' 
by a, 6, c, d, and a, 6, c by 1, cos w, 1. 

Let us content ourselves with using § 261 to write them 
down for the cubic ^^3 ^ ^yZ 

to whose form the given cubic can certainly be reduced by 
a change of axes, taking the lines represented by the Hessian 
as new axes of x and y^ the one case of exception being the 
special one when these lines coincide, i.e. when the discriminant 
of the cubic vanishes. We get 



The 



a;''+2a:^cosa) + 2/2, 

sin^o), 

ax^ + rfy^, the cubic itself, 

adxy^ 

ad(ax^^dy^)^ 

d'd\ 

{dy^ — ax^) cos o) + {dy — ax) ocy, 

ad(a^^y% 

ax + dy, 

{a cos ft)— d) X + (a—d cos ft)) y, 

ad (aX'-dy), 

ad {dx + ay), where i'ga ^^ chosen, 

— ad cos ft), 

a^'-2ad cos ft) + d*, where J'gg is chosen, 

ad (a^— d^). 

degrees in 1, cos ft), 1 are not all clearly indicated by the 
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powers to which cosa> enters in these canonized forms. A 
doable suffix notation, as in § 261, should be used in com- 
pounding them homogeneously. 

277.] The geometrical relations of the members of this 
system may be expressed in various ways. 

The full covariants and invariant of iiie cubic are (3), (4), 
(5), (6). Of these (6) represents the harmonic conjugates of 
the lines composing the cubic each with regard to the other 
two, and (4) represents the double lines of the involution to 
which corresponding lines of the cubic and (5) belong. The 
invariant (6) is the discriminant. 

Of the other Boolian covariants (7) represents the three 
lines whose polar lines with regard to the cubic are at right 
angles to them respectively; (8) represents the bisectors of 
the angles between the lines represented by the Hessian (4) ; 
(9) is the line whose first polar with regard to the cubic (3) is 
(8) ; (11) is the harmonic conjugate of this with regard to the 
Hessian (4); (12) is the polw line of (11) with regard to the 
cubic ; (10) is at right angles to (9). 

Of the Boolian invariants (13), best considered in its full 
form 6(Z-c2-(ad-6c)cosa)H-ac-62 

for the unreduced cubic, is the criterion that the Hessian (4) 
consist of lines at right angles, i.e. that (3) and (5) are equi- 
angular and oppositely turned pencils; (14) is the criterion 
that (9) and (12) be at right angles to themselves, i.e. run to 
the circular points at infinity; and (15) is the criterion that 
(9) and (12) coincide. 

In terms of all these (l) to (15) any geometrical criterion, 
and any pencil of lines geometrically connected with the pencil 
forming the cubic, can be rationally and integrally expressed. 

278.] By means of § 262 we may in like manner write down 
the complete Boolian system of a cubic and a linear form. 



CHAPTER XVI. 

TERNARY QUANTIC8. THE QUADRATIC AND OUBIO. 

279.] A SINGLE chapter wi]l be added to what has been said 
in chapters i to iv on the concomitants (invariants^ covari- 
ants, contravariants, and mixed concomitants) of quantics in 
more variables than two. The importance of ternary and 
quaternary quantics belongs to geometry of two and three 
dimensions^ and their study should be pursued with the aid 
of Salmon^s Higher Plane Curves, and Geometry of three 
dimensions. 

We remember from chapter iv that^ while in the case of 
binary quantics contravariants are not essentially distinct 
from covariants, they are essentially distinct in the case of 
ternary, &c., quantics. 

The principles will be briefly exhibited here, by means of 
which, from invariants and covariants of systems of binary 
quantics, we may pass on to invariants, covariants, and con- 
l^avariants of ternary quantics. 

280.] Let us consider the ternary p-ic in the form 
apZ* 



1.2 



(ap-2«^ + 2 6p-.2^ + ^P-22/^) ^^ 



+ 



(aoaj'+A«^'-'2/+ ^^^^^o^-V + .-)' 



where the suffixes (weights) of the various coefficients are 

Bb 
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chosen as in § 27, ^here ^e supposed - > ^ to be each of unit 
weight. We might equally have adopted suffix notations 
appropriate to cases when - > - in the one case, and - > - in 

^^ *^ XX y y 

the other, are of unit weight. Any fact as to weight of con- 
comitants which may be adduced will have two companion 
facts^ arising from it by changes corresponding to cyclical 
interchange of x, y, z. In one sense, indeed, companion facts 
are sixfold, one corresponding to every permutation of x^ y, z. 
In much that follows the notation of the cubic will for 
simplicity of writing be adopted in our work^ and the con- 
clusions only indicated in the notation of the general ^-ic. 
It is important to have before us three ways in which the 
same cubic may be arranged, namely, 

+ 3 {a^x + b^y) s^ 

+ 3 (aifl? + 2 ftiflji/ + Ciiy*) 

+ tto^^ + 3 b^x^y + Zc^xy^ + d^y^, . . . (i) 

+ Z {b^y -^ ajz) a^ 

-^ ^ {coy^ -h 2b^yz -{- a^a^) X 

+ d^y^ + 3c^fz+3 b^yz^ + o^^S ... (ii) 

^oy^ 

+ 3 {b^z^ + 2 6is;a; + ftoflJ^) y 

+ a^2^ + 3 a2Z^x + 3 a^zx^ + a^a^. ... (iii) 

The corresponding triple arrangement is general for the ternary 
jp-ic. 

281.] We first notice that, an invariant or covariant being 
unaltered, except for a power of the modulus as factor, when 
we substitute for the coefficients and variables «, y, z the new 
coefficients and variables given by any linear substitution for 
a;, 2/, z whatever, the same is true in particular when the linear 
substitution is one affecting x and y only, leaving z unaltered. 

Consider, to begin with, invariants only. We are thus told. 
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using the notation of the cubic, that an invariant is a function 

<>^ Os -(1) 

and the coefficients in the quantics 

a^x + b^^y, ...(2) 

a^^x^ + 2bj^ocy + c^y\ •••(3) 

a^x' + 36oic22/ + SCoicy* + c^o2/^ ••• (4) 

which is unaffected, except by a power of the modulus as 
factor^ when these quantics are simultaneously linearly trans- 
formed. From this we gather that it is a rational integral 
function of a^ and invariants of the system (2), (3), (4). Or, 
regarding a^ as itself a quantic of zero order, which has itself 
for its one invariant, we may say that an invariant of the 
ternary cubic is a rational integral function of invariants of 
the system (1), (2), (3), (4). It is isobaric on the whole (§ 28), 
and of course homogeneous on the whole (§ 22), but is not to 
be expected to be homogeneous in a^ and the coefficients of 
(2), (3), (4) separately. It is, in fact, a linear function of 
invariants of (l), (2), (3), (4) of one whole weight and one 
whole degree, but different partial weights and degi-ees. 

The in valiant has then (§ 247) two axmihilators which have 
been hitherto called 212, 20, but will for our present purpose 
be designated differently, viz. 

/ d ^. d y. d 



/^T d d \ -t d 



dcb^ ^d\^ ^da^ 
In the general notation of the p-ic we should have 

B b !Z 
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where only coefficients which actually occur in the j!>-ic are 
present. 

282.] In like manner a covariant of the ternary cubic is 
a rational integral function, of constant whole order degree 
and weight throughout, of covariants and invariants of the 
system (1), (2), (3), (4) of § 281. And analogously for the 
ternary p-ic. A covariant has then (§ 247) the two an- 
nihilators ^ 

and these, it is to be noticed, annihilate the ternary p-ic itself, 
which is of course to be regarded as one of its own co- 
variants. 

This fact has led to the frequent use for the operators Xly^^ 

X2,y of the symbolical notation ^ ;t- ' r^ ;7~ ' 

283.] Let us now pay attention to the second and third 
forms (§ 280) in which the cubic or p-ic may be arranged. 
Attending to the second form we see, just as in §§ 281, 282^ 
that an invariant, or covariant, is a rational integral function 
of invariants, or of covariants and invariants, of the system of 
^ + 1 binary quantics, which for the case of the cubic are 

that an invariant has two annihilators^ which for the case of 
the cubic are 

"••= (''^dd, +'^*rf^ +«^d6,) + (2^dr„ +«^a6;) +^d6/ 
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and that a covariant has the annihilators 

which in particular annihilate the cubic itself. 
For the ^ic 12,^ and 12,, are 



a,. = |...+26,_,^3-+«,^J 



d d 



|... + 26,.+a,_,^ +...+«, 



/p-3 w.vj>-2 ^ ^^0 



In like manner, regarding the third form in § 280, we see 
that an invariant has two additional annihilators 12^,, Qg^,, 
and a covariant the two additional annihilators 



^Kn-^Tly ^m-^^n^ 



- 12 ^z- 

dz^ ** dx 

where, in the case of the cubic, 

y d d d\/^d,d\ d 

and, in the general case of the j^-ic. 



a„=\ 



d . „ <^ . d I 
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284.] The facts as to inTariants and covariants expressed 
by the existence of their six annihilators thus found are not 
all independent. Information as to the nature of their inter- 
dependence can be obtained by forming the fifteen alternants 
of O^, Q^, O^, Cy,, Q^uy li„ in pairs. Taking the forms 
appropriate to tiie cubic, we readily obtain first the following 
triad of alternants ; 

+ (20.^-20. J-)+(a,A_6^|.^). ...(3) 
+ (2c,±-2a,^J + (b,^^-ai±), ...(1) 

/7 // /7 /J 

We here see first that the sum nj^ + R.^ + H^ vanishes 
identically, whatever be the function operated upon. Thus 
any function which is annihilated by two of -ffi, H^^H^, or 
by two independent sums of multiples of them, is also anni- 
hilated by the third, and by any sum of multiples of them. 

Before forming the other alternants we proceed to exhibit 
the information as to invariants of the cubic given by these. 

285.] Any invariant of the cubic is annihilated by fij, II^ 
and fig. For every one of these is a difference of two parts 
each of which annihilates it, since it has the six annihilators 
12. Let us consider the fact that Hy^—H^^ the difference of 
the operators written second and third above, annihilates it. 
We readily see that 

d ^ d d d j^ d d \ 

o/ d . y d ^ d \ ^ / d ^ ^ d \ ^ d 
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We notice hence, by Euler's theorem as to homogeneous func- 
tions, and the consequent theorem (§ 117) as to isobaric 
functions, that -Hj— -Hg operating on a function of degree i 
and weight (sum of suffixes) w has the effect of multiplying 

it by « . « 

Thus since the invariant, which is homogeneous (§ 22), is 
annihilated by H^—H^, it must have a constant weight w 

throughout given by g.-.g^^o. 

If we had taken the forms of H^^ H^ for the p-ia instead of 
the cubic, we should have had in like manner 

pi~^3w = 0. 

The information given by H^—H^ is then that of § 28. 
In like manner we have, for the cubic, 

d T^ d d d T d d ^ 

^/ d J d d \ ^ /, d d \ ^ d 

the annihilation of the invariant by which tells us, upon 
observation of the form (ii) of the cubic in § 280, that 

where v/ is the weight of the invariant when we consider 
- and - as of weight unity. Thus 

which would also follow from the fact that the particular 
substitution which replaces x, y, z by 2/, z, x, whose modulus 
is unity, does not alter the value of the invariant while it 
replaces c^, 61, a^, b^, o^, a,, by %, 6i, Cj, a^, b.^, a^> 
For the general case of the p-ic we should have had 
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In ezaoily the eame way 

H,-H, = 8 {a,^^ +\^^ +e,^^ +d,^ 

d ^ d d d ^ , d ^ d \ 

(f d m d 1 d \ / d d \ ^ y d 

the annihilation by which requires that an invariant of the 
cubic have the property 

3i-.3t£/"=0, 

where v/^ is the weight when each a is of weight 0, each b of 
weight 1, each c of weight 2, and c2o of weight 3, i.e. when 

SI OR 

- and - are regarded as of unit weight. Thus 
y y ^ *^ 

For the ^ic we should have in like manner 

2>i— 3ter"= 0. 

Since the sum of H^^H^^ H^^H^ and H^^H^ vanishes, 
any function, not necessarily an invariant, which possesses 
two of these properties must also possess the third. 

Ex. 1. From the fact of amiihilation by H^, which may be written 

show that if any invariant of a cubic be written as a Bum of parts, each 
separately homogeneous in the sets 

«»> ^o> ^o» d^* 
«i> h> ^» 
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and if t,, i^, t\ be the degrees of any such parts in the firsts second, 
and ibird of these sets, then throughout the invariant 

3t3+2t2+t| = 2w, 

For an inyariant of the ^ic the corresponding fact is 
i>*P+ (p--l)tp_i+ ... +2t, + ij = 2w, 

Ex. 2. From the fact of annihilation by ff^ show that throughout an 
invariant of the cubic 

3t3'+2i/+tj' = 2w, 

where t,', t/, t^' are the partial degrees of any term in the sets 

doy Ci, 6j, o,, 
Co, &i, «a, 
^, Oil 

and state the corresponding fact for the p-ic, 

Ex. 3. From the fact of annihilation by ff^ show that throughout an 
invariant of the cubic 

3f3"-H2f/'+t,"=2M^, 

where ^", ^'', t/' are the partial degrees of any term in 

O3, 029 «li «o> 

h> h> ^o> 

and state the corresponding fact for the |>-ic. 

286.] We now form the other alternants of the six 12's. They 
occur in cyclical sets of three. Taking the case of the cubic, 
and referring to §§ 281, 288 for the notation, we find 

= 0, ...(4) 

Q^Q„-il^a^ = 0, ...(5) 

Q„a,,-a,,Q„ = o. ...(6) 

The same relations hold in the general notation of the ^ic. 
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In like maimer we have another triad 

%.f2^~ll^X2„=0, ...(8) 

12„X2^-12.,i2„ = 0. ... (9) 

Next we have, for the cabic, 

, _d , d^ 7 d^ d^ 

d ^ d _, d 



d ^-L d ^ T d 

= 12.^, ...(10) 



and similarly 



G^,^.,~ii.,%.= ii«, ...(H) 

X2«%.-X2^.X2^ = 12^.. ...(12) 

Lastly we have in like manner 

^r«««-ii.,iir. = -^M» ... (13) 

i2.^G^-12^X2,^ = -12„, ...(14) 

C,.12^-X2.,G„ = -12^. ... (15) 

All these apply to the general notation of the ^-ic, as well 
as to that of the cubic. 

287.] The fifteen alternants of pairs of 12's introduce then 
no new operators except the Hi, H^, H^ of § 284. We com- 
plete the theory of the annihilators by forming the alternants 
of these three with one another and tJbe Q's. It is quite easy 
to see that . 

w »w wuwv 17 IT XT TT A 

-"2^3 ""-"3 -"2 = ^> 
H^Hi'-HiU^ = 0, 

HiH^^H^ni=.Oi 
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and that tt n n tt — f>n 

•^3^|f«"~^»«^3 — ^V»i 
Sz^am — ^xz^Z = — ^^w* 

together with two other sets of six, in the first set of which 
^1 occurs and the suffixes x, y, z are inCerchanged once 
cyclically, and in the other set H^ occurs and a second cyclical 
interchange is made in the suffixes. 

Accordingly the nine operators 12,^, X2;j„, X2jg«, Xlaj^, O^,, G^a., 
-&i , -ffg, -ffg form a group such that, when we form the alternant 
of any pair of them, some member of the group with a simple 
numerical multiplier, or else a zero, is produced. 

288.] 7hree cyclical annihilators suffice to define inyari- 
ants. We can now see that, if a function of the coefficients 
have a cyclical set of three annihilators, such as X2y«, X2^, X2«y 
or 12,y, i2jgjB, ilya;, it has also the other three, and is accordingly, 
if homogeneous, an invariant. 

Suppose, for instance, that X2y,, 12a«> ^«y annihilate a func- 
tion. By § 286 (10), since £l^^ and Q.^y annihilate it, so does 
•^isy ^y (ll)j since f2a,y and £l^^ annihilate it, so does 12^^^. 
And by (12), since 12^, and X2^ annihilate it, so does £lyg,. • 

And again, to repeat from § 285, since Xl^g and 12^^ annihilate 
it, so does H^ ; and in like manner so do li^ and H^. Thus 
the function has necessarily the degree and weight properties 
expressed in § 285 and the examples which follow that 
article. 

The property of annihilation by X2y„ £l„ and Q.^^ includes 
then all the facts with regard to invariants of ternary quantics 
except that of homogeneity, just as that of annihilation by 
12 and 0, i.e. by X2„af ^^^ ^«if» does with regard to invariants 
of binary quantics. 

We shall see later by another method, which might have 
been here applied, that the property of having g cyclical 
annihilators of the 12 form includes all the facts but that of 
homogeneity as to invariants of g-ary quantics. 
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289.] The six annihilators, as well as going in two triads, 
go in three pairs 12,., H^y ; ^tpi ^y*; ^m) ^»- It is some- 
times most convenient to nse the fact that if tw;o pairs of 
these annihilate a function its annihilation by the third pair 
is necessitated. For instance, if the first four annihilate it, it 
follows from § 286 (14) that Q„ annihilates it, and from (11) 
that i2^ does, so that it is an invariant. 

The possession of three annihilators not forming a cyclical 
set does not suffice. 

290.] Invariant of the ternary qnadratic. Let us exemplify 
some of the above principles by deciding what invariants the 
ternary quadratic 

aj«» + 2 (o^aj + fc^y) + a^a? + 2 6o«y + Coy* 

can possess. 

Since Q^ and 12^^, annihilate it, an invariant of the quadratic 
is an invariant of the system 

a„ a^x + b^y, aoa;* + 26o«y + <Joy*» 
and so (§ 261) is a rational integral frinction of 

ttj. ao^o-V> aoV-26^,ai6i + Coai*. ...(1) 

Again, since X2„ and H^ annihilate it, it is an invariant of 
the system ^^ b^z + b,x, a^2^-^2a,zx+a,a?, 

and so is a rational integral function of 

Consider the first fact, and let 

be a part of the invariant. By § 285 its weight measured by 
sum of suffixes must be equal to its weight considering a's, 
&'s, and Cq as respectively of weights 0, 1, 2. Thus 

2X + 2j;= 2fi+2i^, 
so that A. = /A^ and the invariant involves only 

Similarly it involves only 
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Now any function of the first of these pairs which is also 
a function of the second pair must in particular be so when 
Cq = 0. Thus a necessity as to such a function is that the 
said function of 

is a function of 

and agfto^— 2ai6i6Q + ao62^. 

The difference of the two, and its powers, are obviously the 
only functions for which this is the case. 

"^"^ a, {a,c, - b,^ - (a<,6i2_ 2b,a,b, + c.a^') 

and its powers are the only functions which can be invariants, 
and they can be so only if this is also a function of Cq {aQ a^ — c^^) 
and agfto^— 2ai6iftQ + ao6i^, as it is, viz. the difference of the 
two. 

The ternary quadratic has then only one irreducible invariant 

which is, in the more usual notation, 

abc + 2fgh—af^—h^''Ch?y 
the discriminant. 

291.] The ternary cubic. The general ternary cubic can 
(§ 25^9) be Unearly transformed into X^^Y^^Z^-\- 6mX7Z. 

It cannot then have more than two independent invariants. 
For if it had three it would have two absolute invariants, i.e. 
there would be two functions of the coefficients equal to func- 
tions of m ; and by elimination of m we could find a relation 
in the coefficients only, which there cannot be as the coefficients 
are all independent. 

Two independent invariants 8 and T, of degi*ees 4 and 6, 
will now be found. It will hereafter be seen that not only is 
there no other independent of these, but that there is no other 
which cannot be rationally and integrally expressed in terms 
of them, so that they form the whole system of irreducible 
invariants. 

By § 285, or by § 28, the weight, in either of the three 
senses, of an invariant of the ternary cubic is equal to its 
degree. Thus S, which we seek, is of degree 4 and weight 4. 

Now suppose that 8 contains a term or terms of degrees 
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m in Og, n in ag ftnd b^^ p in Oj, bj, c^, and j in a^, &q, c^, cKq- 
The facts as to degree and weight give us 

m-^n+p-^q=^ 4, 

3m + 2n+^ = 4, 

and the only positive integral, including zero, values of vi, n, 
p, q which satisfy these equations are given by the scheme 

I II   i.ia • 

1, 0, 1, 2 
0, 2, 0, 2 
0, 1, 2, 1 
0, 0, 4, 
Thus fi^, if it exists, must be of the form 

a3(1^02) + (2202) + (2U20i) + (l*), 

where, for instance, the notation (2^ 1^0^) denotes a function 
of degree 1 in a2, 62) degree 2 in %, 6|, c^, and degree 1 in 

C^Q, Oq, Cp, ^Q. 

Moreover, since Q,^^S = and Oje^fif = 0, the functions (1^ 0*^), 
(2''*02), (2*120^), (1*) are invariants of the system 

(h^-^-b^y, 

(iia?'\-2bixy-hc^^, 

Now the invariants of this system are (§ 262) the invariants 
of the quadratic and cubic given in § 260, and the results of 
replacing x and y by 62 and — a2 in the covariants of that 
article. Those of degree and sum of suffixes not exceeding 
4 are given by (2), (4), (6), (9), (10), (13) of the article in 
question, and are 

A = OiCi—b^^, 

C= (aodo-.6oCo)2-4(aoCo-V)(^o^o-"Co^)> 

D = (aiCo-26i6o + ^i«o)*2-(«i^o-26iC^, + Cx6o)a2i 

E = {ai^do-3ai6iCo + (a,Ci + 26^*) 60— ^1^1 ^o) h 

+ {Ci^ao~36iCi6o + (aiCi + 2V)co_ai6ido}a2, 

-^ = Oi (&o ^0 - ^0*) - h K^o - ^0^0) + ^ («oCo - V)- 
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We see then that we must have 

(1*) = ^A\ 

where A, jli, Vy cr are numerical. 
Thus we must have 

To determine A, /x, 1;, «r we may express that 8 is annihilated 
by any of the il's, except £ly^ and 12^, by which we have 
already secured its annihilation, whatever A, /x, y, w bo. More 
easily perhaps we may use the fact that 8 must be exactly 
the same function of ^ 

^o> ^1> ^> ^» 



as of 



«3> 



^2' ^2» 
^> ^U ^IJ 
^OJ ^0> ^0' ^0» 

since these sets of coeflScients are exactly interchanged by the 
linear substitution which interchanges 2/ and z leaving x un- 
altered, whose modulus is — 1 , which modulus in the expression 
of invariancy of an invariant of weight 4 is raised to the fourth 
power, thus producing + 1 for the factor. For >S to be an 
invariant the above expression must then be the same as 

A do {^0 («i «3 - «2^) - *i («o% - ^lag) + 62 («o«2— ^1^)} 

+ V {h^a^c^-\b^ (3 eigCi + a^c^) + (6062 + ^K^) K^i + ^2^0) 
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We at onoe see that the two forms are identical if 

^"T"" 1 ""^^ 

With these values the expression will have Q,„ and 12^, for 
annihilators, because of its second form, as well as 12y« and 
X2.y because of its first form. It is then an invariant by § 289. 
Thus the invariant 8 looked for is, adopting the second form 
of writing it, 

8 = (aoa,-ai*)ci*-(aoa3— aia2)CoCi + (aia8— a2^)Co* 

292.] The cubic can (§ 229) be linearly transformed to the 
canonical form Z» + P + Z» + 6 mXTZ. 

By a substitution of modulus unity it can consequently be given 
the form a'{a^+y^-\-z^) + 6m'xyz. 

Let us consider it in the less particularized form 

in which the names of non-vanishing coefficients accord with 
the notation used in general. The modulus of the transforma- 
tion which produces this from the general cubic is taken to be 
unity. 

For this form we have, by the above. 

For the canonical form itself the value is 

m(l—m^), 

which is of course equal not to the 8 of the untransfonued 
cubic but to that 8 multiplied by the fourth power of the 
modulus, which is no longer unity. 

Ex. 4. Show that iS^ = is the condition that the cubic be capable 
of expression as a sum of three cubes. 
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293.] The second invariant T of degree 6, and therefore, 
since 3i = Zw, also of weight 6, can be found as 8 has been. 

For our purposes, however, the labour may be avoided by 
use of a covariant, the Hessian, which it is already known 
from § 1 1 that the cubic possesses. 

For the semi-canonized form 

a^oi? + d^'y^ + ttgV + 6 b^'ocyz, 
the Hessian, with the numerical factor 6^ rejected, is 

h{z, d^y, h(x 
h(y, h(x, a^z 
i. e. {a^d^a^ + 2 h{^) xyz ~ 6/^ {a^'x^ + d^y + agV). 

The Hessian is then a covariant of the third degree and order. 
For the canonical form itself the Hessian is 

(1 + 2m8)ZFZ-.m2(Z3+ F3 + Z3), 

i. e. this is equal to the Hessian of the untransformed quantic 
multiplied by the square of the modulus of the fully canonizing 
substitution. 

Now an invariant of a quantic and a covariant is an in- 
variant of the quantic alone. Also (§ 19) if aa^+... and 
Aa? + . . . are two quantics of the same order, we may derive 
an invariant of the two from one of the first only by operation 

with -4 -T- + •.. . Aipplying this principle to the cubic and its 

Hessian, both of order 3, we derive from the invariant 8 
another invariant of the sixth degree. This is T^ or rather 
a numerical multiple of T. 

We can at once derive the expression for T that goes with 
the semi-canonized form 

a^V + d/t/3 + a^^2? + 6 h^xyz, 
whose Hessian is as above 

-6i'»aoV - 6,'2doV - V^^" + «« + 2 6/3) xyz, 
by operating with 

- V^<4> - VK^.- W^,+ i(«a3' + 25 /3)_^, 

on 8, which is j^/ (ao'^o'aa' - 61''). 

c 
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The reason for this lawfulness of working with the reduced 

number of coefficients is that the full expression for S contains, 

besides the terms b^idQil^a^—b^^), only terms which involve 

coefficients which vanish for the semi-canonized form — indeed 

only powers and products of such coefficients, a fact which 

will be useful later — and that the terms in the generating 

, d d d d m n 

operator other than those in ^i — > -rr* -? — ' -rr have tor 
^ ctop ddQ da^ db^ 

coefficients coefficients in the Hessian which vanish for the 
semi-canonized form. 

The result of performing the operation above, and multiply- 
ing by 6, is to obtain 

T = («a,')« - 20 6," (ao'do'oB') - 8 h^\ 

For the canonical form itself this becomes 

but this is equal, not to the T of the untransformed cubic, but 
to the T multiplied by the sixth power of the canonizing 
modulus. 

There is no difficulty in obtaining the lengthy expression 
for T in the notation of the general cubic, but only tedious^ 
ness. It will not be here written down. Reference may be 
made for it to Salmon's Higher Plane Curves, §§ 221, 223. 

Ex. 6. Prove that 5/ is given by the quartic in 6/ = /3 

27/3*+ 18^^«+^/3->S« = 0, 

and that when 6/ is found the corresponding product a/tZ/aj'is 
uniquely determined. 

Ex. 6. The discriminant of this quartic is a perfect squure, namely, 
a numerical multiple of the square of 64aS^ + ^, which is a numerical 
multiple of its catalecticant. 

Ex. 7. The discriminant of the ternary cubic is 

Ex. 8. The S of the Hessian of a ternary cubic is a numerical 
multiple of 48^+ iT*. 

294.] The result of Ex. 5 above leads us to expect that 
there are eight distinct ways of reducing the cubic to the 
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form ax^ + by^ -i-cz^ + S mxyz by substitutions of such modulus 
that S and T are absolutely unaltered. (Note that we do not 
reckon as distinct different ways in which the product ayyz is 
the same.) K if be the modulus of such a substitution, the 
facts with regard to S and T give us respectively ilf* = 1 and 
if» = 1. These lead to if ^ = 1, i. e. ilf = ± 1. 

It is easy to see that there really are eight ways, and to 
exhibit their connexion. Take, for instance, the cubic 

The substitutions of modulus 1 

0V^33 = X + a)2F+a)Z, 



X>/-S = Z + a)F+coZ, 2/v^-3 = Z + ft)2F+^, 



;5^-3 = Z+F+ft)2^, 



a;y-3 = Z+o)2F+a)2Z, 2/7-3 = Z+F+a)^, 

^^yHSrr Z + a)F+Z, 

produce three forms whose 771's are respectively 

1— m u)2— m ft»— m 

m2 = T= » 7713= -==' 9 m^ = — 



>/-.3 y_3 7-3 

BO that mil— 7n^) S 

3^-3 3v^-3 

Also x-=.x\ y^'if^ z=- —z\ whose modulus is —1, gives a 

form with — m for tn^ those with — m^^, — rn^g, —7714 for m being 

obtained in like manner. The product of the eight m^ is 

then I 

{mm^m^m^^ = - — 5f2, 

which accords with § 293, Ex. 6. 

295.] B and 7 the only irreducible invariants. We may 
prove as follows that any other invariant of the ternary cubic 
is a rational integral function of H and T. 

Write the semi-canonized form of the cubic with the notation 
of coefficients % . j % ^ ^ , t*^ /i\ 

c c a 
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BO that S = m(a6c-m»), 

r= (a6c)«-20m»a6c-8m«, 
and (§ 293, Ex. 6) 

27m*+ 18/Siii* + rm«-/8f» = 0. ... (2) 

We notice here, and from the last article, that the product of 
the eight values of m for substitutions which leave S and T 
unaltered, modulus +1 or — 1, is a numerical multiple of S^. 
The product of the four for modulus +1 is a numerical 
multiple of S. 

Now if an invariant vanish when an m vanishes it must 
when any of the m's vanishes. For its form for (1) has m 
for a factor, and it is the same thing,' a, 6, c being really 
independent, that its form for 

a^iK? + b^y^ + c^2^ + 6 m^xyz 

have m^ for a fiictor. An invariant divisible by tm is then 
divisible by mvi^vi^m^, i.e. by S; and the quotient as well as 
itself must be an invariant. Equally if divisible by abc^w?^ 
a product of three m's, an invariant is divisible by the fourth, 
and so by iS. 

We have then only to consider the reducibility of invariants 
which are not divisible by m or by ahc^m\ which latter call 
k. In this notation we have 

8=imk, •••(3) 

r=Jfc2— 18m3A-27m« 
=:ifc2-18afm2-27m«. ...(4) 

Consider then an invariant I which is not divisible by in 
or by k. Its degree must be a multiple of 3. For k is of 
degree 3, so that, if its term free from ni is k\ this is of degree 
371, and this degree must be preserved throughout. We may 
suppose then that the invariant is 

/ = *• + pk*'^m^ + qk—^m^ + . . . + ^m»», 

for it is a function of 8 and T (§ 291), and consequently of 
the independent k and i7i, which are all that S and T involve. 
It would not be integral were k or m involved fractionally. 

Now first use (4) to depress / to the first degree in k, or to 
the degree zero in Jb if no odd powers of k occur in / as already 



y 
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exhibited, by substitution for I? of r+18^m2 + 27m«. We 
thus get J- ^ ^j^^g^ T,m)-^<l> {S, T. m), 

where the functions / and <^ are rational and integral, and 
where the former may or may not actually occur. 
Firstly, if /(/S, T, m) do not occur, we have 

By aid of (2) we may depress this equation below the eighth 
degree in m by successive substitutions such as that of 
3fV(^m'--rm**+2-i8/Sm**+*) for m^^^ where r is zero or a 
positive integer. We thus get eventually 

where ^, ^, ... iiT, if they do not vanish, are rational integral 
functions of 8 and T, 

• Now there are (§ 294) eight values of m which must satisfy 
this equation of degree 7 at most. It must then be an identity. 
Hence, taking the terms free from m, 

I=K, 
i.e. / is a rational integral function of S and T, 

Secondly, if f{8y T, m) do occur, let — /S be put for A;, by 
(3), in lcf{8, T, m). We have 

I^^F{S,T)+^ir{S,T,'m), 

where F and >/r are rational and integral ; and this again may 
be reduced by (2) to 

where A\ 5', . . . H\ K\ if non-vanishing, are rational integral 
functions of 8 and T. This equation of degree 7 must be an 
identity by reasoning as before, and therefore, taking coef- 
ficients of m, I =z H^ 

so that the conclusion as before is that / is a rational integral 
function of 8 and T. 

296.] Covariants of ternary quantios. By §§ 282, 283 
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a ooTariant has three pairs of aimihilators, of which the 
first pair ^ ^ 

is typical. 

Let a coyariant of order m be arranged according to powers 
of z, and written 

P. + wP._,2+ ^^:=l)p._^«*+... + ,^Pj«— i+P„2- ,..(1) 

where P^ involves coefficients only, and Pj, Pg, ... P^ we of 
orders 1, 2, ... v respectively in a; and y. 

The results of operatmg on this with Q.^^—y -r- and 

ll<e^— ar-T- must vanish identically. Thus, equating to zero 

the terms going with different powers of z^ we see that 

P P P P P 

have all separately the two annihilators Q^^y-^- , Q.^^—x-z-* 

In particular P^, being free from x and ^, is annihilated by 
12^2 and 12,,, i.e. is an invariant of the system 



As to Pi, P2, ... P^ they are, in like manner, co variants of 
this system. The coefficients of the highest powers of x which 
occur in them respectively are then semin variants of the system, 
Le. are annihilated by 12,^. 

In particular, the coefficient of x"" in P„, i.e. in the covariant 
(1) itself, is annihilated by 12,,.. 

Now suppose again the covariant to be arranged by powers 
of y instead of by powers of z^ and apply like reasoning. The 
coefficient- of x^ in the covariant is thus seen to be annihilated 
by 12«,. 

It has also been seen that the coefficient Pq of z^ in the 
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oovariant is annihilated by 12^^ and 12^^. By the same 
reasoning the coefficient of x^ is annihilated by X2,y and Oy,» 

Thus the coefficient of x^ in the covariant has the four 
ahnihilators 0000 

*^yaj, *^«t5 ^^»vi ^^y«* 

In like manner the coefficient of y^ has the four annihilators 

^999 ^xwi ^x»i ^«5 

and the coefficient of z^ has the four annihilators 

^XM9 ^iraj ^f«> ^xg' 

S97.] A oovariant is given by an end ooet&cient. When 
one of these three coefficients is known ^e whole oovariant 
is known. 

Consider the arrangement, (1) of the preceding article, by 

powers of z. Expressing the fact of annihilation by X^xa— ^ ;7~ ' . 

dz 

we have, by taking the coefficients of the successive powers 
of«' a„P, -«ra;P,_, =0. 



fl„Pi -xP^ = 0, 

which tell as that (l) may be written 

the terms beyond the last written down vanishing because 
n.,Po = 0, i.e. X2^+^Piir = 0, and consequently X2^/''Pi» = 0, 
for any positive value of the integer r. 

Now this expression for the oovariant may be written 

Again consider P^. It is by the last article annihilated by 
^f«— y T- ^^^ ^xw—^-j- ' Hence as above, or as in § 110, if 
S be the coefficient of x^ in P^, i.e. in the oovariant, 



P^^x'^e'^ ^8. 
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ConseqoeDtly, upon iiifleition of ibis value for P^* ^® <^~ 
variant is * w 

which, since (§ 286) i2„12^ = ^«,^m, so that X2«, and X2,, are 
commutative, and since they do not operate on x^ y, 0, may 
without ambiguity be written 

In like manner, if jS^ be the coefficient of y^ in the covarlant, 
and /S" (the P^ above) be the coefficient of z^, the covariant 
may also be written in either of the forms 

Ex. 9. Proye that' the covariant may also be written 

and in two similar forms derived from S and S^, bnt that since Q.^^ 
and Ogy are not commutative this must not be written 

298.] Another method of obtaining the full expression for 
a covariant from the coefficient of the highest power of z in it 
is analogous to that of § 160. Substitute, in the final coefficient 
aS" or Pq of a covariant of the ternary 2>-ic u, 

u for ttp, 

1 du 1 du ^ , 

p dx p dy '"** *^^^ 

1 d^u 1 d^u 1 d?v. 

p{p—l)dx^^ p{p^l)dxdy^ pip—"^) dy^ 

lor (lp—2i ^p—2' ^P— 2» 

1 d^u 1 d^u . , 

yidx^' pXdx'-Uy'''' lor ao, &o»-> 

and divide through by the power of z which occurs as a factor 
in the result. 
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The proof is easy. We at once see that 



f>PaZ 






u^z'^e' * a-, 



p dx p ^ 



X V 

•-.1 rOw + *o«f 



1 cZtt 



^^P-i,f°«-H^-6^_^, 






&c., &c. 
Also, if P and Q be two functions of the coefficients, 



/ 



Jo^+^-^pQ ^ J''->->'p,e'i°-'-'°"Q; 



for 



• 

by the method of Leibnitz's theorem. Hence the conclusion 
is immediate. 

Since z" = z'^z^^^, the power of z which divides through is 
^»-w -^here w is the weight of the final coefficient on the 
supposition that z has zero weight, i.e. of the covariant, and 
w is the order of the latter. The difference ii;— tr is the weight, 
on the same supposition, of the coefficient of x^. 

299.] The search for covariants of ternary quantics is then, 
as in the case of binary quantics, coextensive with the search 
for their leading or end coefficients, it being equally reasonable 
to consider the coefficient of x^ or y^ or z^ a leader. 

Take /S", the coefficient of z^. It has, as has been seen, the 
four annihilators o o o o 

^^af«> '*^f«> '*^»«» ^^xy 

By § 286 (13) if Sl^^ and X2,, annihilate a function, then Q.^^ 
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[a99 



...{!) 



must. Thus we may say that 8^ has the three annihilators 

^«t» ^f«> ^r»» 

and, as a consequenoe, also the fourth X2y.. 

We proceed to see that any rational integral function S^^ 
with these properties is the last coefficient in a covariant, or 
a sum of last coefficients in more covariants than one. (This 
latter will be the state of things when 8^' ia Sk sum of parts for 
which m in (5) below has different values.) 

Let us adopt the notation of the cubic for simplicity. That 
f2yjt and Q,^ are annihilators tells us that 8"^ is a full invariant 
of the system 

and that X2^ is an annihilator tells us that it is a seminvariant 
of the system , 

c^z -k-c^Xy 

h^s^-k-^b^zx +6o^i 

a3«* + Za.2Z^x + Za^za^ + a^ x^, 

or, let us say, that it is an anti-seminvariant of the system 

CqX -^c^z, 

hQX^'\-2h^xz +62^1 

aQ^c^ + 3 % a^z + 3 a^x^ + a^2^. 

The consequence that 12^, is an annihilator tells us that in 
virtue of having these properties ^^ must be also an anti- 
seminvariant of the system 



...(2) 



a< 



o> 



V 



...(3) 



CQy^'\-2h^yz -k-a^s^, 

doV^ + 3Ciy*« + 3 62^2:2 ^ ^^2;3^ 

Takingfor iS^-any solution of 12^,fif" = 0, i2^fif" = 0, il«y)S"= 0, 
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let US foim from it the function 

remembering that 12,^ iand Q^^ are commutative. We proceed 
to see that this, made integral by the lowest necessary power 
z^ of 2^, is a covariant. 

Because ^^z^'^ = we can form from &^ a covariant 

of the system (2). Call this 

x^S^-mx^-^zS^-^- ^^^^X^-^Z^8^'\-... 

1 • ^ 

'h'STXz''-^8^^^'^z^S'\ ... (4) 
The order w here is given by 

m = 3^3 + 2^2 + ^l — 2^t;, •••(5) 

where w is the sum of the suffixes in 8, or, to express by what 
is known, w + 'a is the sum of the suffixes in S'\ and i^, i^, ii 
are the degrees of fi^' in a's, in 6's, and in c's respectively, 
tsr is non-negative by the known theory of binary quantics. 
If for different parts of 5" this expression for «r has different 
values, the present and following reasoning applies to those 
parts separately. By 8"^ we now mean such a part. 

Now 8,81,82,.., fi^w-i a^6 fl-ll seminvariants of the system 
(1), of which iS" is an invariant. For, § 286 (4), whatever be 
the function operated on 

whence 

because 12^^. annihilates 8^^ ; and 

&c., &c. 

Again 5, /Sj , /Sg > • • • ^tj-i > ^" ^^^ ^^ annihilated by Xly, . That 
fif" is so has been seen above. Also it has been seen, § 286 

(12), that i2,.i2^_l2„i2„ = -ii,,. 

Thus 
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because 12,. and H^^ annihilate 8^^ ; 

12,.5.., = H,.. il2.S..i = i<X2«,X2,.-flJfif^i = 0, 

because 12,. fti^<l %« annihilate S^^i ; and so on. 

Thus S, S,, Sj. ...S.«i, S" are all anti-seminyariants of the 
system (3). The first, as we shall presently see, is an invariant 
of the system. ^ 

All of these when operated on by e' and made integral 
by multiplication by just adequate powers of z will then 
produce covariants (invariants a particular case) of the 
system (3). 

Now these covariants are of orders 0, 1, 2, ... -bj — 1, w 
respectively. For in the first place S^\ an invariant of the 
system (1), is unaltered, except at most in sign, when inter- 
changes are made in it equivalent to the interchange of x and 
y in the system (1). Thus 8^^ is the same function of the 
coefficients in the system (3), but for sign at most, as of those 
of the system (2). It is, as we have seen, an anti-seminvanant 
of both systems. The covariant of the system (3) of which it 
is the last coefficient is then of the same order w as that of 
the system (2) of which it is also the last coefficient, and 
which has been written above (4). This proves what is 
wanted as to 8'\ Now S^-u which is obtained from /S" by 
operation with i}„, i.e. with 

%jr -^ 2ai;^ +3a2;7- +6o:7r +261:71- +^( 



is of weight (sum of suffixes) one less than v/ the weight of 
S^\ Also if ig', ig', ii be the degrees of iS" in the coefficients 
of the cubic the quadratic and the linear form of the system 

(3), so that ^ ^ 3i3' + 2i/ + ii'-2(ti/-tT) 

= 2i/-3i3'-2i2'-i/, 

the sum 3^+2^ + ^/ for /S^_, or Q^l^' is 3^+2^/ + ^-^ 
for the operation replaces in each term one of the coefficients of 
the cubic by one in the quadratic, or one in the quadratic by 
one in the linear, or, &c. Thus the order of the covariant of 
(3), which S^^i ends, is 

cr' = 2 (ti;'- l)-.3i3'- 2i2'-ii'+ 1 
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In like manner S^^^^ ^v-3i "-^2^ ^u ^ produce covariants of 
(3) of orders tsr— 2, w— 3, ... 2, 1, respectively, the last being 
therefore an invariant of the set (3). 

It hence follows that the covariants of the set (3) in which 
Sy 81, ».. ^w-i, /S'' are the last coefficients are respectively 

S„r«'°'S,J'^S.....^-V-;S^,.»..'°>«-. 

Thus the expression (4), 

1 • A 






i.e. z^e' S^\ is the part free from y, and consequently z^^^ 
the part free from x and y^ in an integral expression 






which is of the form (§ 297) of a co variant of the ternary 
quantic. 

The notation of the cubic has been used, but the argument 
is general 

The expression found from 8^^ is easily seen to obey all the 
conditions for a covariant. It has been constructed so as to 
be a function of x and covariants of the system (3), so that it 

is annihilated by 12^,— 2/t~ ^^^ ^«»""^T~* "^^ symmetry 
of its form in x and y tells us that it is also annihilated by 

J 7 

Q.gg—x-T- and D,.^^—z-^» Now annihilation by these pairs 

€LZ CLX T 7 

necessitates annihilation bythe third pair X2jjy—aj-p> i\^^y--=- j 

just as in the case (§ 289) when x^ y, z did not occur. This 
can be seen by the properties of alternants^ contained in the 
first example following. 

Ex. 10. Prove from §§ 284, 286 the five triads of facts as to alter- 
nants of which the types are 

„ d d 
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= -12,,+.y^. 



Ex. 11. Vary the argument in the preceding article so as to find 
the covariant whose last coefficient is 1^^ in flie form 

Ex. 12. As in § 285 prove the fact already known from chapter iii. 
that throughout a covariant of degree t, order 'sr, and weight w 

t/>— 3w + 2«r= 0, 

weight being estimated in either of the three ways. 

Ex. 13. The order of any covariant of a ternary cubic is a multiple 
of 3. 

Ex. 14. The excess of weight over degree in the coefficient of «^ in 
a covariant of a ternary cubic, z being of weight zero, is non-negative 
and even. 

300.] Has a ternary quadratic any coyariantsP Let us 
examine for covariants the ternary quadratic 

u = aQa^ + 2bQ0cy + CQy^-\-2(aiX-\-\y)z + a2zK 

The coefficient 5"' of the highest power of z in any covariant 
is an invariant of the system 

aQa^ + 2bQay + c^f, 

diX + b^y, 

It is consequently a rational integral function of 

a© V- ^K<^A -^ ^o«i^ = A say, 
and a^. 
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It is also annihilated by 

Now ila5,a = 2aiCQ— 25i6q, 

i2^,j3 = 2a2(aiOo-6i6o), 
and ^(r«^2 = ^* 

If then it be /(^2> "i i^) 



= 2(«x«o-6xio)(#+«2^) 



do ^d^ 



Thus d/ cZ/ „ 



SO that a and fi only occur in / in the connexion agO — ^. 
Consequently 

where the second argument is the one invariant (§ 290), the 
discriminant D, of u, 

S^^ is then such an expression as a^^D*, or a sum of such 
terms. It can, in fact^ be only one such term. For it has to 
be homogeneous and isobaric, the z^ which it multiplies 
being taken as of weight zero, and these two facts give 
TKi + Sn = constant and 2m + 27i = constant, so that m and 
71 are constant. 

Now the CO variant ^o,y + ^o.,^„ 

determined from a final coeflScient fi^' is unique. Also u*"!)* 
is a CO variant of u with a.pD^ for final coefficient. There is 
then no covariant which is not of the form u^D*, 

In other words, a ternary quadratic has no covariant which 
is not a mere product of powers of its discriminant and itself. 

801.] Covariants of tbe ternary cubic. The cubic is taken 
as before to be 

aQix^ + 3bQX^y-\-3cQxy^ + dQy^+3{a^x^'\-2b^xy-\-Ciy^)z 
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It contains ten coefficients and three variables, together 
thirteen. The general scheme of linear substitution contains 
nine constants. These, eliminated between thirteen equa- 
tions expressive of the identity of old and new forms, leave 
four equations connecting old and new coefficients and 
variables. 

We must be prepared then to meet with four absolute 
covariants and invariants of the cubic, i.e. to meet with five 
quite independent covariants and invariants, including the 
cubic itself. We have already met with four^ the cubic itself, 
the invariants 8 and T, and one covariant the Hessian. 
Another quite independent one must be expected. 

Before seeking it let us illustrate the methods of §§ 296-299 
by finding the one covariant which we already know, i. e. the 
Hessian, of degree 3 and order 3, and consequently (§ 299, 
Ex. 1 2) of whole weight ^ (9 + 6) = 5. This must also be the 
weight of the coefficient of 2^ in it. 

We seek this coefficient of 0^, i.e. an invariant of the system 

which is annihilated by 

It must involve a^. Moreover it cannot involve a^, for the 
weight of this exceeds 5. Let it be 

Here P and Q must be separately invariants of the binary 
system above. P is an invariant of the system whose degree 
and weight are both 2. It must then be a^Ci— ftj*. Now, 
expressing the annihilation of 



X 



30i] 



by 03 



THE HESSIAN. 



401 



d 



, +9^, we have, by taking the terms in a^\ ctg, 1 

separately, ^ 

T~(^i^i"- V) = ^j which is obvious, 

of which the second gives 

_Q=r-.2a2Ci + 26201, 

i.e. Q ^'^a^^Ci + 2a.2b^bj^^R, 

where R is free from a^, and has so to be chosen that Q is 
an invariant of the system (1). It is made one by taking 
R = "h^a^ ; for which 3^Q is seen, as it should, to vanish. 

is the last term in a covariant, the whole expression of which 
is obtained by operating on the term with 

e* ' . 
The coefficient of z^ is correctly 

and the whole covariant is, as it should be, 



216 



= ir. 



d^u d^u d^u 
da? * dxdy ' dxdz 

d?u d^u d^u 
dxdy ' d^i^ ' dydz 

d^u d^u d^u 
dxdz^ dydz ds? 

Ex. 15. Prove that for the canonical form a?' + y* + «* + 6 ma?y« the 
covariants - Tu-\- 2^SH and ^S^u-\-^TH are 

(l+8w») {(4m'-l)(aj3 + y' + «')+18majy«} 
and 
(l + 8m») {wi'(5 + 4w») (ar» + y' + 2r') + 3(l-10w') xyz}, {Cayley) 

Dd 
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802.] We have to seek another covariant of the ternary 
cubic, independent of u, Sy T and the Hessian H. 

We have seen that there is no other invariant independent 
of 8 and T. There can also be no further covariant of order 

3. For, by consideration of the canonical form 

it may be proved that any cubic covariant must be a linear 
function of X®+F^+Z' and XYZ^ and consequently of u 
and H. 

Now (§ 299, Ex. 1 3) the order of any covariant of the cubic 
is a multiple of 3. The next possible order is then 6. We 
proceed to see that there is a covariant of order 6 and degree 
in the coefficients 8, which is independent of u, H, 8 and T. 

We have already two covariants of this order and degree ; 
viz. uH8 and u^T. We seek a third, by looking for the 
coefficient in it of s?. 

By § 299, Ex. 12 the weight of the covariant is 12, which 
is the weight of uHS and v?T, The weights of the coefficients 
of z^ are equally 12. 

The highest power of a^ which can occur in the coefficient 
sought is then a^, whose weight is 12. The coefficient of a^ 
in it must be of weight zero, so that that coefficient is a 
function of a^, &o> ^o> ^0 ^^7^ <^^9 being an invariant of 

aia? + 26iajy + Ciy*, > ...(1) 

a^x + h^y^ ) 

must be an invariant of the first only, and so, being of degree 

4, must be a numerical multiple of 

Now a^ times this is the corresponding coefficient in u^T. 
Thus, after subtracting a numerical multiple of u^T^ we have 
left in the coefficient of z^ no term involving a^. It suffices 
then to look for a covariant in which the coefficient of z^ is of 

the form a^^P^-^a,^Q,^a,R^^8,. 

We have to determine Pj, d, i^j, /Sj, as invariants of the 
system (1), in such a way that this may be annihilated by 
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As in § 301 we must have 

d 



da. 

da 
d 



Pi 



= 0, 



2 



da 
d 



da. 



5i+:&Q, = 0, 

I 

BrSi = 0. 



..(2) 

..(3) 

..(4) 

..(5) 
..(6) 



The first of these tells us that Pj does not involve ag, and 
consequently is an invariant of the cubic and quadratic in the 
set (1) only. Its degree is 5 and its weight 3. Now (§ 260) 
the only invariants of the quadratic and cubic of this degree 
and sum of suffixes are 

AF={a^(^-' 6i«) { ai {b^d^ - c^^) - b^ {a^d^ - 60^0) 

+ CiK^o-V)} 
and (§ 261, end) 

= a-^d^-^-c-^a^—Qa^b^c^dQ — ^b^c^a^b^ 

+ 2(aiCi + 26i2)(aj6^do + CiaoCo) + («i^i + ^*i^)(«iC + Ci6o') 

— 2ai6iCiaodo — 2 b^ (ba^c^ + ^b-^) b^c^ ; 

and of these the first is the coefficient of a^^ the highest power 
of ag which occurs, in the coefficient of 0® in uHS. We may 
subtract this covariant, and look for a covariant in which the 
coefficient of z^ has the form 

a^^O^a^^Q^-a^R^-8. 

With some labour, by successive use of (3), (4), (5), (6), we 
can determine Q, JR, S as invariants of the system (1). For 
their expression we need, besides above and -4 to jP of 
§ 291, the following other invariants of the system, taken 
from § 260 by aid of § 262, 

K = c^ai^2b^a^b^-\-a^bi, [§ 260 (l)], 

L = aob^^^Sb^a.A^+SCoa^^b^^doa^\ [§ 260 (3)], 

+ («i^o + ^i^o-2Ci6o)»2^*2-(^i^o"-Ci^o) V> [§ 260 (7)]. 

D d 2 
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We find that 

B=:SDL^SAM^BK+6EK^llA^K, 
S=3AK'^L^-6KM. 

The only point of difficulty which presents itself in proceeding 
by means of (3), (4), (5), (6) is the determination of the coef- 
ficient of ii^ in Q. This has to be chosen so that the eventual 
value of S shall be annihilated by d-. 

The above found are not of course the only, or probably 
the simplest, expressions for Q, R, S in terms of invariants of 
the binary quadratic and cubic, of which there are five besides 
the ten A, B^...L^ M, as these are connected by many 
syzygies. 

803.] From this coefficient of 2^ in the new covariant the 
full expansion of the covariant, which call 4», may be obtained 
by either of the methods already detailed, i.e. by operating 

on it either with sfie' ' or with z^e^ '*6* , or by sub- 

1 d^u 
stituting in it for a,, 6^, C|, a^, ftj* «a the expressions - ^-^ > 

1 cPu 1 cPu I du Idu - ,. .J. ,, 1 i_ xi 

6^^y' 6df'3di' Id^' "'"^'^ ^^'^^ through by the 

power of z which occurs as a factor in the result, i.e. sfi. 

For the canonical form a^+y^+2^ + 6micy0 we at once see 
that A = -m*, C = 1, J'= -m, while B, D, E, 0, K, X, M aU 
vanish, and ag = 1. Thus the coefficient of sfi^ and therefore 
of ic* + y* + «*, in the covariant 4> of the canonical form is 
— 9 m*. 

For the semi-canonized form ax^^-h^-^-cn^^-^mxyz the 
coefficient of js* in <l> is in like manner ~>9c^7n*, so that 4> has 
the three terms — 9 m^ {d^ afi -f h^y^ + c^sfi). 

For the canonical form the coefficients of 2;* in uH8 and 
u^ T are — m^ + -ni® and 1 — 20 m^ — 8 m* respectively. The 
covariant 4> is the 0it of Cay ley's third memoir. The of 
Salmon's Higher Plane Curves, § 231, has for its sfi coefficient 
3m5 + 6m®, and is ~(<t> + 3tt5fir). itself might with equal 
reason be taken as fundamental. ' 

To find the full expression of 4> for the canonical form 
a? + y'^ + «^ + 6 mxyz we have to put, in the general expression 
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for the final coefficient found in the last article, 

X, mz, y ; 1, 0, 0, 1, 

lor <i^\ ^2* ^2) ^i> ^i> ^1 J ^o> ^o» ^o» ^o> 

respectively, and divide by z^. The result is that for the 
canonical form 

<I) = - 9m« (aj3 + y3 4. ;j3)a 

^{2m + 5m^ + 20m'^){Qfi + y^ + z^)offyz 

-(16m2 + 78m«-12m8)iBV^ 

+ {l + 8m^f{y^z^ + z^ic^ + a^y^). 

304.] The system u, H, S, T, 4> is an algebraically complete 
one of invariants and covariants of the cubic. Any other 
covariant is a function of them. But there is another co variant 
which is irreducible. It was obtained by Brioschi, and is, for 
the semi-canonized form oa^ + by^ + car* -f QmoDyz, 

{abc + 8 m^Y {by^ — C2^) {cs? — aa?) {ax^ — by^). 

305.] Contravariants. A contravariant of a teiiiary quantic 
u is (§ 66) an invariant of the system consisting of u and the 
linear form ^x^^ny^-Cz 

in which the coefficients of the latter are present. 

Now the annihilators of invariants of two ternary quantics 
16, V are 

12ya5 + 12 yaj > ^^xy + -^^ «|f > ^^*v + "^^ «y > 

12y, -f 12 y^y ilg^ + 12 JJ, , 12^ "H 12 j^, 

where unaccented 12's are the annihilators of invariants of u, 
and accented X2's are the corresponding annihilators of in- 
variants of V. This is proved exactly as in §§ 281, &c. 
A contravariant of u has then the six annihilators 

^"''%' ^"■'^di' ^-+%c' 



and aU properties of contravariants, except the one fact 
ip + m = constant, where «r' is the order in f , ry, f, are con- 
sequences of these six facts of annihilation. 
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Notice the distinction between corresponding facts of 
annihilation as to covariants and contravariants. In corre- 
sponding annihilators 

X and y correspond to 17 and — f, and not to f and 17 or ^ 
and — ry. 

It is not hard to see, by proceeding as in § 296, that the 
coefficient of C*', the highest power of f which occurs in any 
contravarianty is to be determined so as to have the four 
annihilators noon 

whei-eas the four annihilators of the last coefficient in 
a covariant are 0000 

•^f«> "^KfJ ^*'9Mi ^f«« 

A function of the coefficients which is annihilated by 

is necessarily also annihilated by Xl^y by § 286 (10). Thus 
three facts of annihilation suffice for the coefficient of C^\ 

It can also be seen, as in the case of covariants, that, when 
the final coefficient in a contravariant is known, found as any 
homogeneous function annihilated by 12^,, 12^, and 12^, the 
whole contravariant is determined in the form 

where 2 is the coefficient in question. 

In a covariant the last coefficient is the one of greatest 
weight (sum of suffixes). In a contravariant, on the other 
hand, it is the one of least weight. This is reasonable, for, to 
make ^ , , ^ 

isobaric when we take a, y, z of weights 1, 1, 0, we naturally 
take £, 17, f of weights 0, 0, 1. 

Ex. 16. A ternary p-ic (/>>2) cannot have more than, and is to be 
expected to have exactly, i (p+1) (jp + 2) —5 algebraically indepen- 
dent contravariants and invariants together, i.e. the same number as 
of algebraically independent covariants and invariants together. 
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306.] Contravariant of ternary quadratic. The method of 
evectants (§ 67) is a fruitful one for the discovery of con- 
travariants. 

The ternary quadratic 

has only one contravariant. It is the evectant of the dis- 
criminant a^Coa2 + 26oai6i-aoV~Coai'-Va2> 
i. e. is formed by operation on this with 

and is 

{cQa^-h^) ^2 + 2 (a, 61-60^2) f*? + Ka2— V) 'n^ 

+ 2 (60&1- CoaJ ^f + 2 (60% -^0^)^^+ K^«- V) C*- 

Geometrically its vanishing expresses the tangential equation 
of the conic denoted by the quadratic, or the point-coordinate 
equation of a reciprocal conic. Such ft eontravariant has been 
called the reciprocant of a ternary quantic. This word has 
been lately also used in a totally different sense of wide 
application. 

Ex. 17. The result of substituting — , — , -7- for f, rj, f in the 

j'Bctprocant of a ternary quadratic u is four times the product of 
u and its discriminant. (Cayley,) 

307.] Contravariants of the ternary oubio. The method of 
evectants also gives three contravariants of the cubic^ in terms 
of which and the invariants S and T all other contravariants 
can be expressed, not however rationally and integrally. 

We cannot expect more than three contravariants absolutely 
independent of one another and the invariants. For the 
cubic 

a^ aj3 + 3 ft^a^y + 3 Coi»2/^ + cZq 2/^ + 3 (ajOJ^ + 2 61 ccj/ + Ci i/'O « 

+ 3 (a2« + &22/) «^ + a3«* 
and 

((C + rjy + C^ 

contain together thirteen coefficients, and the scheme of linear 
substitution contains nine. Now elimination of nine quantities 
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from thirteen equations leaves four only ; and if there were 
more than five independent invariants and contravariants 
there would be more than four independent absolute invariants 
and contravariants, i.' e. more than four independent results of 
elimination of the nine constants of substitution from the 
thirteen equations. 

Now the first evectant of S, and the first and second 
evectants of T, are three independent contravariants. 

We may readily form two of these three contravariants for 
the canonical form of the cubic. 

For the semi- canonized form 

the invariants are (§§ 292, 293) 

S = m {aic — m'), 

7= (a6c)«— 20m'a6c-8m*, 

Now we know that it is not safe in general to assume that 
we can correctly obtain, by use of canonical or particularized 
forms, concomitants from other concomitants by processes 
which use differentiation with regard to coefficients. For, 
though a part of a concomitant may vanish when coefficients 
which vanish in the case of a particularized form ai'e made 
zero, it is not as a rule the case that the derivatives of that 
function with regard to those coefficients vanish. 

If we regard, however, the expression for 5 in § 291, we 
notice that it consists of the part &o(^o^o^3~~^i^)> which does 
not involve coefficients which vanish for the semi-canonized 
form, and other terms all of which are of the second or higher 
degrees in these coefficients. The derivatives with regard 
to all these coefficients will then vanish when they vanish. 
Moreover, if we regard the process of formation of T from S 
by means of the Hessian, we see that the full expression for 7, 
too, involves, besides the terms which do not vanish for the 
semi-canonized form, only terms of the second and higher 
degrees in the coefficients which vanish for that form. 

For the semi-canonized foim 

we consequently correctly form the first evectants of S and T 
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by operation on the expressions above for those invariants with 

Thus the first evectant of S is 
and the first evectant of T, divided by 2, is 

To obtain correctly the second evectant of T it would be 
necessary to retain in the full expression for T, not only the 
terms in a, 6, c, m, but those which involve to the second 
degree coefficients which vanish for the semi-canonized form. 

The coefficient of f * in the full expression for this second 
evectant of T is 

for this is the coefficient of a| in T. The contravariant is 
then 

(Oe-h-l'"'i(a^d,-b,c,Y-4{aoC,-b,^)(b,do-Co'')}. 

Another way of finding a contravariant which proves to be 
the same is suggested by geometry. Its vanishing is the 
condition that the line 

should touch the cubic. Thus, to find it for the semi-canonized 
we may express that 

considered as a binary quantic in x^ y, may have a square 
factor^ i.e. take the discriminant of this cubic in x, y. This 
discriminant, divided by f ®, is 

-(2a6c 4- 32m3) (aiy^f 3 .^ bi^^^c^W) 
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For the fully canonized form 
the three contra variants are 
Q = (l-10m»)(f»+i7»+n-^'(30 + 24m»)fiC 

P is called by Cay ley (who takes — P) the Pippian, and by 
other writers the Cayleyan. Q is called the Quippian. F is 
the reciprocant. 

808.] In terms of P, Q, F and the invariants S and T all 
contravariants can be expressed* There is^ however, one more 
irreducible contravariant which is not a rational integral 
function of them, obtained by Hermite. For the semi- 
canonized form (ix^-\-by^-{-c2? + 67nxyz its expression is 

Ex. 18. Prove that 4SQSTP and TQ-^4:8S^P are cubic con- 
travariants whose canonical forms are 

(l+8m»)«{m(f +r,»+C»)-3fT;a (H-8m»)M(l+2m») (e + T?» + 

+ 1 8 w' ^C} • {^ r<mhold.) 

Ex. 19. The result of putting^, ~, ^ f or f, ?/, C in ^ ^^ re- 

^ ^ dx ay dz 

ciprocant of a teumj nakk& u is tiie product of u and a ^oradaiit; 

and the same is true as to the reciprocant of any ternary quantic. 

{Cayley.) 

309.] Mixed concomitants. A mixed concomitant of a 
ternary quantic u may be regarded as a covariant of the 
system consisting of u and the linear form 

It has then the six annihilators 

f^ , d d ^ ^d d ^ ^ d d 

''"■'''rf-r'"^' "-+^d-,-2'^' ^«+^d-r*^* 
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If a mixed concomitant of a ternary jp-ic be of orders «r, «r' 
in X, y, z and i, ri, C respectively, it readily follows that the 
terms of it in (^^ have the annihilators 

^"-y^' "'»-*(^' ^«-^5s' ^"-^d^' 

of which the first two and one of the others necessitate the 
fourth. 

If Pf^' denote the aggregate of these terms the whole 
concomitant is # d d\ 

If 8z^ be the highest term in z which occurs in P, then 
8 has the annihilators llya., 12,^5 ^^^ is consequently an 
invariant of the system 



a^ia3 + 6^_i2/, 



ap. 



X y 



The whole expression for P is z^e*^ * S, 
Consequently if Sz^C^ be the last term in any concomitant 
the whole can be derived from it, and is 






As to -BT and «r' the former may be taken arbitrarily not 
below a certain limit ; viz. not below m where 7)i is the first 
integer for which (ajI2«j, + 2/12,y)'"+^>Sf = 0. tsr' is then deter- 
minate and has a constant difference from «r. If jK' is the con- 
comitant for the lowest value m, of «r, the concomitant for 
any higher value of w is merely (fa; + ryy + fs;)^"'"iL. In fact 
the whole concomitant, which may be written 
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is by Taylor's theorem 

where in the square bracket j {(x + 17^ + f«) is put for z. 

Any invariant of the system of binary quantics written 
above, i.e. any gradient annihilated by ^^^ ^^^ ^»gi ^ ^^^ 
final coefficient in a concomitant of some kind, i.e. an invariant, 
covariant, contravariant, or mixed concomitant. 

A valuable authority on this subject is a paper by Forsyth 
entitled * Systems of Temariants that are Algebraically Com- 
plete ' (American Journal^ VoL XII). 

Ex. 20. The number of algebraically independent concomitants, 
induding the jt>-ic itself and fx+ryy + ^2, of a ternary />-ic is 

Ex. 21. The ternary quadratic has a mixed concomitant whose 
last term is {%h^'-2hf^a^h^'\-c^a^)s?^] and in terms of this, the 
quadratic itself, the discriminant, and fa;+ 17^+^2; all concomitants 
whatever of the quadratic can be expressed. 

Ex. 22. Any concomitant of the ternary cubic can be algebrsdcally 
expressed in terms of ^x + i\y-{-^z and seven concomitants whose last 
coefficients are functions of the results of replacing a;, y by 5^, — a^ in 

(ttoi K <?o» ^0) {^y y)\ («i» ^> Cj) (», y)'» («2. K) i^y y\ «» 

and their successive derivatives with regard to x. {fji. § 263.) 

{Forsyth,) 

310.] The whole system of irreducible, pure and mixed, 
concomitants of the ternary cubic has been found to consist 
of thirty-four forms. This was established by Gordan {Matte. 
Ann. I). The system was systematically exhibited by 
Gundellinger {Math. Ann. VI) ; and calculated for the form 
aa^ + by^ + cz^ + 6 nucyz by Cay ley {Am. /. IV). 

311.] Quantics in more than three variables. With regard 
to g-ary quantics in general we confine ourselves to one 
proposition due to Sylvester. 

For a homoge7ieou8 function of the coejfficients in a q-ai^ 
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p-ic to be an invariant it is necessary and suffi/dent that it 
have a cyclical set of q annihilators of the 12 type. 

Let a^i, aJ2» ^3» •••>^« ^^ ^^^ variables, and denote a cyclical 
set of I2's, whose symbolical forms as in § 282 are 

It can be readily proved by the theory of multiplication of 
determinants that the modulus of the resultant substitution 
which is the equivalent of a succession of substitutions is the 
product of their moduli. But this is not essential to the 
argument, in virtue of the theorem of § 23. 

By § 22 a homogeneous function of the coefficients has only 
to be multiplied by a power of Z, to become the same function 
of the coefficients in the quantic which is obtained by substi- 
tuting Zajj, ^2, .•.,iic^ for ic,, osg, ...,5?^ in the given quantic. 

By chapter vi, Q,.^^ ^7=0 is the necessary and sufficient 
condition that I persist in form after the substitution of 

lor fljj , x.^i x^y ,», ^Xq, 

Thus 122 1 7 = is ^^e necessary and sufficient condition for 
persistence of the homogeneous 7, but for a power of i, after 
the substitution of 

123 2 ^ = is in like manner the necessary and sufficient 
condition for persistence after the further substitution of 
Vxj^, Z'ajg + 'Wi'ajg, l^x^y ...,VXg, but for a power of l\ i.e. for per- 
sistence, but for a function of the constants as factor, after the 
resultant substitution of 

IViCi + IniCx^ + Irani' x^, IV X2 + Imfx^, ll'x^, . . . , IVx^. 

Repeat in like manner for 12^,3 7, 12^ ^7, ... 12^^_i7. We 
get eventually that there is persistence, but for a function of 
the constants as factor, if and only if 
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after substitutions of which that for x^ is 

where A^, Aj, ..., A^ are arbitrary, each involving an Z or an 7»^^ 
not involved in any previous one of them^ while the substitu- 
tions for a:^, 0:3, ...yX^ though restricted are consistent. 
In like manner, if and only if 

i23,,J=0, 124,31=0,..., 12^. ,.iJ=0,f}i.^J=0, 
there is like persistence when for x^ a general substitution 

is made, and for o^i, o^, ... , o;^ restricted but consistent substitu- 
tions. 

Again, similarly, 

12^ ,7=0, 125,^1= 0,...,f22.i/=0 

express that there is like persistence when x^ is generally 
substituted for, and ^n X2, x^y...,x^ consistently. And so on. 
Repeat this process q times. 

Now the result of this succession of substitutions is the 
general substitution of 

A>i flq + A2 2^2 + • . • + Ag aj^, 



o)/a^ + 0)2X2+ ... + otqXg, 
lor X-^ , 3/2 J ••• yXq, 

The possession of the q annihilators 

^2. 1> ^, 2> ••• J ^q, «-l» ^1. q 

is then necessary and sufficient for a homogeneous function 
/ to persist in foim, but for a function of the constants of 
substitution as factor, after the geneiul linear substitution, 
i.e. for it to be an invariant of the g-ary jp-ic. 

In like manner for (7, for which ip— w is constant, to be 
a covariant it is necessary and sufficient that C have q cyclical 
annihilators , 
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Also for r, for which ip + m^ is constant, to be a contra- 
variant it is necessary and sufficient that it have the q cyclical 
annihilators ^^ 

And for K, for which ip + «r'— 'cd- is constant, to be a mixed 
concomitant it is necessary and sufficient that it have the 
q cyclical annihilators 

^ d ^ fir 
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Abeolnte covariants, 53. 

A rational integral a. c. is a power of 
a quantic, 52. 

A fractional one given by two 00 • 
variants, 53. 

Limit to number of independent, 55. 
Absolute invariants, 40. 

One given by any two invariants, 40. 

limit to number of independent, 41. 
Algebraically complete systems, 

for n linear forms, 339. 

for quantics with orders in A. P., 349. 
Alternants, defined, 153. 

of n and 0, 151. 

of n andO**, 153. 

of powers of H and 0, 154. 

ofsnand (SO)', 163. 

of ternary annihilators, 374, 377, 397. 
American Journal, 185. 
Anharmonic ratios, 

are irrational invariants, 94, 103. • 

of roots of quartic, 292. 
Annihilation, by H interpreted, 112. 

by interpreted, 116. 
Annihilators, of invariants, 112, 116, 



121, 126. 



expressed by means of roots, 237, 240. 
by means of sums of powers of roots, 

238, 240. 
derive these sums in succession, 240. 
of covariants, 128, 140. 
of non-unitary parts of invariants, 

224. 
of orthogonal concomitants, 361. 
of Boolian concomitants, 363. 



Annihilators, of all gradients, 251. 
of ternary concomitants, 371, 372, 

373, 405, 410- 
of end coefficients in the same, 391, 

406, 412. 

of 9-ary concomitants, 412. 

Anti-seminvariants, 133. 

Aronhold, 79, 112, 410. 

Asyzygetic, or linearly independent, 

invariants, 124. 

seminvariants, 137. 

Boole, 28, 64, 353, 355, 358, 360. 
Boolian invariants, &c., 355. 

Annihilator of, 363. 
Boolian system for linear form, 364. 

for quadratic, 365. 

for linear form and quadratic, 366. 

for cubic, 367. 
Booth, 275. 
Brill. 297. 
Brioschi, 165, 405. 
Bumside and Panton, 33, 102, 195, 238. 

Canonical forms, definition of, 261. 
of binary cubic, 263, &c. 
of binary (2n— l)-ic, 268. 
of quintic and septimic, 271, 274. 
of binary 2»-ics, 275, 294, 299. 
of binary quartic, 277, &c. 
of binary sextic, 295, 297. 
of binary octavic, 297. 
Hammond's of quintic, 305. 
of two quadratics, 343. 
of ternary cubic, 300, 384, 387. 
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Cftnonizants, 35, 27, 273. 

with repeftted factors, 270, 274. 
CSaiumiaDg equAtioiiB of 2»-ict, 289, 

296, 299. 300. 
CaiietUn geometry, Sabetitatioiis o( 

354- 
Gfttalecticanta, 24, 25, 275, 276. 

interpreted, 275. 

of ternary See. qaantics, 301, 303. 
Caylcy, 16, 38, 50, 63, 78, 99, 103, iii, 
112, 142, 156, 162, 165, 178, 
186, 214, 216, 218, 224, 231, 
^S^f 356, 268, 285, 290, 304, 
3051 306, 330, 33a, 325, 326, 

353» 40i» 404* 407* 4io> 4"- 
Cayleyan, of ternary cubic, 410. 

Clebaeh, 79, 80, 217, 304, 322. 

Coefficients in qaantic freed from second 

term are seminTariants, 209. 

Cogredieney, defined, 64. 

of X, y with i,,-i,, 59, 88. 

of roots with variables, 65. 

Orthogonal the same as contragre- 

di«ncy» 358, 360. 
Combinants, 351. 
Concomitants, defined, 85. 
Contragrediency, defined, 82. 
Geometrical, 83. 

of a;, y. «, ... and d,, i^, \, ... , 84. 
of a;, y and — y, x, 88. 
Orthogonal the same as cogredieney, 
358, 360. 
Contravsriants, defined, 85. 

of binary quantics not distinct from 

covariants, 87. 
of binary quantics fonnd as in- 
variants of linear form and the 
quantics, 329, 332, 333. 
of ternary quantics, 405. 
Convention as to numerical multiples of 

concomitants, 90. 
Correspondence, of seminvariants and 
non-unitarie?, 245. 
of seminvariants and power enders, 

253- 
Covariants, defined, 4. 

to be expected to exist, 7. 

of several quantics from those of one, 

28, &c. 
of one quantio from those of several, 

30,75 



Covariants, of cubic quartic &c., see 
Cubic, &C. 
Abscrfnte, see Absolute, 
of two or more quantics, 56. 
of covariants, 57. 
derived from emanants, 71. 
of second degree in coefficients, ^6, 

79. 
as invariants, 89. 

are given by one coefficient, I3i~i34) 

39>- 
as functions of differences, 105. 

Sum of numerical coefficients in, 107. 

are derivable from sources by substi- 
tutions, 207, 392. 
Covariancy of factors of a binary 

quantic, 91. 
Cubic, Binary, 

Canonical form of, 16, 263. 

Cubioovariant of, 58, 63. 

has only one invariant, 98, 173, 198, 
228. 

has two covariants besides itself, 
109. 

has no other irreducible covariant, 

I39» i75» 218. 
has a syzygy among concomitants, 

175, 219, 267. 
Boolian system for, 367. 
Cubic, Ternary, Canonical form of, 300, 

384, 387. 
The invariant 8 of, 381. 

The Hessian of, 385, 400. 

The invariant T of, 385. 

The irreducible system of invariants 

of, 387. 

The sextic covariant of, 402. 

The contravariants of, 407. 
Cubic equation, solution of, 16, 265. 
Cubic protomorphs, 215. 
Cubioovariant of cubic, 58, 63. 

Degree, of an invariant, 32. 
of a covariant, 47. 
of an invariant of a binary (2 » + i)-ic 

is even, 36. 
of a covariant of odd order of a binary 

quantic is odd, 50. 
of a covariant of even order of a 

binary (2n+ i)-ic is even, 50. 
Constancy of, see Homogeneity. 
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Differentiation of Reminvariants to pro> 
duce others, 231, 333, 350. 
Use of to obtain irreducible systemB, 

333. 
Diophantine EquationB, 188, &c. 

Simple sets of solutions of, 189. 
Discriminants, are invariants, ao, 1 7, 97. 

freed from numerical factors, 99. 

Weight and degree of, 99. 

found in succession, 231. 

of quadratics, 1 7. 

of binary cubic, 58, 63. 

of binary quartic, 102. 

of binary quintic, 311. 

of ternary cubic, 386. 
D'Ocagne, 256. 
Dual Substitutions, 83. 
Duivlity in Qeometry, 83. 
Durfee, 247. 

Elemental products of differences, 194. 
Eliminants, are invariants, 17. 

are combinants, 351. 

of linear forms, 11. 
Enianants, 65. 

are absolute covariants, 66. 

Geometry of, 68. 

Invariants of, 71. 

Boolian invariants of^ 357. 
End coefficients in ternary concomitants, 

39 »> 393. 
Euler, 165. 

Euler*s Theorem, 84, 146, 375. 
Evectants, 30, 86. 
Excess, of a gradient, 148. 

of an invariant vanishes, 122, 152. 

of a seminvariant is not negative, 

136, I54» 163- 
Extent of a gradient, 145. 

Falsi de Bruno, 21, 144, 165, 207, 247, 

304, 308. 
Factor in expression of covariancy or 
invariancy a power of the modu- 
lus, 5, 33, 43, 47» £6, 132. 
an integral power for rational integral 
concomitants, 36, 43, 49, 56. 
Factors of binary quantic, covariancy 
of, 91. 
of a seminvariant are sem invariants, 
144. 

E e 



Ferrers, 160. 

Ferrers' diagrams, 160, 164, 251. 

Final coefficients in covariants have 
annihilator 0, 133. 

FinitenesB of systems of concomitants, 
80, 196, 200, 201. 
of numbers of solutions of Diophan- 
tine equations, 189, &c. 

Formes-types, 313, 316. 

Forms, defined and classified, i. 

Forsyth, 349, 350, 412. 

Functional determinants. SeeJacobians. 

Franklin, 164, 165, 181, 185. 

Grenerating functions, defined, 166. 

for (w; t, p), 166. 

for numbers of seminvariants, 168, 
170, 248, 250. 

for concomitants of given degree and 
order, 178. 

Reduced, 179, 181. 

Bepresentative, 181. 

Real, 186. 

in case of two quantics, 185. 

for perpetuants, 249, 259. 
Generators of all seminvariants, 232,253. 
Geometry of binary systems, 7, 68. 

of emanants, 68. 

of Hessians, 73. 

of concomitants of cubic, 267. 

of concomitants of quartic, 291. 

of a quintic for which lu — O, 318. 

of a sextio for which ii5<=0, 327. 

of two quadratics, 344. 

of Boolian concomitants, 356, 357, 
3651 366, 368. 

Metrical, chap. xv. 
Gordan, 43, 79, 80, 178, 188, &c., 304, 

333. 
Gordan VTheorem, 188, &c. 

Proof of for invariants of one binary 
qu.'intic, 196. 

for invariants and covariants, 200. 

for more quantics than one, 201. 
Gradients, defined, 145. 

annihilated by H and O are invariants, 
118. 

of positive excess are of form ClOf 

133, 157. 
always of form ClO when extent of ft 
is infinite, 253. 
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Ground formi, see Irreducible ■yetems. 
Gundelfinger, 41a. 

Haoimond, 165, 181, 184, 305, 309, 

3"<5, 347» 348- 
Hermite, 74, 87. 117, 160, 163, 163, 

304, 3a I, 410. 
Heise, 300. 

HessianS) are ooyariaDts, 14. 
are diBcriininants of eeoond emanantf, 

of quadraiios are diicrindiiantB, 17. 

of cubic, Roots of, 1 1 1. 

of quartio, Gonoomitants of, 188. 

of ternary cubic, 385, 400. 

Geometry of, 73. 
Hilbert, 43, 154, 188, Ac, 232, 236. 
Hirsch, Meyer, 247. 
Homogeneity, of an invariant of one 
quantic, 3a. 

of a complete system of iuTariants of 
several quantics, 44. 

in variables of complete systems of 
covariants, 46, 56. 

in coefficients of the same, 47, 56. 
Hyperdeterminants, 77, 161. 

Independent Covariants, ftc., Limit to 
number of, 53. 
Exact number of, aia 
Independent invariants, limit to num- 
ber of, 4a. 
Infinite order. Binary quantic of, 246, &c. 
Intermediate invariants and covariants, 
37, &c., 144. 
are not combinants, 35 a. 
Invariants, defined, 4. 
to be expected to exist, 6. 
of several quantics firom those of one, 

27, &c. 
of one quantic from those of several, 

30» 75; 
Homogeneity of, see Homogeneity. 

Isobarism of, see Isobarism. 
'Absolute, see Absolute. 
Irreducible, see Irreducible, 
of quadratic, cubic, Ac., see Quad- 
ratic, &c. 
limit to number of independent, 4a. 
of two or more quantics, 43. 
of covariants, 57. 



Invariants, of second d^^ee, 61, 63. 
lineo-linear, 6a. 

as functions of differences, 93, 94, 1 1 1 . 
Sum of numerical coefficients in, 94. 
Symmetry of, 117. 
of odd weight are skew, 117. 
Formation of by aid of fl, 134, 127. 
Number of Asyzygetic of degree t, 

135. 
involve all coefficients, 149. 
of third degree, i6a. 
of fourth degree, 1 6a. 
of invariants of ku + fiv are combi- 

i^»3atMf 35 a* 

of ternary quantics are defined by 
three cyclical or two pairs of 
annihilators, 379, 380. 
Involution, Criterion o^ 35, 353. 
Irreducible concomitants are finite in 

number, 196, 300, aoi. 
Irreducible invariants, 4a. 

covariants, 55. 
Irreducible systems, 

for linear form, 171. 

for quadratic, 1 08, 171. 

for cubic, 173, 173, 318. 

for quartic, 176, 180, 319. 

for quintic, 178, 184, 306. 

for sextic, 178, 32a. 

for two linear forms, 331. 

for linear form and quadratic, 333. 

for linear form and cubic, 333. 

for linear form and quartic, 338. 

for n linear forms, 339. 

for two quadratics, 340. 

for linear form and two quadratics, 

345- 
for quadratic and cubic, 346. 

Isobarism, of invariants, 37, 39, 43, 

375; 
of covariants, 49, 51, 56. 

Triple of invariants of ternary quan- 
tics, 375. 

Jacobians, are covariants, la. 
Joubert, 327. 

Kempe, 197, 349. 

Leading coefficients of covariants are 
seminvariants, 132. 
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Linear covariants, 

of binary (2 n + l)-ic, 74. 

of binary quintio, 74, 313. 

of quadratic and cubic, 141. 
Linear form, has no invariant, 171. 
, Boolian system for, 364. 
Linear substitution, defined, 3. 

Modalos of, 3. 

Reversed, 33. 

Cartesian, 354. 

Dual, 83. 
Linear transformation, defined, 3. 
Linearly independent, see Asyzygetic. 
Lineo-linear invariants, oovariants and 
seminvariants, 62, 75, 79, 127, 
142. 

of «, V are transvectants of u, v, 
142. 

MacMahon, 165, 246, 247, 248, 249, 

351, 255, 256. 
Mixed concomitants, defined, 85. 
of binary quaniics found ascovariants 
of quantics and linear form, 329, 

333» 334- 
of ternary quantics, 410. 

Modulus of linear substitution, 3. 

must not vanish, 3. 

irresoluble into factors, 19. 

Powers of, 21. 

Cartesian, 555. 

Orthogonal, 358. 

Non-unitary symmetric functions, 245. 
Correspondence of with seminvariants, 

245- 
Non-unitary terms, determine a semin- 

variant, 208, 221. 
in an invariant are given by an 

annihilator, 225, 227, 228, 243. 
Number of asyzygetic invariants of 

given degree, 125. 
of asyzygetic seminvariants of given 

typ«» I37» 156, 163. 

of seminvariants and invariants of 

given 'degree, 169. 
of independent covariants, kc,, 53, 

211. 
of independent invariants, 41. 
of independentoonoomitants of ternary 

Ihic, 406, 412. 



Operation with one quantio on another, 
60, 307. 

with contravariants on covariants, 85. 

with covariants on contravariants, 85. 
Operators, which effect linear trans- 
formation, 115, 121, 130. 

which derive covariants from end co- 
efficients, 133, 141, 392. 

which deiive ternary concomitants 
from end coefficients, 392, 406, 
411. 

which annihilate gradients of positive 
excess, 123, 158, 232. 

which annihilate all gradients, 251. 

which derive cubic protomorphs from 
quadratic, 215. 

which derive seminvariants from non- 
unitary terms, 223. 

which derive seminvariants from 
seminvariants, 226, 231, 232. 

which generate seminvariants, 232, 

353. 
which derive sums of powers in 

succession, 240, 241. 
Order, of a quantic, I. 
of a covariant, 47. 
of a covariant of a binary 2 M-io is 

even, 50. 
of a covariant of even degree is even, 

50. 
of a covariant of a binary (2 n + l)-ie 

is even or odd together with its 

degree, 50. 
Orthogonal, invariants, &c., 356. 
cogrediency and contragrediency 

identical, 358, 360. 
substitutions direct and skew, 358. 

Partitions, 125. 

Conjugate, 159. 

Reciprocal, 160, 164, 169. 
Perpetuants, 249, 258, 259. 
Pippian* See Cayleyan. 
Polar curves, 68. 
Power ending products, 250. 

One to one correspondence of with 
seminvariants, 253. 
Protomorphs, defined, 212. 

Systems of, 210, 214, 217. 

of lowest degrees, 214. 

for systems of quantics, 217, 332. 
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Qandrstie, 

The one invariaot of, 98, 173. 

hM no covmriant bot itoelf, 108, 173. 

Booliaa sjetcm for, 365. 
Qnadivtic, Ternary, 

The one inTsruuit of, 380. 

Question of covarianto of, 398. 

ContntTariant of. 407. 
Qnadratic protomorphs, 214. 

are irreducible, aai. 
Quaoiice, de6ned and daesified, i. 
Qnartic, Binary, 

Catalccticant of, 24. 63, 276. 

Quadratic invariant of, 6a. 

The two invariants of, loi, 135. 

Discriminant of, loa. 

The equi-anharmonic for which /■■ 0, 
104, 38a, 393. 

The harmonic for which J^O, 104, 
283, 29a. 

transformed into itself, 143. 

has only two irreducible invariants. 

Irreducible system and syzygy for, 

180, 319, 287. 
Canonical form of, 377, 385. 
with square factor, 384. 
Linear factor of, 390. 
Geometry of, 391. 
Quartic, Ternary, 
Catalccticant of, 303. 
not in general a sum of 5 fourth 

powers, 301. 
Quartic equation, Solution of, 389. 
Quartics, Quaternary and quinary, not 

in general sums of 9, 14 fourth 

powers, 303. 
Quintic, Binary, 

Canonizant of, 35, 274. 
Invariants of, 58, 83, 140, 307, 308. 
Linear covariants of, 74, 83, 307, 308. 
Generating function for invariants of, 

177, 184. 
Representative G. F. for, 183. 
Canonical form of, 271, 274, 305. 
freed from two middle coefficientH, 

305. 
can only be freed from these and 

another adjacent when Ij2 » 0, 

314. 
List of concomitants of, 306. 



Quintic, Binary, 
Forms of concomitants of when c » 0, 

d = 0. 309. 
Discriminant of, 311. 
Syzygy among invariants of, 311. 
expressed with invariant coefficients, 

313. 
for which Ji,bO. 314, 316, 321. 

for which A « 0, 317. 

for which /««0, 317. 

for which /|«»=0, 318, 321. 

Skew invariant of in terms of roots, 

320. 

Qoippian, of ternary cubic, 410. 

Rational integral invariants, ftc., 

form a complete system, 6. 
Reciprocant, of ternary quadratic, 407. 

of ternary cubic, 409. 
Redprodty, Hermite'slaw of, 160, 169, 

249. 
Resultants. See Eliminants. 
Roberts, M., 131, 140, 239. 
RobertM, S., 256. 
Roots of binary quantic, 91. 

Anharmonic ratios of, 94. 

Sahnon, 28, 64, 78, 80, 304, 305, 308, 

347» 404. 
Semi-canonical form of quintic, 305, 

309- 
of ternary cubic, 384, &c. 

Semin variants, 132, 134. 

lead covariants, 134, 156. 

Formation of by aid of H, 136, 141. 

Number of asyzygetic of given type, 

137. 
of second degree, 137. 

of several quantics, 140. 

as particular gradients, 146. 

have no letters absent, 148. 

as eliminants between u and deriva- 
tives, 205. 

are given by non-unitnry terms, 208, 
223, 333. 

as integrals of n8»0, 316. 

as quantics in a/ : i, 339. 

of seminvariants so regarded are 
seminvariants, 330. 

all generated by certain operators, 

a33» 253- 
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Senunvariuits, One to one corres|>ond- 
enoe of with power enders, 253. 
derived from others by differentia- 
tion, 231, 332. 
as invariants of a quantic and its 
derivatives, 349. 
iSemin variant operators, 326, 242, 257. 
Sextic, Binary, 

Invariants of, 25, 62, 324. 
Generating function for invariants of, 

178. 
The 26 irreducible concomitants of, 

322. 
The skew invariant of interpreted, 

337- 
Skew invariant, 117. 

of a quintic unique, 319. 

Skew orthogonal substitution s, 358. 

Solubility of quintic for which /ig^O, 
318. 

Source of a covariant, 133. 

Stephanos, 297. 

Stroh, 249, 258, 259. 

Substitution of derivatives for varia- 
bles, 64. 
of derivatives for coefficients, 205, 
207, 330, 392. 

Sufficiency of conditions of annihila- 
tion, 118, 130. 

Sum of numerical coefficients in in- 
variants, 94. 
in covariants and seminvariants, 
107. 

Sum of powers, Condition that a 2n-ic 
be a, 275, 301, 303. 



Sums of powers of roots, 238, &c. 

Differentiation with regard to, 243. 
Sylvester, 64, 86, 87, 112, '144, 148, 
I54» 156, 161, 165, 181, 185, 
231, 257, 268, 301, 304, 322, 
336,351,353,360,361,412. 
Symbolical representation, 77, 78, 79. 
Symmetry of in- and co- variants, 117, 

127, 130, 140. 
Syaygy, for binary cubic, 110, 175, 267. 
for quartic, 181, 221. 
among invariants of quintic, 311. 

Tamisage, 183. 

Ternary quantics, Triple arrangement 
of, 370. 
Annihilators of invariants Ac. of, 

370, 37a. 
Covariants of, 389. 
Transvectants, 78. 

are lineo-linear invariants of eman- 

ants, 79. 
give all covariants and invariants, 80. 
of a^-ic and itself, 139. 
of two binary quantics, 142. 

Ueberschiebnng, 79. 

Uniqueness of covariant led by a semin- 

variant, 135. 
Universal Concomitant, The, 85. 

Von Gall, 325. 

Weight, 36, 38, 48, 51, 370. 
Constancy of, see Isobarism. 



THE END. 
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